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Chapter 2

Feynman Path Integrals

Since we will formulate the problem of charged bosons in an isotropic

traps in the form of Feynman path integrals [44], we will devote this chapter to

introduce the basic ideas of Feynman path integrals.We present in this chapter

the mathematical formulation of the propagator in the form of a path integral.

Moreover, we will discuss how the variational path integration which can be used

to estimate the upper bound of the ground state energy of our system.

2.1 Feynman Propagator

If a particle moves from one to another point there are many possible path

which the particle can take. In classical mechanics, when we consider the particle

as a point, there is a principle of least action which expresses the condition that

determines a particular path from all of the possible paths. For simplicity, we

will restrict ourselves to the case of a particle moving in one dimension. Thus

the position at any time can be specified by coordinate x which is a function of

time. The path thus means a function x(t).

If a particle starts from the point xa at an initial time, ta, and then moves

to the end point, xb, at the end time, tb, there are many possible paths in the

area of interest, in which the particle can move. For each path, the action S,

S =

∫ tb

ta

L(ẋ, x, t)dt, (2.1)

where L is the Lagrangian for the system.
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The principle of least action states that the particular path x(t) along

which the particle actually travels corresponds to the extremum value of S. In

other words, the value of S is unchanged to the first order if the path x(t) is the

classical path.

Quantum mechanics deals with probabilities, that is, we cannot specify

the position of a particle but we can only know the probability of its being found

in a given place. The probability of a particle being found to have a position x(t)

is the absolute square of a probability amplitude. The probability amplitude is

associated with the entire motion of a particle as a function of time, rather than

simply with the position of the particle at a particular time. Thus consider the

path along which the particle move from a to b, we must specify how much each

trajectory contributes to the probability amplitude K(b, a). It is not just the

particular path of extreme action which contributes; rather, it is the case of the

all of paths contribute. The contribution φ[x(t)] from a single path depends on

the classical action for that path in the units of �,

φ[x(t)] = (const) exp

[
i

�
S{x(t)}

]
. (2.2)

The amplitude K(b, a) is the sum over all trajectories between the end points of

a and b of the contributions φ[x(t)],

K(b, a) =
∑

all paths from a to b

φ[x(t)], (2.3)

hence, from Eqs.(2.2) and (2.3), we obtain

K(b, a) =
∑

all paths from a to b

(const) exp

[
i

�
S{x(t)}

]
. (2.4)

We have thus described the physical ideas concerned in the construction

of the amplitude for a particle to reach a particular point in space and time by
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closely following its motion in getting there. So if we want to find the probability

amplitude of the particle going from a to b, we have to carry out the sum in Eq.

(2.4), but the number of paths from a to b is infinite, so Eq. (2.4) is very difficult

to work with. Another method and more efficient method of computing the sum

over all paths will be described now.

We choose a subset of all paths by first separating the independent time

into small interval, ε. This gives us a set of successive times t1, t2, t3, . . . be-

tween ta and tb, where ti+1 = ti + ε. At each time, ti, we select some spe-

cial point xi and constructing a path by connecting all of the points, so we

set the form of them to be a line. This processes are shown in Figure 2.1.

It is possible to define a sum over all paths constructed in this manner by

taking a multiple integral over all values of xi for i from 1 to n − 1, where

nε = tb − ta, t0 = ta, tn = tb

x0 = xa, xn = xb

By using this method, Eq. (2.4) become

K(b, a) =

∫ ∫
. . .

∫
(const) exp

[
i

�
S{x(t)}

]
dx1dx2 . . . dxn−1. (2.5)

We do not integrate over x0 or xn because these are the fixed end point xa and

xb. In order to achieve the correct measure, Eq. (2.5) must be taken in the limit

of ε → 0 and some normalizing factor A−n which depends on ε must be provided

in order that the limit of Eq. (2.5) becomes

K(b, a) ≈ lim
ε→0

1

A

∫ ∫
. . .

