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CHAPTER 1

INTRODUCTION

The standard BigBang model was constructed from the principle of cosmol-
ogy, in which one assumes that the universe is both isotropic and homogeneous.
The solution of the Einstein equation consistent with this principle is known as
the “Friedmann-Robertson-Walker solution” [1, 2, 3, 5]. Despite the fact that this
solution has been very successful due to its consistency with many observed data,
it cannot explain some important puzzles in cosmology, such as the horizon and
the flatness problems. In 1981, Alan Guth [4] proposed a very nice solution to
these puzzles known as the “inflationary model.” The idea of this model is that
the universe expanded extremely fast during some period of the early time. The
consequent prediction of the inflationary model is that the background tempera-
ture of the universe is nearly uniform [6]. Such a prediction is consistent with the
cosmic microwave background (CMB) radiation observation [7]. Nevertheless, the
most important powerfulness of this model is that it not only solves the flatness
and the horizon problems, but also provides us the understanding of the mecha-
nism of structure formations. According to the inflationary model, the quantum
fluctuations generated during the inflationary period are stretched to the cosmo-
logical scale and seed the structures we observe nowadays. This effect also leads
to the CMB anisotropy, and therefore the inflationary model does not predict the
perfectly uniform CMB.

As the inflation is assumed in to take place at very high energy scales, the
theories originally used to construct the models of cosmology, such as general rel-
ativity, are no longer valid because the quantum effects become more important.
At these scales, string theory, which is the theory in which the fundamental ob-
ject is a string instead of a point-like particle, is the most promising candidate
for describing the physics. However, it is rather complicated to directly derive
the cosmological model from string theory. In Ref. [26], Ho and Brandenberger
constructed an inflationary theory in which a universal property of string theory,
which is the stringy space-time uncertainty relation (SSUR) Az,At, > 2 [27],

is taken into account. Such an uncertainty relation implies that space and time



coordinates do not commuted with each other, and therefore the effective space-
time geometry is noncommutative. This noncommutative inflationary theory is

the subject of this thesis.

This thesis is organized in the following way. In Chapter 2, we review the
fundamental concepts of modern cosmology, putting an emphasis on the inflation-
ary models. In Chapter 3, we consider the cosmological perturbation theory in
order to connect the theoretical results with the observational data, in particular
the CMB power spectrum. We start by discussing the power spectrum of the in-
flaton field fluctuations [9], and then calculate the power spectrum associated with
the curvature and the tensor perturbations by perturbing the Einstein equation
[10, 11]. This chapter ends with the discussion of the CMB anisotropy and the
calculation of the CMB power spectrum [12, 13].

In order to discuss the noncommutative inflation, the concept of the noncom-
mutative field theory needs to be introduced first; this will be done in Chapter 4.
In the first part of this chapter, the motivation for the noncommutative algebra is
given by considering the generalized uncertainty principle [21, 22]. A brief discus-
sion of field theory [15] then follows. We close this chapter with the presentation
of the idea of deformation from a commutative field theory to its noncommutative
counterpart [16, 17]. In Chapter 5, the coneept of the noncommutative inflation
is introduced, and the associated power spectra of the curvature perturbation
26, 28] based on both adiabatic and minimized uncertainty vacua [31, 32| are
obtained. Finally, the comparison between the power spectra in commutative and

noncommutative space-time is done in Chapter 6 [34, 35].



CHAPTER 11

COSMOLOGY AND INFLATIONARY
MODELS

Since the ancient, time, people have wondered about the structures and the
evolution of the universe. Due to the fact that the distribution of celestial objects,
like stars and galaxies, looks the same to us no matter what direction we look
at, and as the Earth where we all live has no right to be a special location in
the universe, scientists were led to postulate what is known as the cosmological
principle. This principle states that every position of the universe is in no sense
preferred [1], and therefore the universe has to be homogeneous and isotropic.
The recent data from the observation of the cosmic microwave background (CMB)
radiation is an important evidence which confirms this principle. However, people

still had no idea about the “dynamics” of the universe before the twentieth century.

In the early twentieth century, Edwin Hubble observed many galaxies and
found that they are moving away from us with the velocities proportional to their
distances from Earth. This led him to conclude that the universe is expanding.
Thus if one were to construct a theory which describes the universe, such a theory
should obey the cosmological principle and has to give a dynamics of the universe
in agreement with Hubble’s discovery. It turns out that the appropriate theory for
modeling the universe with such characteristics is the general theory of relativity,
whose main idea is that the presence of the mass-energy causes the space-time
geometry to become curved, and the space-time curvature in turn causes anything
with energy to move. Such an interdependence between the space-time curvature
and the mass-energy is encoded mathematically in an equation known as the
Einstein equation. To describe the universe using this theory, one needs to find
the solution to this equation which has all the required characteristics. Such
a solution, fortunately, exists and is known as the Friedmann-Robertson-Walker
(FRW) solution, which describes three possible kinds of the universe (flat, closed,
and open) depending on the matter contained in it. Despite their differences in

many aspects, one thing that these three kinds of the universe has in common
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Figure 2.1: Three-dimensional spaces as the hypersurfaces of constant curvature
embedded in a flat 4-dimensional Euclidean space: (a) spherical space; (b) flat

space; (c) hyperbolic space.

is the prediction that the universe started from an initial singularity known as
the Big Bang. This Big Bang model, however, cannot explain many puzzles in
cosmology, such as the horizon and the flatness problems. A nice way to solve these
problems is to postulate a model, called the inflationary model, which predicts a
rapid expansion of the universe during some early period of the universe. In this

chapter, we will describe the modern theory of cosmology in detail.

2.1 Friedmann-Robertson-Walker Solution

In this section, the Friedmann-Robertson-Walker solution will be discussed in
detail.. The convention for the notations used here is as follows. The signature of
the space-time metric is chosen to be mostly plus.  All the results-in this thesis
are expressed in the natural unit, where A = ¢ = kg = 1 and the Newton’s
gravitational constant G is expressed in terms of the Planck mass as G = m;ﬁ /8.
The Greek indices (such as v, p) run from 0 to 3, where the index 0 is for the
timelike component of any tensor. The roman indices (such as i, j, k) run from 1

to 3. The Einstein summation convention is also used.

To construct a 4-dimensional space-time describing the universe, we need to

take into account the cosmological principle which states that the universe is both



homogeneous and isotropic. In the mathematical language, this implies that the
spatial part of the space-time must be a space of constant curvature. In differential
geometry, the curvature of a 3-dimensional space is expressed in terms of the Ricci

scalar, R® associated with it. Thus we need to have [1]
R® = 6K, (2.1)

with the sectional curvature K being a constant, for the spatial part of the space-
time. This 3-dimensional curvature can be classified into three groups depending
on the sign of the sectional curvature: spherical spaces (K > 0), flat spaces
(K = 0), and hyperbolic spaces (K < 0). All these three distinct spaces are
illustrated in Figure 2.1. Among these three types, whichever that turns out to
describe the universe will depend on the mass-energy density of the universe. To
see this, we start with the Einstein equation which relates the space-time curvature

with the mass-energy density:

1
@, i~ §ng, = 8nG1,, . (2.2)

Here g, is the metric tensor; G,,, R, , and R are the Einstein tensor, the Ricci
tensor, and the Ricci scalar, respectively; and 7}, is the energy-momentum tensor.
The left-hand side of this equation represents the space-time curvature, while the
right-hand side describes the energy density and the pressure in the universe.
The Ricci tensor and the Ricei scalar are proportional to the second derivatives
of the space-time metric, g,,, with respect to the space-time coordinates. For
the homogeneous and isotropic universe, the matter in the universe is typically

regarded as a perfect fluid with the energy-momentum tensor taking the form

1", = diag(=p, p, p, p), (2.3)

where p is the energy density and p is the pressure.

To explicitly write the left-hand side of the Einstein equation, the space-
time metric is the first object that we have to determine. As mentioned earlier,
there are 3 types of the spatial metric depending on the sign of the 3-dimensional
curvature. We start with the case K > 0 in which the 3-dimensional space is a
sphere embedded in a 4-dimensional Euclidean space. Thus we consider a three-
dimensional sphere of radius a as a hypersurface described by an algebraic equation

> = i +ad+a+a; (2.4)

Then the line element on this hypersurface takes the form

di* = da?+ das + das + dr}
—(Ildl’l + ZEle‘Q + Jigdﬂ?g)
a? —x? + 13+ 23 '

= dai +das +dr; + (2.5)



2

Using the spherical polar coordinates (r, 0, ¢), where r* = 2?2 + 22 + 23 and z; =

rsinf cos ¢, xo = rsinfsin ¢, r3 = rcosf, the line element takes the form

2

d? = dr®+r*(d6? + sin 0d¢ + ———
as —7r

drz)

1
= T2 7‘2/a2dr2 + 72(d6* + sin” 0d¢p?)
2( 1 2 2/ 112 . 2 2
= a 1_—702d7” —+r (d@ + sin ngb )) (26)

Notice that in the last line of the above equation, the rescaling » — ar has been
used. One should observe that the metric is independent of the value of the radius
a (which turns out to be inversely proportional to the 3-dimensional curvature).
For the case of K < 0 corresponding to the hyperbolic space, the line element
can be obtained by replacing a* — —a? and dr? — —dz? in the analysis of the
spherical hypersurface. As for the flat space with X' = 0, we obtain the line
element by simply taking dz? = 0 or a — oo before rescaling. Thus, the line
element for all three cases takes the form

> = a2(1T1];r—2—dr2+r2(d92+sin2 9d¢2)), (2.7)
where

1 spherical space
k= 0 flat space (2.8)
—1 hyperbolic space

The construction of the space-time metric for a homogeneous and isotropic
universe goes as follows. We start with a 3-dimensional space of constant curvature
obtained above, then assign a “cosmic time” ¢ to it and multiply its line element
by a time-dependent scale factor. a?(t) (this will make: its-size to depend on t).
Treating this 3-dimensional space as a space-like hypersurface at time ¢ in a space-
time, the space-time describing the universe is constructed as a collection of such
hypersurfaces over all values of cosmic time ¢. Such a “time-slicing” of a space-time
geometry is depicted in Figure 2.2. Note that these hypersurfaces cannot intersect
with each other, otherwise the notion of “evolving in time” of the universe would
not be consistently defined. With this construction, the space-time metric for a

homogeneous and isotropic universe takes the form

ds? = Guvdatdz”
= good1702+dl2

= —dt* + a2(t)( !