∫
(const) exp

[
i

�
S{x(t)}

]
dx1

A

dx2

A
. . .

dxn

A
(2.6)

Eq. (2.6) can also be written in a less restrictive notation as

K(b, a) ≈ N

∫ ∫
. . .

∫
(const) exp

[
i

�
S{x(t)}

]
D(path) (2.7)
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Figure 2.1: Diagram showing how the path integrals can be constructed.

This is called a path integral and the amplitude K(b, a) is known as the Feynman

propagator.

2.2 Propagator from Schrödinger Equation

So far, we have followed Feynman’s argument in writing down the prop-

agator in the form of path integral. It will now be shown that the propagator

in this form can also be derived directly from the Schrödinger equation. The

time-dependent Schrödinger equation is[
i�

∂

∂t
− Ĥ

]
Ψ(�x, t) = 0. (2.8)

We can define the one-electron Green Function of this equation as the solution of[
i�

∂

∂t
− Ĥ

]
G(�x, �x′; t, t′) = δ(�x − �x′)δ(t − t′). (2.9)

Thus the Green function can be written in matrix form as

G(�x, �x′; t, t′) = 〈�x| exp{− i

�
Ĥ(t − t′)}|�x′〉. (2.10)
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Let us divide the time interval t − t′ into n equal small subintervals, so

that t − t′ = nε. By making use of the identity

exp

(
−iεĤn

�

)
= lim

ε→0

(
1 − iεĤ

�

)n

, (2.11)

Eq. (2.20) becomes to

G(�x, �x′; t, t′) = lim
ε→0

〈�x|
(

1 − iεĤ

�

)
. . .

(
1 − iεĤ

�

)
︸ ︷︷ ︸

n factors

|�x′〉. (2.12)

According to of quantum mechanics we can insert a complete set of states

between each pair of factors in Eq. (2.12):

G(�x, �x′; t, t′) = lim
ε→0

∫ ∫
. . .

∫
〈�x|
(

1 − iεĤ

�

)
|�xn−1〉d�xn−1

·〈�xn−1|
(

1 − iεĤ

�

)
|�xn−2〉d�xn−2 . . .

·〈�x2|
(

1 − iεĤ

�

)
|�x1〉d�x1〈�x1|

(
1 − iεĤ

�

)
|�x′〉 (2.13)

We now consider the Hamiltonian of the system in the position representation

Ĥ =
P 2

2m
+ V (�x), (2.14)

where P is the momentum operator. Then

〈�xi+1|
(

1 − iεĤ

�

)
|�xi〉 =

∫
〈�xi+1|�p〉d�p〈�p|1 − iε

�

{
p2

2m
+ v(�x)

}
|�xi〉

=

∫
〈�xi+1|�p〉d�p〈�p|�xi〉 ·

[
1 − iε

�

{
p2

2m
+ V (�x)

}]
(2.15)

From quantum mechanics, the momentum eigenfunction 〈�x|�p〉 for a free particle

is

〈�x|�p〉 =
1

(2π�)3/2
exp

(
i

�
�p · �x
)

. (2.16)
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Therefore

〈�xi+1|
(

1 − iεĤ

�

)
|�xi〉 =

1

(2π�)3/2

∫
exp

{
i

�
(�xi+1 − �xi) · �p

}

·
[
1 − iε

�

{
p2

2m
+ v(�x)

}]
d�p. (2.17)

We now replace 1 − iε
�

{
p2

2m
+ V (�x)

}
by the corresponding exponential, the error

introduced here is O(ε2), so that the total error from all the n factors can be

neglected. Eq. (2.17) becomes to

〈�xi+1

∣∣∣∣∣
(

1 − iεĤ

�

)∣∣∣∣∣ �xi〉 =
1

(2π�)3

∫
exp

[
−iε

�

{
p2

2m
− (�xi+1 − �xi) · �p

ε

}]
d�p

· exp

{
−iε

�
V (�x)

}

=
1

(2π�)3

∫
exp

[
− iε

2m�

{
p2 − 2m(�xi+1 − �xi) · �p

ε

+
(m

ε
(�xi+1 − �xi)

)2
−
(m

ε
(�xi+1 − �xi)

)2}]
d�p

· exp

{
−iε

�
V (�x)

}

=
1

(2π�)3

∫
exp

[
− iε

2m�

{
�p − m

ε
(�xi+1 − �xi)

}2
]

d�p

· exp

{
iε

2m�

(m
ε

(�xi+1 − �xi)
)2}

· exp

{
−iε

�
V (�x)

}
.