1 —kr?

dr? + r*(d§? + sin® 9d¢2)). (2.9)



Figure 2.2: Time-slicing of space-like hypersurfaces.

This metric is known as the Friedmann-Robertson-Walker (FRW) metric, and the
coordinates of the space-like hypersurface form a “comoving frame.” That the
above metric can explain the expansion of the universe is as follows. Imagine
that all the galaxies are spread over the space-like hypersurface, and each of them
is fixed at some point of the comoving frame. As time goes by, the scale factor
a(t) changes so that the proper distance between galaxies also changes. That it
appeared to Hubble that the universe is expanding is because the scale factor a(t)
was increasing at the time of his observation. It should be mentioned here that

another form of the FRW metric often used in cosmology is
1

1 — kr?

where the 7 is called the conformal time, which is defined as

1
n:/%dt. (2.11)

To calculate the expansion rate of the universe, consider the coordinate dif-

ds® = a2(77)< —dn* + dr® 4 r*(d* + sin? 0d¢2)>, (2.10)

ference of two points in the comoving frame, Axcomo.. Then the physical distance,

Az ppys, is obtained by multiplying Azcomo by a scale factor:
AZphys = a(t) A como- (2.12)

The stretching rate of the distance which is observed by an observer in the physical

frame is
1 dl Axphys |
| Amphys | dt

la 1
_ 2%y (2.13)

a a a

_%-p
a



where H is the Hubble parameter in the conformal time, and H is the Hubble
parameter in the cosmic time. In cosmology, it is conventional to use a subscript
“0” to mean “at the present time.” Thus Hj is the value of the Hubble parameter
at present. Note that a dot, (—), over a quantity represents the derivative with
respect to the cosmic time of that quantity, while the prime, (=), represents the

derivative with respect to the conformal time.

Form the FRW metric, the non-zero components of the metric tensor can

be read off as follows:

ENGR L = :
900 ; g 12

P — g3g = a’r*sin® 0. (2.14)

Using the fact that ¢g"?g,, = ¢/, the non-zero components of the inverse metric

can be easily found:

1 = kr?
900 w iy 1 ; i1} . - :
a
1 1
22 33
/ . AW 2.15
J a?r? ' g a?r2sin® 0 ( )

The Christoffel symbol or the affine connection which is proportional to the first-

order derivative of the metric is defined by

1
ng - §gap (089py + 04950 — 095+) » (2.16)

and, for the FRW metric, the non-zero components are

1
Iy = §QOp (0i9pj + 0;9ip — 0,9i5)
1 a
= —59008()9@' = gl ; (2.17)
i 1,
o, = 59"@09@ + 0590 — 0,905)
dy i 2ok 4 g
< Y g = o9 9k = a@, (2.18)
1
Fh = 591’) (O1g1p + 0191 — Opg11)

kr kr

11 11
9, = — = —; 2.19
9 01911 1— kr2g g1 12’ ( )

DN | —



F%z = %glp (02925 + O2gp2 — 0pg22)

= —%91181922 = —%(1;#2)27“@2 = —r(l—kr?); (2.20)
Ty = %le (03935 + O39p3 — Opg33)

— —%gnalggg = — %_(1 —a2k;r2) 2ra® sin® @

= —r(1 —kr?*)sin®0 ; (2.21)
F%z = %92’) (01929 + O2gp1 — Opgr2)

= %g”alg22 ~ %#27"@2 e % ; (2.22)
Iy = %ggp (01930 + 03991 — Opgus)

— %g33@1g33 " %mzmﬂ sin®f = % ; (2.23)
ng = %92’) (03935 + O39p3 — 0,p933)

= ——;‘g2282933 = _— %#27“2(12 sin @ cos 0

= —sinfcosf ; (2.24)
F§3 = éggp (0293, + 03,2 — 0,923)

= %g336’2933 = %m%%ﬂ sin 6 cos 0

= cotf. (2.25)

The Ricci tensor is proportional to the second-order derivative of the space-time

metric and is defined by

R = 0,19, — 9,19, + 2,17, — %17, . (2.26)

oo pv

For the FRW metrie, the non-zero components of the Ricci tensor are

ROO =

80& FSO T 80 Fga + Fga FSO - F?O Fga
— 0oLy = Féjrgo
. 1 {
—dh (39) - 3(9> - 3¢ (2.27)

a a



and

10

0 I's; — 0,15, + Ig, 17 — g, TY,
Ty + 0, T — 0T + T T + T T
— I, Ty — T3, T — T Ty,
a a\ 2 a a
#(2) +3(3) - (2o - (o
ag] + a a gj a gj
+ORTY; — O, + DT — T T,
i (a2
<a + 2<a) >gij 1 3krfj — aiF;?k: + kaﬂ-j - FZ’ Fék

ol o2

Note that the last line of (2.28) was obtained by calculating the Ricci tensor

component by component. Next, the Ricci scalar for the FRW space-time can be

calculated as follows:

R:= ¢""R,
) QOOROO‘f’ginij
. . N k:
= 35+3(=2(5) 2

a.. 4 2 \ ?
@ ) o

Using the above results, we obtain the non-zero components of the Einstein tensor

as

1
Gy = R — §R900

() + )
ao = —3((%)2+£); (2.30)

1
Gy = Rij— §Rgij

DY I
G = —(2% + (9>2 + ﬁ)a;l. (2.31)

a a?

Having obtained the explicit form of the quantities on the left-hand side

of the Einstein equation for the FRW metric, our next step is to consider the

quantity on the right-hand side of the Einstein equation which is the energy-

momentum tensor 7),,,. For our convenience, we switch to work in the Cartesian

coordinates. The first component, Ty, is the energy density, and the momentum
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density corresponds to the components Tj;. For the stress tensor, its components
are Tj;. Recall that the matter in the universe is assumed to be in the form
of the perfect fluid which has no heat conduction and no viscosity. Hence it
looks isotropic in its rest frame [5]. The first condition (no heat conduction)
makes Ty, = Tjo = 0, and the second one (no viscosity or no shear force) makes
T;; = 0; i # j. Due to the isotropy of the fluid, its energy-momentum tensor

must, therefore, be a diagonal matrix with the diagonal components:

T = %bh T: = pé. (2.32)

J J

with p and p being respectively an energy density and the pressure. Since 7}, is
diagonal, its form will not change if we change the coordinates to the spherical
coordinates used in the FRW metric. Thus this form of the energy-momentum

tensor is ready for use in cosmology.

An important property of the energy-momentum tensor is the vanishing of
its divergence, D,T} = 0, where D, is the covariant derivative. This property
leads to the conservation of the energy, D, T4 = 0, and the conservation of the
momentum, D,T}" = 0. By considering the time component of the conservation

equations, we obtain
DTy = 0Ty +T4 15 — T, TV
= Iy + Fllong - FgoTj
= —p-32p—3%p
— = —3g(p+p). (2.33)

Using the equation of state, p = wp, we can write the energy density in terms of

the scale factor as
9 lod g7 3088) (2.34)

In order to find the parameter w in the equation of ‘state, we consider the number
density of particles in the universe, neomo. In the comoving frame, neom, is constant
but, in the physical frame, the number density varies with time due to the scale

factor:

Tcomo
Nphys = ad : (235)

It follows from equation (2.35) that, for massive (non-relativistic) particles, the

energy density is

P = Milphys 0 —. (2.36)



12

By comparing (2.36) with (2.34), we conclude that w = 0 for the non-relativistic
matter (so-called dust). For the relativistic massless particles such as photons,
it is affected by the redshift from the expansion of the universe, and therefore
its frequency, v, will decrease by a factor 1/a. Thus, the energy density of the

radiation takes the form

1

= (2.37)

Pr X VNphys OX

By comparing (2.37) with (2.34), we get w = 1/3 for the radiation. These proper-

ties will be important for the following chapters.

Let us now consider the dynamics of the expanding FRW universe by sub-
stituting the energy-momentum tensor and the Einstein tensor into the Einstein

equation. We get

a\2 k (G
A NS N (2.38)
ol lrave= "k

These are known as the Friedmann equations. Combining these two equations, we

obtain the Raychaudhuri equation which takes the form

a 47 G
5 =2 —T(p—i—?)p). (240)

These three equations (2.38)-(2.40) encode the dynamics of the FRW metric. Be-
fore analyzing the Friedmann equations in order to determine the evolution of
the universe, we would like to mention here that the current observational data
indicate that the universe is expanding, a > 0, and flat, & — 0. Despite this
fact, the spherical and hyperbolic spaces will also be considered here. Let us start
by considering the flat'and hyperbolic spaces. The first Friedmann equation is

rewritten as

1 B ?pcﬁ + K. (2.41)

Since the right-hand side of this equation is always positive, then & is non-zero.
Thus we can conclude that the universe expands forever in these cases, a > 0.
The rate of the expansion can be analyzed by considering the derivative of the pa®
with respect to the cosmic time, t,

d(pa®)

7 = a*p + 3d’ap

—3pa2d
) (2.42)
w
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a(t)

Figure 2.3: Three different evolutions of the universe: the red line (kK = —1)
corresponds to the open universe; the blue line (£ = 0) corresponds to the flat

universe; and the green line (k = 1) corresponds to the closed universe.