(2.18)

So,

〈�xi+1

∣∣∣∣∣
(

1 − iεĤ

�

)∣∣∣∣∣ �xi〉 =
1

(2π�)3

(
2mπ�

iε

)3/2

· exp

{
im

2�ε
(�xi+1 − �xi)

2 − iε

�
V (�x)

}

=
( m

2π�iε

)3/2

· exp

[
iε

�

{
m

2

(
�xi+1 − �xi

ε

)2

− V (�x)

}]
(2.19)

Substituting Eq. (2.19) into Eq. (2.13), we obtain
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G(�x, �x′; t, t′) = lim
ε→0

1

A

∫ ∫
. . .

∫
exp

[
iε

�

n−1∑
i=0

{
m

2

(
�xi+1 − �xi

ε

)2

− V (�x)

}]

·d�x1

A

d�x2

A
. . .

d�xn−1

A
(2.20)

where 1
A

=
(

m
2πı�ε

)3/2
, �xn = �x, �x0 = �x′. In an obvious notation

G(�x, �x′; t, t′) =
1

A

∫ ∫
. . .

∫
exp

[
i

�

∫ t

t′

{m

2
�̇x

2 − V (�x)
}

dt

]
d�x1

A

d�x2

A
. . .

d�xn−1

A

(2.21)

It can be shown that the time-dependent Green function (Eq. (2.20)) of

Schrödinger equation has exactly the same form as the Feynman propagator, (Eq.

(2.6)). The latter can be written in this form by using the argument discussed at

the beginning of this chapter. As a simple example of how to obtain G(�x, �x′; t, t′)

written in the form of Eq. (2.21), let us consider the case of a free electron.

For a free electron L = m
2
�̇x

2
, by using Eq. (2.20) we obtain

G(�x, �x′; t, t′) = lim
ε→0

1

A

∫ ∫
. . .

∫
exp

[
iε

�

n−1∑
i=0

m

2

(
�xi+1 − �xi

ε

)2
]
·d�x1

A

d�x2

A
. . .

d�xn−1

A
.

(2.22)

The calculation is carried out by direct integrations as follows. Since∫ ∞

−∞
exp
{
a(�x0 − �x1)

2 + b(�x2 − �x1)
2
}

d�x1 =

(
− π

(a + b)

)3/2

exp

{
ab

a + b
(�x2 − �x0)

2

}
,

(2.23)

we have

( m

2πi�ε

)3 ∫ ∞

−∞
exp

{
im

2�ε

[
(�x1 − �x0)

2 + (�x2 − �x1)
2
]}

d�x1

=
( m

2πi�ε

)3(πi�ε

m

)3/2

exp

{
im

2�(2ε)
(�x2 − �x0)

2

}

=

(
m

2πi�(2ε)

)3/2

exp

{
im

2�(2ε)
(�x2 − �x0)

2

}
. (2.24)
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Multiplying the result by
(

2πi�ε
m

)−1/2
exp
{

im
2�ε

(�x3 − �x2)
2
}

and integrating over �x2,

we obtain

1

A

∫ ∫
exp

[
im

2�ε

{
(�x1 − �x0)

2 + (�x2 − �x1)
2 + (�x3 − �x2)

2
}] d�x1

A

d�x2

A

=

∫ (
m

2πi�(2ε)

)3/2

exp

[
im

2�(2ε)
(�x2 − �x0)

2

]
·
(

m

2πi�(2ε)

)3/2

exp

[
im

2�ε
(�x3 − �x2)

2

]
d�x2

=

(
m

2πi�(2ε)

)3/2 ( m

2πi�ε

)3/2
(
−2π�(2ε)