This implies that pa® is a decreasing function, and so is pa®. Thus, if + — oo then
pa? — 0, which in turn implies that @ — 1 for the hyperbolic space and @ — 0
for the flat space. From this analysis, we conclude that for the hyperbolic space
the universe expands forever and faster than the flat space, so we call it is the
“open universe.” For the flat space, the universe stops expanding at the infinite
time, and we call it the “flat universe” as shown in Figure 2.3. For the spherical

space, the Friedmann equation can be rewritten as

i = %paz - 1. (2.43)

By using the similar analysis, it is not hard to see that a is a decreasing function,
and therefore will vanish at some finite time, ¢, and then will become more and
more negative. This means that the universe will collapse at some time in the
future and then continue to contract to the zerosize again. This is called the Big

Crunch. The universe with this type of evolution is called the “closed universe.”

What we have done so far is merely the qualitative analysis. The exact solu-
tion for the scale factor can be separately calculated for the matter and radiation
cases. Unfortunately, this will not be done here. Anyway, the exact solutions can

be found in many textbooks on cosmology, such as [5] and [1].
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2.2 Inflationary Models

In the previous section, the Big Bang model or the Friedmann model was ana-
lyzed. This model, however, has many problems, and so people have switched to
use the inflationary model for explaining the evolution of the early universe. In
this section, the problems of the Big Bang model will be discussed in the first part,
following by the exposition of the inflationary model. To deeply understand the in-
flationary model, the dynamics of the inflaton, which is the scalar field responsible

for driving the inflation, will be considered in the last part of this section.

2.2.1 The Flatness Problem

In order to discuss the cosmological problems, we first introduce the density pa-

rameter €2,

p . 8nG

where p. is the critical energy density which is the energy density in the flat
universe, £ = (0. The evolution of the universe in the FRW model is dictated by

the energy density containing in it:

+1 = QBTN open universe
k= 0= Q=1 = flat universe (2.45)
—-1= <1 = closed universe.

Next, consider the evolution of the density parameter with respect to the change

of the scale factor in the logarithmic scale:

ds ds)
dlna ad_az
H* d
0w )
L (e 2oy
pe \da H da
B . .9
S (o8]
e 1

~- 0 (—3(1+w)+§2(1+3w)+2>
— Q(Q—1)(1+3w). (2.46)
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0.3 L

Figure 2.4: The plots of the density parameter as a function of Ina.

This equation implies that the density parameter is deviated away from that of
the flat universe if it slightly deviates from one at the early time. For an ordi-
nary matter, this is a repelling behavior of the density parameter which obeys an
inequality

d|2 = 1|

01 . 2.4
ne—— 0; 1+3w>0 (2.47)

This behavior of the density parameter is numerically illustrated in Figure 2.4.
There is no problem if the density parameter at the present time is not equal one.
But from the recent data of the observation, it indicates that 2 = 1.02 4+ 0.05
[7] which makes the universe at the early time (at the nucleosynthesis time) is
extremely flat, Q = 1+ 1072 [6]. This is a curious behavior of the universe and

is referred to as the “flatness problem.”

2.2.2 The Horizon Problem

In this subsection, we discuss why the standard Big Bang model cannot describe
the thermal equilibrium in the CMB. First, let us consider the horizon size of the
universe, dg, which is defined as a distance that a photon travels from the moment
of the Big Bang. This distance can be approximated as dgy ~ t ~ H~!. Thus
any two points, which are separated by more than the horizon size, cannot have
ever been in causal contact and therefore cannot be in thermal equilibrium. Next,

we consider the physical distance, d,, between any two points in the sky. This
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distance is scaled by the scale factor with respect to the comoving distance, and
thus can be approximated as d, ~ a. Consider a constant quantity expressed in

terms of the ratio of two distances and [Q — 1],

(it = () —oe

Thus the derivative of this quantity vanishes,

d /d dN\2d|Q — 1
o () (hydR= 24
2= ome\ay) gy ) ~ame = (249)
Using the condition (2.47), we obtain a condition which leads to the horizon
problem:
d7d,
— N . 2.
dlna<dH) L0 143050 (2.50)

This equation implies that the physical distance stretches more slowly than the
horizon size. This implies that the physical distance between any two points was
larger than the horizon size at the early time. However, the photons began to
travel freely about 300,000 years after the Big Bang (the decoupling time which
will be discussed in the next chapter), so the photons had 300,000 years to be
in causal contact. But this 300,000 years corresponds to a degree of the angular
distance in the sky which is not large enough to describe the uniform temperature
of the CMB radiation that is uniform over the entire sky to one part in 10°.
This shortcoming of the Big Bang model is called the horizon problem. Other
shortcomings of this model such as the entropy and magnetic monopole problems
can be found in general textbooks [2, 3]. In this thesis, we discuss only the flatness

and horizon problems in order to introduce the inflationary model.

2.2.3 The Inflation of the Early Universe

The solution of both flatness and horizon problems can be obtained by considering
the conditions (2.47) and (2.50) leading to the flatness and horizon problems, and
the Raychuadhuri equation (2.40). The idea of the model, which can solve the
problems, is to assume that the universe expanded with an acceleration at some
period in the early time [4]. The Raychuadhuri equation tells us that this is
possible only if the “matter” in the universe has a negative pressure (w < —1/3)
during that period of time. People call this period the inflation period. This model
causes the repelling behavior in Figure 2.4 to change to the attracting behavior

during the period of inflation, and thus it is not necessary that the universe needs
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to be extremely flat before the inflationary period (in other words, the energy
density can differ from the critical density); this solves the flatness problem. As
for the horizon problem, the rapid expansion of the universe during the inflation
period causes any two points that used to be in causal contact (that is, in thermal
equilibrium) before the inflation to become far apart more than the horizon size
when the inflation ends. This means that any two points that might appear to us
that they have never been in thermal contact according to the Big Bang model
were indeed in thermal contact at the early time. Thus there is no horizon problem

if one assumes the inflation period at the early time.

In order to solve the problems exactly, one needs the solution of the question
“how should the universe be expanded?,” or in the other words, “how long must
the universe be maintained in the inflation period?” Conveniently, one chooses the
extreme condition in which w = —1 during the period of inflation. This condition
leads to the constant Hubble parameter (from the Friedmann equations (2.38)-
(2.39)) and the constant energy density (from the conservation of energy (2.33)),
and the resulting model is called the “de Sitter stage.” In order to determine
period of the inflation one introduces a new parameter N, called the number of

e-folding, which is defined as

a(te)
1n<ati)) = Hit.—t)
alte)——— n (2.51)

where N = H,(t. —t;), and t. , t; and H; denote the ending time, the initial time
of inflation and the constant Hubble parameterin the inflation period respectively.
The condition that must be satisfied in order to solve the horizon problem is that

the physical distance d, at the initial time of inflation must be smaller than the
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horizon size dy = H; ' during inflation. Using this condition, one obtains

dp(t:) = dul(to) (% Z((E;

) < du(t:)

= v > () ()
< () + = (7
= ()2 (fweey)
N> 65, (2.52)

where to denotes the present time and 7'(f.) is the temperature at the end of
inflation. Above, we have used @ oc T-' and dy = H™' ~ mplpj_%l/2 ~ My a? ~
myuT~2. That the universe must have a negative pressure during inflation implies
that inflation is the period in which the vacuum energy dominates. This statement
can be understood by imagining that, during that period, the universe expands
very rapidly and thus dilutes all particles in the universe, hence the vacuum energy

dominates eventually.

An important thing that needs to be mentioned is that, if we assume that the
universe is in the de Sitter stage with w = —1 during inflation, then the universe
must rapidly expand forever because w is a constant value. Such a situation surely
cannot occur in reality, otherwise the universe would be filled with the vacuum
energy forever and there would be no matter that we see around us nowadays.
The way out of this difficulty is that the universe has to be approximately de
Sitter during inflation and the de Sitter characteristic of the space-time dies away
at later time. It turns out that, to achieve this, a scalar field called an inflation
with appropriate dynamics is needed to drive inflation. This will be discussed in

the next subsection.

2.2.4 Dynamics of Inflation

As we have mentioned in the previous subsection, the scalar field is the best
choice as the driving source of inflation. Generally, one chooses a real scalar field,

¢, which is coupled to the gravity and has the potential V(p). This real scalar
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field is called an “inflaton,” and the action can be written as
S = / d'z/—gL
1
= —/d4x\/—gbg“”8#g08,,g0+V(gp)} (2.53)

To obtain the equation of motion, we perform a variation of this action with

respect to the inflation field and set it to zero:

5S = —/ﬁﬁwcgpwawaa@y+§%§%@

0= - d%(ay[gW—_gamo] Z [@(gW——gausw—\/—_gWéff)}éw)
_ = _ V(p)

0 = \/—_—gau(g \/_Qa/tSO) T (2.54)

Thus the equation of motion of the inflaton field is
¢+ 3Hp+0,V(p) = 0. (2.55)
This equation of motion can be written in terms of the conformal time as
¢" + 2H +a%9,V(p) = 0. (2.56)

In the above equations, V?p vanishes due to the fact that the scalar field is
homogeneous and isotropic. Next, we consider the energy-momentum tensor in

the universe. By assuming that the inflaton dominates at the early time, we get

T, =10.00,04+ Lo
1
= aﬂ‘p 81/90 — G <§ gaﬂ 804‘;0 8/390 + V(Qp)) ’ (257)
= g,
1 (0%
= §" 0P =" gp <§g %0atp 00 + V(SO)) - (2:58)
For the (00)-component, one obtains
T(? = gOprO
1
—p = 9”00 — 9" g0 (5 9°7 Batp D0 + V(w))
.2 Lo 1 e
—p = —¢ - (—590+§a v 90+V(90))
1.
p = sp+Vip), (2.59)

2
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and, by considering the (ij)-components, one gets

TJ;‘ — gipr.
| , . 1
po; = 970,050 — 9" gy (59“"%@@690 + V(w))
. . 1,1
i =252 i : —2v72
poi = a v @—5j(—§<p+§a v <p+V(s0))
1,
p = 50-V(). (2.60)

From the condition of inflation p + 3p < 0, one obtains

p < —=3p
s6 Vo) < —3(ze= V()
¢ < V(o). (2.61)

This is the condition for dynamical inflation which results in the so-called “quasi-
de Sitter stage” of the universe. In order to recover the de Sitter stage, one takes an

extreme limit ¢ — 0 (and therefore the inflation field is approximately constant)

so that p = —p. In this limit, the Friedmann equation takes the form
a2 13%1
S f G o)
(a) 3m]2)l 290 V()
Vv
= (i) = constant. (2.62)
3m,

Note that we have considered the Friedmann equation in the flat space, k£ = 0.
In this de Sitter limit, the potential is constant and so there is no dynamics
of inflation. In the real situation, the universe has to be in the quasi-de Sitter
stage, and one allows the potential to depend on time with the condition that
(1/2)$* < V() (so as to make the universe almost de Sitter) for a sufficiently
long period of time. The physical meaning of this condition is that the inflaton
slow-rolls in the flat potential and this implies the domination of the friction term

in the equation of motion. Thus, one can approximate the equation of motion as

3Hp +0,V(p) =~ .0, (2.63)

and the Friedmann equation in the quasi-de Sitter stage can be approximated as
V()]

H*(t) = : 2.64

0 = S (264

This is known as the “slow-roll approximation.” At this point, it is appropriate to
defined some appropriate parameters, known as the slow-roll parameters, relevant
to the dynamics of inflation. The first one is

H

— (2.65)

€ =
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This slow-roll parameter can be written in terms of the potential of the inflaton
by differentiating H? with respect to the cosmic time, and then using the slow-roll
condition (2.63):
o) = —
1 dH?

C2H3 dt
V)¢

6y, H?

1 @2
il by, (2.66)
2m]2)l H?

I %(58)? (2.67)

The importance of this parameter can be seen if one notices that the second

derivative of the scale factor can be expressed as

g = H2(1 — ¢()). (2.68)
This equation implies that the de Sitter stage corresponds to ¢ = 0. For the
quasi-de Sitter stage, € < 1 and the change of the slow-roll parameter depends on
the shape of the potential. Generally, the inflation starts with the inflaton slowly
rolling in the flat potential and this corresponds to e — 0. After that the potential
is no longer flat, the kinetic term of the inflaton dominates and so ¢ — 1, which
corresponds to the period that inflation stops. After inflation ends, the inflaton
oscillates about the minimum of the potential well. Then the inflaton decays and
creates the ordinary particles; this makes the universe thermalized. This is known
as the “reheating period” [8]. Another slow-roll parameters can be calculated in

the similar way and are defined by

n(p)- = mf,l(V”(@)) L 1(V”(SD)), (2.69)

V() 3\ H?
4
o) = mlp) - e(w) = — = 2.70
() () = (@) Hi (2.70)
These slow-roll parameters can be written in terms of the conformal time as
H' 1 4
S L <—) 2.71
6(@) H2 2m§l H2 ( 7 )
(p//
0 = — = 1- . 2.72
() () — €(y) Ho (2.72)
Finally, by using (2.51) and (2.64), the number of e-fold can be written as
1 [AV
N . /@) 0. (2.73)
mpl pr V ((10>
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Figure 2.5: The dynamics in the large-field model.

The number of e-fold, which must be greater than 65, will constrain the potential.

We will calculate it in the next subsection.

2.2.5 Classification of Inflationary Models

Since the dynamics of the inflaton field depend on the shape of the potential,
V(¢), we can classify the dynamics into three classes. They are the large-field
model, the small-field model and the hybrid model.

e The large-field model

In the large-field model, the initial value of the inflaton is assumed to be
large. We consider the situation where the inflaton evolves from the initial large

value to a small value as illustrated in Figure 2.5. The generic potential of this
type is

vig) 148 (2.74)

7

where p is an integer number. The shape of the potential in (2.74) is controlled by
two mass-dimensional parameters A and p. The parameter A corresponds to the
vacuum energy density during inflation, while the parameter ;1 gives us the width
of the potential and corresponds to the change of the inflaton field Ay. As an
example, we consider the quadratic inflaton potential with A =y =m/ V2 where
m is the mass of the inflaton. Thus the potential takes the form

Vie) = %szoQ- (2.75)
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From this potential, equations (2.63) and (2.64) become

2,2
H = ¥ (2.76)
6,
and
3Hp +m?p ~ 0. (2.77)

Using H in (2.76), we can solve (2.77) to get

2
o = soi—\/gmmpzt. (2.78)

By substituting this solution back into (2.76), the scale factor takes the form

m 2 9
= qy AR e ). 2.79
T ) e

We now have three parameters, ¢y, @; and m, to determine. First, let us consider

the slow-roll parameters which, in this case, take the form

s W 2.80
= g 2 (2.80)

The inflation ends when € = 1, so the value of the inflaton at the end of inflation
reads ¢ = v/2m,;. After this, the inflaton will oscillate and will enter the reheat-
ing period. Second, the initial inflaton field can be determined from the number
of e-fold which takes the form

2 ot

Ty— (%—2’”) > 65. (2.81)

amz,

P
This constraint constrains the initial value of the inflaton ¢; > 16m,;. This means
that the initial value of the inflaton field is distributed chaotically, and so people
call this type of model as the “chaotic inflationary model.” Unfortunately, there is
no particle physies motivation for this potential [2]. However, this model is useful

for studying inflation. The mass of the inflaton can be determined by analyzing the

data from observation [2] which yields the value of m = 1.8 x 101¥GeV = 10~%m,,.

e The small-field model

In opposite to the large-field model, the small-field model is the model in
which the inflaton initially rolls down the potential from the small value of ¢ to

the large value of ¢ where the potential is minimum. The shape of the potential
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Figure 2.6: The dynamics of the small-field model.

for the small-field model is illustrated in Figure 2.6. The generic potential of this

type can be written as

Vie) = A1 (e/uy). (2.8

The popular potential in this case is the potential which gives the scale factor
proportional to some power of the cosmic time, a = agt? ;p > 1. The model
with this potential is called the “power-law inflation.” The advantage of this po-
tential is that the equation for the generation of the density perturbation can be
solved exactly. In order to find the potential, one considers the Raychuadhuri and

Friedmann equations which can be written as

4
H= -7 =7 (2.83)

— -
2mpl t

where H = p/t. From this equation, one obtains the cosmic time as

t =%exp (\/2_%%) (2.84)

By using the Friedmann equation and equation (2.83), one obtains

1 1
H2 — - -2
3m§l (290 + VW))
2 P’ 2
= Vip) = 3myy =5
o ((3102 —p)>
- pl 2

— Vpexp ( - \/g m%) (2.85)
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'

Figure 2.7: The dynamics of the hybrid model.

where V) = mfol(iﬁo2 — p). From this potential the slow-roll parameters can be

determined immediately:
€ STl n = - (2.86)

This slow-roll parameters are constant; this implies that the inflation will never
end. This is the disadvantage of the power-law inflation. However, as we have
derived above, we are not concerned with the slow-roll approximation ¢? < V (¢).
Then one can exactly solve the equation for the generic perturbation and this is

the advantage of this model.
e The hybrid model

Both two models that we discussed above are the single-field model. We now
present the model with the multiple-field potential. Indeed, this model contains
only two scalar fields, whose dynamics are depicted in Figure 2.7. As shown this
figure, one of the fields, ¢, is responsible for the inflationary stage (similar to the
large-field model), but the end of inflation is not at the origin. The other one,
1, is responsible for the end of inflation, where the inflaton rapidly rolls down to
the true minimum of the potential; this stage is just like the small-field model.
Therefore, people call this model the hybrid model. However, if the inflaton slowly
rolls in the second step, one has two stages of inflation and the model is called the

“double-inflation model.” An example of the potential for the hybrid model takes
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the form

M?\2 1 1
T) + 590" + §m2902- (2.87)

Vo= %@2_ 2

The transition between these two phases occurs when the sign of the mass param-
eter of 1 changes, which occurs when ¢?p? — M? = 0. Thus one can write this
critical point as ¢, = M/g. The inflation stage corresponds to ¢ > ¢, and stops
when ¢ < ¢.. Thus the number of e-fold is determined by considering only the
first part of evolution (¢ > ¢.), and takes the form

L

272 :
dmPme e

N ~

(2.88)

In order to find the parameters in this model, one needs the exhaustive observation
which is quite complicated because there are more parameters in the potential; this
is a drawback of this model. However, some drawbacks of the single-field model
are absent in this model, and moreover this model satisfies the particle theory due
to the occurrence of the symmetry breaking in the end of inflation. The detail
calculation is skipped due to its complication. However, a nice discussion of this

calculation can be found in [2].



CHAPTER III

COSMOLOGICAL PERTURBATION

As we mentioned in the previous chapter, the inflationary model not only
solves the flatness and the horizon problems, but also provides us the mechanism
of structure formations. The structure formations are originated from quantum
fluctuations in the microscopic scales. Then the inflation magnifies them to be
in the macroscopic scales and become a seed of the structures that we observe
today. In this chapter we will determine the power spectrum by using the theory
of cosmological perturbation, and the result will be compared with the observation
in the last part of this chapter. For simplicity, we will discuss the fluctuations of
a single scalar field in the first section. Next, we will offer some ideas of the
metric perturbation in the second section. In the third section, we will determine
the power spectrum of the scalar perturbation and the amplitude of the tensor

perturbation by perturbing the Einstein field equation.