3im

)3/2

exp

[
im

2�(3ε)
(�x3 − �x0)

2

]

=

(
m

2πi�(3ε)

)3/2

exp

[
im

2�(3ε)
(�x3 − �x0)

2

]
. (2.25)

In this way a recurring process is established by which, after (n − 1) steps, we

obtain

G0(�x, �x′; t) =
(

m
2πi�(nε)

)3/2

exp
[

im
2�(nε)

(�xn − �x0)
2
]

. Since nε = t, �xn = �x and �x0 = �x′, then

G0(�x, �x′; t) =
( m

2πi�t

)3/2

exp

[
im

2�t
(�x − �x′)2

]
. (2.26)

The method of direct integration can be carried out only for this simple

case of a free electron. For other case, the path integral is more difficult to work

out. Therefore, a different way to solve this difficult problem is required.

First, we begin with the general form of the Feynman path integral

K(b, a) = N

∫
D[�x(t)] exp

[
i

�
S(�x(t))

]
. (2.27)

We known from classic physics that the action S is extremized and then it fur-

nishes us the classical path completely fixed. Therefore, any path �x(t) can be

expressed as the sum of the classical path, �x0(t), and a new variable �y(t). That

is

�x(t) = �xc(t) + �y(t) (2.28)
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and it is clear that the path differential D[�x(t)] can be replaced by D[�y(t)]. This

means that besides defining a point on the path by its distance �x(t) from an

arbitrary coordinate axis, we now give the meaning of it by its deviation �y(t)

from the classical path, as shown in Figure 2.2. The crucial conditions which the

deviations, �y(t) have to satisfy are

�y(0) = �y(T ) = 0. (2.29)

In this situation, we begin from the time t = 0 to the time at t = T . Generally,

the Lagrangian will be the quadratic form

L = a(t)�̇x
2
(t) + b(t)�̇x(t)�x(t) + c(t)�x2(t) + d(t)�̇x(t) + e(t)�x(t) + f(t). (2.30)

Hence, the action S can be expressed as

S[�x(t)] = S[�xc(t) + �y(t)]

=

∫ T

0

[
a(t)
{
�̇x

2

c(t) + 2�̇xc(t)�̇y(t) + �̇y
2
(t)
}

+ . . . + f(t)
]
dt. (2.31)

It is obvious that the integral of all terms involving exclusively �xc(t) is exactly

the classical action and the integral of all terms that are linear in �y(t) precisely

vanishes. So, all the remaining terms in the integral are the second-order terms

in �y(t) only. That is

S[�x(t)] = Scl[�xc(t)] +

∫ T

0

[
a(t)�̇y

2
(t) + b(t)�̇y(t)�y(t) + c(t)�y2(t)

]
dt (2.32)

From Eq. (2.32), the propagator or the Green’s function can be rewritten

as

K(b, a) = N

∫
D[�y(t)] exp

[
i

�

(
Scl [�xc(t)] +

∫ T

0

dt
{

a(t)�̇y
2
(t) + b(t)�̇y(t)�y(t) + c(t)�y2(t)

})]

= exp

{
i

�
Scl[�xc(t)]

}
N

∫
D[�y(t)] exp

[
i

�

∫ T

0

dt
{

a(t)�̇y
2
(t) + b(t)�̇y(t)�y(t) + c(t)�y2(t)

}]
(2.33)
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Figure 2.2: Diagram showing a path deviating from the classical path.

For the quadratic Lagrangian, customarily, the propagator can be written as

K(b, a) = F (T ) exp

{
i

�
Scl[�xc(t)]

}
, (2.34)

where

F (T ) = N

∫
D[�y(t)] exp

[
i

�

∫ T

0

dt
{

a(t)�̇y
2
(t) + b(t)�̇y(t)�y(t) + c(t)�y2(t)

}]
(2.35)

is a prefactor.