3.1 Scalar Field Fluctuations

Our goal of this section is to find the power spectrum of the generic fluctuation
fields, which actually are the inflaton fields. Thus, in the first part of this section,
we will define the power spectrum of the generic fluctuations. We then calculate
the power spectrum of the fluctuation fields. The basic idea of this calculation
which we are going to do can be applied to determine the power spectrum of the

metric perturbation amplitudes.

3.1.1 The Power Spectrum of Generic Fluctuation Fields

The power spectrum is an important quantity which characterizes the properties
of the perturbations. According to quantum field theory, a scalar field, ¢(Z,t),
can be quantized by replacing it with the field operator ¢(Z,t). In analogy with
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quantum theory, the field operator obeys the equal-time commutation relations

which take the form

[é(fa t)n%(f”t)] = i(sg(f—f/), (31)
[é(‘i t):é(f,at)] = 0, (32)
[ﬁ(fv t)aﬁ-<f/7t)] = 0, (3.3)

where 7#(Z, t) is the conjugate momentum of ¢(&,t). Moreover, the field operator
can be expanded in terms of the creation and the annihilation operators, af and
a, respectively:

A 1% . .
Ot = 5 / W(qsk(t)elkxak+¢;(t)e—“%;). (3.4)

Generally, the power spectrum of P(k) is defined by
E dk
O 16(z.0 10 [ P00, (35
The quantity on the left-hand side can be calculated by using the properties of
the creation and annihilation operators such as ag | 0) = 0 and (0 | alay | 0) =
63(k — k'). The result is

3
©O16@010) = [ G | 60 (3.
Therefore, the power spectrum can be written as
L3
Po(k) = 55 | dult = 1) I, (3.7)

where t;, is the crossing time which we will discuss later. Moreover, the quantities
relevant to the observation are the spectral index; m; and the running of the

spectral index, r. The spectral index for the scalar perturbation is defined as

dIn P,
Q1 .
n, i (3.8)
and the spectral index for the tensor perturbation is defined by
dln 'PT
The running of the spectral index can be defined as
dns T
S - : 9 .1
BT ik (3.10)

where the subscripts s and 1" denote the scalar perturbation and the tensor per-

turbation, respectively.
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3.1.2 Dynamics of Scalar Fluctuation Fields

We begin this subsection by considering the action of a free scalar field which takes

the form
s = / o/ =gL
1
- —/d4x\/—g[§g"”8ﬂgp&,<p+‘/(g0) ) (3.11)

It is convenient to use the conformal time as the time coordinate. To consider a
small fluctuation of ¢, we let o — p+dp = Y+ ¢, where ¢ is called the fluctuation

field. Then, the perturbed action can be written as

Sl + 6] ==S[g}+ 8¢
< s [ anvmg(somaene - 0. @)

Actually, the second term in the integral above can be interpreted as the mass
term which is of the same order as the slow-roll parameter, V"(¢) = 3n,H?.
For convenience, one considers the massless scalar field, and so this term can be
neglected. However, if one considers the massive scalar field, one can put this
term back in the last step. In (3.12), we treat ¢ as a classical background field,
and the fluctuation field ¢ as a quantum field. Thus by using the Euler-Lagrange

equation, the equation of motion takes the form
2 /
N2 =0 (3.13)
a

Note that this equation of motion can also be obtained by directly substituting
©(Z,n) = o(n)+ (&, n) into the equation of motion of the inflaton field. In order
to find the power spectrum, we must quantize this fluctuation field. By using

(3.4), we can consider ¢ as a function of the conformal time:
2 /
k t 7%; Fk2pr =0, (3.14)

Let us consider the qualitative behavior of the solution to this equation. Since this
equation looks complicated, we therefore consider two extreme cases with respect

to the wavelength of perturbation, .

For the first case, k > aH and this corresponds to the perturbation that
has wavelength much smaller than the horizon size, A < H~!. In this regime, the

friction term (second term) can be neglected and so equation (3.14) is reduced to

!+ Ky, = 0. (3.15)
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The solution of this equation can be easily obtained and takes the form ¢ ~
exp(ikn). This means that the fluctuation modes are the oscillating modes as long

as their wavelengths are smaller than the horizon size.

For the second case, k < aH and this corresponds to the fluctuation modes
with wavelengths much larger than the horizon size, A > H~!. Thus, one can

neglect the effect of the third term, and so equation (3.14) is reduced to
v+ 2aH¢, = 0. (3.16)

The solution of this equation is simply a constant. This implies that these fluctu-

ation modes are frozen.

From this analysis, we can conclude that, as the scale factor increases faster
than the horizon during inflation, the fluctuation modes, whose wavelengths are
smaller than the horizon size, oscillate until their wavelengths are of the same order
as the horizon size, these fluctuation modes then cease to oscillate and become
frozen. After the inflation ends, the horizon expands faster than the scale factor.
Thus, the fluctuations are frozen at some specific time, called the “crossing time.”
At some time after that, the fluctuations will reenter the horizon and oscillate
again. Since one considers the fluctuation modes that reenter the horizon at the
decoupling time, then these fluctuations will make the perturbations of the matter

density and we observe them as a CMB anisotropies nowadays.

Next, we determine the exact solution of equation (3.14). For convenience,

we let up = a¢y. Then the equation of motion changes to

"

ull + <k2 s a—)uk ~0. (3.17)
a
By using the relation from the quasi de Sitter stage (2.65),
H/
the factor a”/a in (3.17).can be written as
LA VaR Y.
a
- 1 (2-¢). (3.19)

Using equation (3.18) again, one obtains

dH = (1 — e)yH?dn,

—1 1
H = -,
(L—€)n

1
H? = (1+2e)$. (3.20)
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By substituting the above form of H into (3.19), we find
1 1
(2+3€¢) = — (1/2 - —>, (3.21)
where v = 3/2 + e. Thus, the equation of motion becomes
1
ull + <k2 — (-1 /4)>uk —0. (3.22)
n
By considering the differential equation of the Bessel function,
xQd—QJ (kx) + xiJ (kx) + (2°k* — v*)J,(kz) =0 (3.23)
dx2 v dx 14 7 v ) *

it is not hard to verify that the solution of equation (3.22) takes the form
Py (AkJV(—kn) + BkNy(—kn)), (3.24)

where N, (—kn) is the Neumann function. The constants A and By can be found
by using the boundary conditions corresponding to the two limits discussed above.
For the case k > aH which corresponds to —kn > v, the fluctuation modes take

the form

up = \/%(Ak cos(—kn—wvn/2 —m/4) + By sin(—kn — vm/2 — 7r/4)>
~ e~k (3.25)

This implies By, = ¢A. Thus, the general form of u; can be written as

s /—_knckeig(u+1/2)(Jy(_kn)+iNy(—kn)>,
= RGO (O (k). (326

where H,Sl)(—kn) 1s the first kind Hankel’s function and €} are some constants
that can be found by using the normalization in (3.1). Indeed, from the action of

the fluctuation field in (3:12); the conjugate momentum can be written as

~

2d¢<f7 77)
dn

dk ikx A —tkx
= / (2ﬂ)3/2a2 <¢;€ek i + ¢le* aL). (3.27)

w(Zn) = a

By calculating the commutator in (3.1), using the commutator of annihilation and

creation operators,

[a(k),al(K)] = 6*(k — k), (3.28)
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and the property of the Bessel function,

Jo(@)N,(x) = J(2)Ny(z) = —, (3.29)

™

one finds that Cy takes the form /7 /4k. Thus, the exact solution can be expressed

as
Ny D R Al O YA (3.30)
a

With this solution, one finds the power spectrum of the inflaton field as

_ k(=)
8ma?(nk)

In this form, one cannot find the spectral index and the running spectral index.

Py (k) (T3 k) £ N2 (k) ). (3.31)

However, these parameters can be determined by using the adiabatic approxima-
tion. By doing that, it appears that the slow-roll parameters adiabatically change
with time and the erossing time can be approximated as —kn, — 0. Thus the

fluctuation modes take the form
ei%(u—l/Q) 21/—3/2 F(V)

of £t e (332

where we have used the asymptotic form of Hankel’s function,

['(v)

H(l) 1 = D) —i£2V—3/2 —I/' )
J(r <L 2/me=t2 F(3/2)x (3.33)
With this result, the power spectrum takes the form
Po(k) = Ak, (3.34)
where
22¢T2(3/2 4 €) 9
= A - T (14€) H 25H2 .

and the spectral index can be written as n = 1 — 2¢. Furthermore, the power
spectrum and the spectral index of the massive scalar fields can be determined by
replacing v* with v2, = v* —3n, and v, = 3/2+ € —ny. Thus, the power spectrum

and the spectral index can be expressed as
Prng (k) = A k21679, (3.36)

where

P T2(3/2 + ¢ — )
e I2(3/2)

A, = (1 — €)2Heme) (q )X ene) (12 (3.37)

and n, = 1 — 2e + 2.
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3.2 The Metric Perturbation

As we have mentioned in the previous section, the structures that we can observe
nowadays are generated from the quantum fluctuations which become classical
perturbations by the inflation. Moreover, we have shown that the generic scalar
field can fluctuate in the inflation period. Since, the inflaton dominates in that
period, then the generic scalar field is the inflaton field. Therefore, in this sub-
section, we will show that the inflaton field also causes the perturbation in the
curvature through the Einstein equation, d¢ = 67}, = dg,,. On the other hand,
the perturbation of the curvature will also generate the fluctuation in the infla-
ton field, dg,, = d¢. This coupling between the perturbations of curvature and
scalar field, d¢g,, < d¢p, allows us to determine both the metric and inflaton field

perturbations at the same time.