Next, we show that the method can be used to the problem of a one-

dimensional harmonic oscillator of which the Lagrangian is

L[x(t), ẋ(t)] =
m

2
ẋ2 − m

2
ω2x2. (2.36)

We obtain the equation of motion by applying the Euler-Lagrange equation to

the Lagrangian

∂L

∂x
− d

dt

∂L

∂ẋ
= 0

thus we have

ẍc + ω2xc = 0 (2.37)
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and the solution of Eq. (2.37), with boundary conditions x(0) = x′ and x(T ) = x,

is

xc(t) =
x − x′ cos ωT

sin ωt
sin ωt + x′ cos ωt. (2.38)

Therefore, the corresponding action can be expressed as

Scl[xc(t)] =

∫ T

0

m

2

[
ẋ2

c(t) − ω2x2
c(t)
]
dt

=
m

2

[
ẋc(T )xc(T ) − ẋc(0)xc(0) −

∫ T

0

xc

[
ẍc − ω2xc

]
dt

]
.

Using Eq. (2.37), we have

Scl[xc(t)] =
m

2
[ẋc(T )xc(T ) − ẋc(0)xc(0)] . (2.39)

Substituting Eq. (2.38) into Eq. (2.39), we have

Scl[xc(t)] =
mω

2 sin ωT

[
cos ωT (x2x′2) − 2xx′

]
(2.40)

that is the classical action of the harmonic oscillator. From Eqs. (2.34) and

(2.40), we obtain, to complete the propagator we must to find the prefactor,

F (T ). Hence, from Eq. (2.37), we begin with

F (T ) = N

∫
D[y(t)] exp

[
i

�

∫ T

0

dt
m

2

{
ẏ2 − ω2y2

}]
(2.41)

with the boundary conditions y(0) = y(T ) = 0.

By expressing y(t) in the form of a Fourier series,

y(t) =
∑

n

an sin
nπt

T
, (2.42)

it is obvious that we can change the integration variables from y′s to the new

variables an’s, and then with the use of the identity

lim
N→∞

N∏
n=1

(
1 −
(

ωT

nπ

)2
)−1/2

=

√
ωT

sin ωT
(2.43)
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we obtain the result as

F (T ) =

√
mω

2πi� sin ωT
. (2.44)

Finally, the time-independent propagator or Green’s function of the harmonic

oscillator is

K(b, a) =

√
mω

2πi� sin ωT
exp

{
imω

2� sin ωT

[
cos ωT (x2 + x′2) − 2xx′

]}
. (2.45)

2.3 Variational Path Integration

In this section the variational path integration approach is described. By

constructing an appropriate action with some variational parameters, we can use

the path integral of this action to estimate the upper bound of the ground state

energy. To be more clearly, consider the density matrix in the form of the sum

over energy eigenstates.

ρ( �x2, �x1; β) =
∑

n

ψ∗
n( �x2)ψn( �x1) exp[−Eβ]. (2.46)

As the imaginary time goes to infinity, i.e., temperature goes to zero, the

higher order terms of the summation decay more rapidly than the first leading

term or the term involving the ground state energy. So we can write

ρ −→ exp(−E0β). (2.47)

β→∞

Whenever we choose any trial action namely S1, where we can find its

density matrix exactly, we can write the path integral

ρ =

∫
D[x(t)]eS

=

∫
D[x(t)]e(S−S1)eS1

= 〈eS−S1〉
∫

D[x(t)]eS1 (2.48)
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where we average with weighting factor eS1 defined by

〈F 〉 =

∫
D[x(t)]eS1F∫
D[x(t)]eS1

. (2.49)

In order to evaluate the energy as in Eq. (2.47), we must write the density

matrix in the exponential form. To do this we apply the inequality

〈eF 〉 � exp〈F 〉
called the Feynman-Jansen inequality. The density matrix in Eq. (2.47) can be

approximated as

ρ � exp〈S − S1〉
∫

D[x(t)]eS1 . (2.50)

Remember that the path integral of S1 gives the ground state energy as

ρ1 ≈ exp(−E1β). (2.51)

Then Eq. (2.50) can be written as

e−(E0β) � e〈S−S1〉e−E1β. (2.52)

Hence

E0 � E1 − 〈S − S1〉
β

. (2.53)
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