The metric fluctuations can be considered in the same way as the scalar
field fluctuations in that one expresses the metric as a linear combination of the

background metric (FRW metric) and the small fluctuation metric,

g.= gfﬁ)(t) + 9, (2, 1). (3.38)

Generally, the metric perturbation can be decomposed into three parts, namely,
the scalar, the vector, and the tensor perturbations, according to their spins. In
this thesis, we will consider only the scalar and the tensor perturbations. The
vector perturbation can be neglected because it corresponds to the rotational-

velocity fields which are not excited during the inflation stage.

3.2.1 Scalar Perturbation

In this subsection, we will determine the power spectrum of the scalar perturba-
tion by perturbing the Einstein equation. Generally, the metric with the scalar

perturbation takes the form
-1 —-2A 0;B
G = @ : (3.39)

where D;; = (82-8]- — %5@- VQ), and A, B, ¢, E are the perturbation parameters

which have small values. To find the inverse metric, g", one writes

9" == e (3.40)
a dy (14 2x)6Y + DYz



34

where x, y, z, and x can be calculated by using the relation

9" Gow = (gﬁ)c)v + gua> (géo,,) + gau) = 55 (3‘41)

By considering the (0,0) component, we find

9%900 = 9”900 + 9" 90
= (=142)(—-1-2A)+ 0;B0oy
= 1l4+ax+24A=1,
=  zo= 24 (3.42)

Note that we kept only the terms of linear order in perturbations in the above

calculation. Similarly, the consideration of the (0,7) components gives

9" 9o = 9" g0i + 9% g
= (-1 + 2A4)(;B) + &Y [(Q — 2¢)6;; + D;E
= —9;B+0'ys; =0,
= y = B. (3.43)

For the (7, ) components, one obtains

9%90; = 990 + 9% o
= 0'BO;B + ((1 + 2x)0" + D™2) (1 —24¢)é; + Dy,E)
= (1 -2¢ +2x)0 + DiE + Diz = &,
= X F ¥ z=-FE (3.44)

Thus, g"” can be expressed in the form

L, I —1r+2A d'B
NG ) : (3.45)
a OB (1 + 207 — DIE

We now determine the perturbed affine connection by using the above metric. The
background affine connection takes the form

1
%, = §9ap (08907 + 01980 — Opgpr) (3.46)

with g,, being the FRW metric. One of the components of this affine connection

Other components can also be determined in the same way. The results are

!

i a o 0 a s
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Yy = I, = T = 0. (3.49)
We next calculate the affine connection perturbation which takes the form
(0% 1 [0
(H‘gy = 559 P (8ng’y + 0v98p — 8pgﬁ’¥)
1 (6%
+§g p(agégw + (9759[3‘7 — 8,,59/37), (350)

where dg,,, represents the metric perturbation, which is the scalar perturbation in

this case. Its components are as follows:
1 .
ooy = 2 (590030900 489”00 gi0 + 69° Dogoo
+09% Oogos — 09°°Bogoo — 590i8i900>

Js X
g (900505900 + 9”300 gi0 + g"° 900

2
49”000 g0i — 9”00 g00 — 90i8i5900>
¢ AL L4846\ ,
_ 5( 200 + —05(—24(—a )))
1r7=4Aa’ " 4Ad , ,
o 5( = +2A>_A, (3.51)
1 ‘
5F8¢ = 5(590030901‘ +6901809ji+59008i900

+590j3¢90j — 09" g0i — 590j8j90i)

1 .
s (900805901 + g% 8y0g;: + 9" 006 g0

2
+9"0;0g0; — 9*° 000 goi — 90j5j5901>
124 , (=1 + 24) , OB
— 5<?6@-(—a (1424)) + 35— 0(=a"24) + —5-0ha 5”-)
L OAY %@B, (3.52)
PN 1 6 5 (259 oo +20g" Bogo; — 09" Oogoo — Og j900>
1 . - . y
+3 (2910805900 + 29" 006905 — 9" o0 go0 — g”aﬂgoo)
_ 1/o'B o L 2, o Lo o
= 5(Sr0(—a) + (@0 B) - 0 (—a*24))

/
= Z9B+0B +0'A, (3.53)
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1
5F?j = 3 (259003z‘90j +269°%0;g1; — 09" 00gi; — 590kakgij>

1
+5 (2008005 + 26" 08g1; — 9" 0055 — 9" Ohg; )
1 <—2A
2
a’ 1 a
— —2Agdij — 0;0;B — ¥0;; + §DijEl + E(—Qiﬁ@j + D E), (3.54)

—2 -1
a2 80(a2)(5ij + (a2 >3Z(a28]B) — gao((—Qwé‘l] + DijE)a2)>

, 1/, : :
0Lo; = 3 (592080901‘ + 69" Oogr; + 09"°0; 900
+59™0; g0 — 09" 0005 — 59ik5k:90j>
e : :
e (9’030590j + 900 gks + 9" 030900

+9%0;0 910 — 9000 g0; — gikak(Sgoj)

" ) 5zk y Dz‘kE 5zk
5 (@Z)T'ao(l25kj -+ Ea](akB(l2)

5ik 5ik
+§80((_21/}5k3 + ijE>CL2) w) ﬁak(a]BCLQ))

=5+ DIE, (3.55)

and
; Ly il i0
oy, = 3 (59 digor + 09" 0591; + 09" Ok go;
+39" Ogi; — 69™00g;1, — 59”3z9jk>

T/ - ~
g <9Z08j590k + 9" 0;0 91 + 9" Okdg0;
+9" g1 — " 000 gk — gilal@jlc)

1(—8iB

B CL2 (90a26jk + 5i,8j(—21/161k + leE)
+050k(=261; + Dy B)— 6;,0,(—2¢ 05 + D )
a . ' : ;
= == 0B~ 50 o 5506, 4 03y

1 oN 1
+5Di0;E + 5 DIOE — 5 DydiE. (3.56)

In order to determine the left-hand side of the perturbed Einstein equation, one
must calculate the perturbed Ricci tensor and the perturbed Ricci scalar. The
Ricci tensor is defined as

R = 0,19, — 9,12, + I, 19, — I3, I9 . (3.57)

ov T po
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Thus, the (0,0) component of the unperturbed Ricci tensor takes the form

ROO = aa Fgo - 80 Fga + F?a FSO - P?O Fga
= 0l + T'0ilg, — 0Ty,

a a 2
- —3—+3(—) . (3.58)
a a

Other components can be calculated in the same way. The results are
"

Ry = (% + <ﬁl>2) 0i;;  Roi=0. (3.59)

a a

The first-order perturbation of the Ricci tensor takes the form

ORy, ~=0,0T% — 8,0T% + 6T%,T7, + I'%, 6T7,
v RN (3.60)

The (0,0), (0,7), (7,7) components can be calculated as follows:

SRy = 009, + 0oLy, — 0yl — 9oL,
+6T59Tog + dT5; Tog + L0 0T0 + T'o; 6T
— W0 Doo — 0T T = Lo 0T oo — Lo 0T,
- ai(ﬁlaiB WOB v aiA) 7t 380( — o+ %DZE’) + A’B%,

a
/

!
+33< =W 1D;’E') & 2(35> ( — 4+ 1D§E’>
a 2 a 2

!/ / /
- %aiaiB 1 0,0'B + 0,0'A + 3" + B%A’ + 3%¢’, (3.61)
0Ro; = 006L0; + 0;6T%; — o0, — 0o 0T,

+ 609 T35 10T T 4 T050T0) + 1 oT0,;
_(SI%O F?j - (5F8] FZO - Fgo (SF?O - Fléj 5sz

a aj( =yt 4 %D{E’) - 80( 1 %IGZB - 33@'@/’)
!/ !/

-1-3%/ (&‘A + %/aiB> — % <%aiB + 0;B" + @‘A)

+%/5f( - %akB — 30,0)

a/

!/ . . .
+ 205 ( = 20 Boy, — 80 — 80w + D
a a

1 1 |
+5DIOE + S DIOLE — 5Di,gajE>

a//

2
/ / 1 .
- ;aiB + (%) 0;B + 2%8“4 + 20,9 + §8ngE’, (3.62)
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0R;; = 0o0TY; + OpoTE; — 0;0T% — 0, 0T},
+000, Iy + 0TG, Ty + TG 0T, + TG, 0T
— 0Tk rg’k — oIy, P;?O — T} 5r§0 — Ik 5F2k

a/

! 1
+ak< - %akBaij — 550 — 5E0 + 6;0M
1 1 1
+5 DSO.E + 5 Did;B ~ 5D,-jakE)

a/

(~208; + DyE))
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a/
~0,(04+ gajB) ~o( - 0" By — 0o — 00 + 00 )

a a 1
+2 A5 (= et + §D’,§E’>5i-
/ a/

a 1

a/

a
a’

_E< Yy %DfE’) 5

!/

(~2083; + DyE))

/ !/ 1
—5’?3< y 2A%6ki — 040,B = U/ + 5 D E' + %(—Zzbéki + DkiE))

T a
a/

_E< — it %Dfﬂ) =

a a 1 a
—555( — 2A% 61, = 0,0;B = !d); + 5Dy + =
! /! / "
. [ - 5%// s %A’ -t %aka'fB == Z%A

CLI 2 a// al oz >
~2A(F) —2v=2(G) b ady
1
2
1 k 1 k 1 k

!/

"
+5 Dy B+ Dy B + (=
a

a

We next consider the Ricci scalar. The unperturbed Ricci scalar is

F AN AN L
= " Roo + 9" R

-1 " /2 51‘]‘ " AN

= S G ()
a? a a a’>\ a a
6a"

a3

Y

(~208y; + DiyE))

2 a a
) DyE+LDyE — 8,0,B —220,0,B
a a

(3.63)

(3.64)
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and the perturbation of the Ricci scalar can be found as

dR = 09" R, + ¢"0R,,
= 69" Roo + 5ginij + g% Roo + gij(SRij

24 " /\ 2 2 52‘j_Dz‘jE " I\ 2
_ (gl () e D L)
a2 a a a? a a
—1

(12

( 88’3+88’B’+88’A+3¢”+3 A’+3 ¢)

a a/l

- % [@j( - 5%¢' - %A’ - Lo0" B -y -2 A
oy A
N\ 2

1 " / /
+Dy,E" + L DyB + (2) DyE+LD,E — 80,8 —220,0,B
a a a a

—24(

2
1 1 1
—~0:0; A4+ 0038 = 50:0"Dy B + 50,00 DE + §al-akajE}
1 . 4
- - ( 6 a &' B —20,0'B. = 20,0 A — 61"
a
6%l 8% L 19% AL ap,00 + 6k8inE> . (3.65)
a a a

Using the above results for the Ricci tensor and the Ricci scalar, the components

of the Einstein tensor,

1
Guu = R;w — Eg,uuRa (366)
can be easily found:
1
Goo = Rop — §gooR

a” a\? 1 6a”
= —3—+3(—] —=(=d?

a * <a) (=) a’

2
— 3 (a_’)27 (3.67)
a
a” a'\’
Gy =105 WOS ('— 2; & (E) >5ij- (3.68)

Thus, the perturbation of the Einstein tensor takes the form

1

1
5GNV = 5RMV — §5g;qu — 5

G OR, (3.69)
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and its components read

0Goo

0Go;

5G;

1 1
0Ryy — 5 5900 R — 5900 OR

%aiaiB L0 B + 9,0 A+ 30" + 3%,4’ + 3%¢’

—%(—2A)a2 ba” 1 o2 (i( —6Y9,0'B — 20,0'B' — 20,0'A

asd 2 a? a

—6¢" — 6%A’ — 18%¢’ — 12%/1 + 40,0 + 8,0' Dy E>>

/ /
. ! 1 .
—2% 0,0' B — 6% U 420,044 = I DLE, (3.70)
SRoi — ~Ogorh — ~ goi OR
0i 2 Goi 290z

" 7\ 2 /

1. 1
CoBt () 0B +2%8,A+ 204 + -9;DIE' — ~8,Ba®
a a a 2 2

6a//

a3

ol a'\? A N K a’
—2; 0; B + B+ 20; v + §8k DIE —1—258@-14, (3.71)

a

1 |
a/ , a/ ) a/ y a/l
5is [ — 5% £2 AL ai9kB — o —2> 4
CL/ 2 a// Cl/ 2 .
—24(%) 2= () w00ty

/

1 a” a’\2 a a
+5 ONEUF = DB (-) DyE+LDsE - 8,0,8 —2%0,0,B
a a a a

1 1 1
—0,0;A + 0,0, — 5a,ca’“DijE 4 5@-8,47513 + §8i8’“ijE

 1(=20; + DyE) 6a"
2 a? a3
1 2 1 a’ 7 sl % 1

a?

a/ a// a/// . .
62 A — 18y — 128 A+ 49,00+ akaZDfE)
a a a
/ / " I\ 2 " 7\ 2
(2&4’+4“—¢’+4“—A—2 (“-) LRV (a—) "
a a a a a

a

/ 1
+20" — 0,0% ) + 2% OO B + 0,0"B' 4+ 0,08 A — §akam Dfn E) 03

"

/
~0,0,B' + 8:0;0 — 0:0;A + % Di;E' — 2 % Di,E
a\? 1 L1 i
1 1, a’
+50°0,DiE — 50,0' DyE —2=-0,0,B. (3.72)
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For our convenience, we will express the perturbed Einstein tensor which has one

index up and one index down in the form

5Gl = 3(g" )
= 60" Gay + " 0G| (3.73)

Its components are

5G9

§GY

e

7

69" Goo + 6% Gio + g™ 0G0 + 90i5Gzo

%3(%’)2+;(—2 0,0’ B — 6% C g 200+ L 90 D E )
1/ d . 1 '2

(%00 B e 200w Lot +e(T) ), @7y

69" Go; +69” Gji 4 g0Goi + g% 6G;

J

2 (A

I

1 " 2 1 /
+—< 4 2“— 9B + <ﬁ> OB+ 20,4/ + 50, DYE' +2 < 6Z-A>
a a
1

a2

(2 Lod 4200 42 aka ) (3.75)

5gi0G0j + 5g7lk:ij -+ gi05G0j 4 ng(Sij
Qwéik — DikE a” a2
n (e

a2
sk [ o a" Y a" a\’
+2 [2 A’+4 w+4—A 2< ) A+4—w—2(—) Y
a a a a
1
20" — 0,0 + 2% 00" B + 00" B' + 0h0" A — 50,0™ D, B|d,

"

/
—0,0;B' + 049h — DA + = DB — 2 Dy, E
a a

a )’ 1 1 ;
+ (g) Dy E + §ijE” + §3laijE

1 1 a
+§alajDk,E 1 5a,alejE —2 E&,@B)

" '\ 2 ] /
12<[2 A'+4—A—2<a—> A+ 00A + 45y 4 29"
a a a
< - : 1 .
— 0,0 + 2%@0@3 + 0,0'B' — 500" D}, i
. . o ) o 1 '
—0'0;A + 90y — 2%0@3 — 0'0;B" + %D;E’ + 5 DB

1. . 1 . 1 ;
+5 060 DVE + 5 0605 D "E — §aka’f DjE.> (3.76)
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For the right-hand side of the Einstein equation, one needs to calculate
the perturbation of the energy-momentum tensor. In the period of inflation, the

universe is dominated by the inflaton field with the energy-momentum tensor

1
T/u/ = aﬂ¢ au¢ — Guv (5 gaﬁ 8a¢8,8¢ + V((b)) ) (377)

whose components take the forms

) = 1\2
Too = ¢ —goo (%¢+—2(V¢) + V(¢)>
a
= SV (5, (3.78)
Toi =" T = (% ¢ — V() a2) 8ij - (3.79)

The perturbation of the energy-momentum tensor arises from both the metric

perturbation and the inflaton field fluctuations, and takes the form
1
0T = 00y + 0,0 0,06 — g (5 97 Datp 05 + V(¢)>
1
g (53071000010 50020+ 055 ) . (380)

Its components are calculated as follows:
L o 1 ]
0T = 20000009 — 0goo 59 0o 0o+ 59 0i90;¢ + V(¢)

1 15
— g0 (509" 906 006+ 569" 9,6 0,60+ 9 900 Do

97 8106 36+ 0,V50)

= oo L (Caat (5 1010

2! ‘a2
124 -1_,,
—(—CL2) <§?¢ 2 + EC&Z) §b + 8¢V5§Z5>
= 0¢'¢) +2Aa*V (¢) + a*0sV i, (3.81)
0o = 0p0¢ 0;p + 0;:00 Ood — 0goi (% g% 9o Opgp + %gij 0i9 0;¢ + V(¢))

/ 1 (_1)
= 0,600 — 0;Ba’ <§ =

¢ + V(¢))

= 81(5§b¢, + %dB(b’z - CL2azBV(¢), (382)
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0Ty = 800050 + 0,000 — das (50" odhs + 57 000,60 + V(o))
— 0 (590" 000 000 + 6% B30 8t + 0,V 60)
1(-1
= —(=2¢8;; + D;jE)a® (ﬁgqblz + V(gb))

12A
—a’0y <——¢’2 + 5¢¢ +0 v(sqs)
= (—¢¢” + 29’V — A¢’2 + ¢'6¢" — a*0,V 60)d;
2

(¢— - a2V> D, E. (3.83)
To use the above result for the perturbed energy-momentum tensor in the Einstein
equation, we need to raise the first index of the energy-momentum tensor up by

using the metric g"” and then vary the result according to

W T NSy

= 09" Ty + g" 6T, (3.84)

Its components read
5T(§) = 6% Too + 9" Tip + g% 0Too + g™ 6T30
2A b
= = ( & + 2V(qb)> o) (60 ¢ + 24a°V (¢) + a9,V 8¢)

_ A 5ﬁ'¢/—a¢va¢, (3.85)

a?

5Ty = 3¢ Too + 69" Tjo + " 6Too + g 6T50
OB (1 o 9 ij - 1 . )
= = (9% +@V(9) | + 5 (9,009 £ 50,B¢" + a’0; BV
@l5¢¢/ 82’B¢/2
- CL2 a2 ’ (386)
0T = -39 Tor+ 0% Tt g 6703 - 920 Ty
i B
- aa2 (2¢’2 a'V (cb)) 0+ — (05¢¢ +3 8B¢’2+a2a BV)

= _a"(sw, (3.87)

a2
(57}1 = (ngo TOj + 5glk Tkj + giO 5T0j =+ glk 5Tkj

20y, — Dy E (1,
R (éas? + aQV<¢>) s

ik

+‘;— ((—0d? +200°V — AQ2 + ¢59! — 20,V 56)03,
(¢'2 — V) DyE)

2 6 ! )
- (= A ﬁf ~ 0,V50) 3. (3.88)

a?
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Before proceeding further, it should be noted that there is one thing that we
need to be careful about. When we say we are perturbing the space-time metric, we
really mean that we use another metric which describes the space-time geometry
slightly different from the original (background) space-time. We, therefore, have
to make sure that the perturbed metric, which we use in doing calculations, really
describes the geometry different from the unperturbed one. This is a deep issue,
since it might be that the “perturbed metric” that we use indeed describes the
same geometry as that of the original one but in a different coordinate system.
More generally, two perturbed metrics might correspond to the same geometry
but different coordinate systems. This issue therefore concerns the choices of the
coordinate system or the “gauge choices.” (Thus “choosing a gauge” simply means
“choosing a coordinate system.” ) To discuss this issue in detail, one needs a map
between two geometries that enables us to compare any quantity evaluated with
respect to different geometries but at the same space-time point. This means that
if different numerical values of this quantity on different geometries are linked by

such a map, then they are associated to the same space-time point.

There are two ways to solve this problem. The first one is to choose a
coordinate system (or a gauge) to work with, which is full of dangers due to the
presence of unphysical degrees of freedom. However, the physical property can be
determined by using the longitudinal gauge in the computation of the curvature
perturbation [10]. The other solution is to do things in a gauge invariant manner,

that is, to use the gauge-invariant quantities, such as the Bardeen’s potentials

defined by
1 EN T
d=-A+-|[-B+ = .
+a{< +2)a}, (3.89)
1 a £
U = 10 —~o Ve £ 1h +d-Be~ —~)-. :
W 6v +a( 2> (3.90)

This implies that the gauge invariant counterparts of the perturbation of the

inflaton field and the energy-density perturbation take the forms
- /
0 = —oo + ¢ (— — B) (3.91)
~ /
dp = —dp + /' (— — B> : (3.92)

To work out things in a gauge invariant way, we first express all quantities in the

perturbed Einstein equation in terms of the gauge-invariant quantities. From the
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Bardeen’s potential, the perturbation parameters take the forms

= —®+ D +HD, (3.93)
1
v = —U— 6V2E —HD, (3.94)

where D = E’/2 — B. By substituting the above results into the Einstein tensor,

one obtains

1 1
0Gh = —(2HV2B+6HY —2V* — S0,0'D,E + GHA)
1 1
= 5 <2HV2B +6H(~V ~ ZVPEl— H'D — HD))

1 1
~2V(~¥ = 2V2E — HD) = S V’V’E + 6H(~8 + D' + HD))

2
- g( — SH(H® +T') + VAU + SH(H® — H')D), (3.95)

- 1
o _ _ - . oy, Jax72 i
oG = (2H82A+2811/) <oV E)
-1 1

) (271(—@ D+ HD) + 2~V ~ ZV'E' —H'D — HD') +

a?

VQE’>
3
_ %@. (He + ¥ - (1~ H)D). (3.96)
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0GY = % (5;1 (4Hw’ +2HA + 2HV?B + 20" + 4H'A + 2H* A

1 1 . ,
~V2+ V2B + VA= SVPV?E) + D} B + HD,E'

. . . . 1 2 g
—0'0;B' — 2HO'0;B — 0'0; A+ 9'0;¢) — 5VQD;.E — gv%lajE)

- % (5;1 (47—((—\1/’ - éVQE’ —H'D —HD')
+2H(=V' + D" +H'D + D'H) + 2HV*B
+2(—=0" — %V2E” —H'D =2H'D' — HD")
+4H'(—® + D'+ HD) + 2H*(—® + D' + HD)
—V3(—=0 — éVQE — HD) + V*B’

1
+V2(—® 4 D4 HD) — §V2V2E>
1

+5 DB+ HD;B'—0'0;B' — 2H0'0; B

, . 1

—8'0;(—® + D' +HD) + 90;,(—¥ — 6V2E —HD)
1_, 4 By

—5 VDB —=V*0 @E)

—2( /1
= — (5? <§v2(<1> — )+ 2HW + U+ HO

a2 J
+(2H +H*)® + (H' — HH — H3)D) — 9'0;(® — \1/)> : (3.97)

Observe that the above result is not gauge invariant. Thus we replace it with its

gauge-invariant counterpart. For the (0,0) component,

3G, = 4G - (GY)'D
2
- ﬁ( — 3H(H® + ') — V2T + 3H(H> — H’)D)
L6M'H M
+( +=)D

a? a?

= = (3nne vy - vw), (3.98)
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The corresponding gauge-invariant component of the energy-momentum tensor is

0Ty = —8TY + (T9)'D
- (2 i)+ (e o) o

92_;2 — (=00 +¢"D+ ¢’D’>%

Hq;’Q p_?"5H 5 WV &'D

a a?

= —(-®+ D'+ HD)

+(=0¢ + ¢/ D)0,V +
12 /

= - 5&5@ — 0904V, (3.99)

By substituting (3.98) and (3.99) into the Einstein equation, one obtains
SH(H® + V') — V2 = 4rG (q>¢'2 Y a252;>a¢v). (3.100)

For the (0,4) component, we find

~0

568 < L5691 (6D
29
4 F5o <H® LU (M H’)D), (3.101)

and

0T; = =0T +(T7)D
0:00¢" | 9;B¢"
a? a?
= d(—d6 + &' D). (3.102)

a2

The Einstein equation for this component takes the form
) (H(I) n xp) — 4G 000, (3.103)
Finally, for the (i, ) components, we find

0G "= =G+ (GH'D
2 7 1 2 / " /
= S|0(GVi@—v) +2HY + 0+ Ho

a2
+2H + H)® + (K — HH — H3)D) — 90,(® — \11)>
2H ! 2 1 " / )
+<?(2H + M)+ — (2K — 2HH)) Do,
_ 2 ) 1 2 o ! " /
- ?5j(2v (@ — U) + 2HV + T + HD

QM+ HA)D + ) —919,(® — W), (3.104)
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6T; = —0T; +(T))'D
12 /
- (( 4D + HD)¢ — (=8¢ +¢"D + gzﬁ’D’)% + (=0 + ¢’D)8¢V> 5
/2 !
+(—0¢ + ¢ D)0,V — (fﬁ D+ ¢ “p_a VD)o,
2 Y N '
- ( — 5 88 - 5¢>a¢,v> 5, (3.105)

and

20 (5@~ W)+ 2HW R M (2 H)D )

a2’
2 /

—90,(® — W) = ( Lo (5¢ 50,V ) (3.106)

From equation (3.106), one obtains 9'0;(® — ¥) = 0 for i« # j. Choosing
a simple solution ® = W, then equations (3.100), (3.103), and (3.106) can be

rewritten as

VPO —3HY — (H +2H)® = 47rG(5nggb +5¢> 55 );(3.107)

Y4 HD = 47TG(5~¢¢/>' (3.108)

O+ 3HY + (W +2H)d = 47TG<5¢¢ - (5¢—¢a> .(3.109)

The first term on the right-hand side of (3.107) and (3.109) can be eliminated.
This leads to

4 6HD +2(H +2H)P = 87TG(5¢ (3.110)

¢

Using the action in (3.11), the equation of motion for the inflaton field can be
expressed as

gb// 4 2H¢/ A —a—va2

oo

By Substltutlng a2 from (3.111) and 7 Gd¢ from (3.108) into (3.110), equation

(3.110) can be rewrltten as

(3.111)

¢// 9 (bl/
@"+2<H—5)¢'—V®+2<H' ¢/><I>—O (3.112)
For convenience, we define a new quantity u = ad¢ + z®. Then the above

equation becomes

W — Vi — u =0, (3.113)
z

where
z=—. (3.114)
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In order to determine the power spectrum, we need to quantize the gauge-invariant
variable, u, by repeating the steps in the calculation that we have done in the
previous section. Thus, the amplitude coefficient for quantization expansion, uy,

satisfies ,

!+ <k2 - Z—)uk —0. (3.115)
z

The difference between (3.115) and (3.17) is only the factor Z- and < . Therefore,

one can write down the power spectrum of the curvature perturbation as

K ug(n =)
272 # ’

Pr(k) = (3.116)

where the curvature perturbation R = —u/z. We will solve this equation by

expressing the factor %” in terms of the slow-roll parameters and later on set it

equal to (v? —1/4)/n* Let us consider

Z/ ¢// Hl
& 4 . ) N N
Hz i He' H?

——b 1 A6, (3.117)

According to the adiabatic expansion, the derivative of this object is equal to zero,

/ /

(2 )/ Z—”—i(z—)Q He oy (3.118)

Hz) ~ Hez H\z) THZ:
So we get
Py 2N\ 2 H
e e
= (14+e—06*H*+(1+e—68)(1—eH
>~ H*(2+ 2¢ — 36)
1
= ?(1+2€)(2+26—35)
1
aEall
4 772(V —4>, (3.119)
where
_ 9 . 1/2
v o= (4+66 30)
= ;+2e—5. (3.120)

Similar to the previous section, the solution uy takes the form

w, = /m/4e2 T2 WM (—kn), (3.121)
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and so the power spectrum of the curvature perturbation takes the form

_ k?’(—??k)
8722 (nk)

This power spectrum can be reduced to the power spectrum of the generic scalar

Pr(k) (J2(—km) + N2(~kn)). (3.122)

field by replacing z with a. Using the asymptotic form of Hankel’s function in
(3.33) and 2 = a¢//H = av/2em,;, the power spectrum can be expressed in the

form
Pr(k) = Ark* 7™, (3.123)

where

221/73 F2(V) (1 _|_ 6)1—21/
Ap = H?(aH)?>3 3.124
RTRemT3/2) e (aH)™™, (8:124)

and the running spectral index is
ng = 1 + 6€ — 2ng. (3.125)

Next, we consider another way to derive the equation of motion in (3.113) using the
action of u. To do so, one needs to find the action of the scalar perturbation field
u. The idea of doing this is to expand the general action up to the second-order in
perturbation variables, since the first-order terms correspond to the action of the
background field. The calculation is rather complicated and lengthy. Therefore,

we only quote the result taken from [11],

_1 4 2 AL Z_HQ
S-Q/dx<u —&uau—i—zu). (3.126)

By using the Euler-Lagrange equation, this action yields the same equation of
motion in (3.111). Thus, for our convenience, we will use this action in Chapter 5

in order to derive the scalar perturbation field.

3.2.2 Tensor Perturbation

As we have mentioned above, the result of the massless scalar field fluctuation can
be applied to the tensor perturbation. The fluctuation of the inflaton will also
make the fluctuation in the space-time metric, which we can think of as a ripple of
the space-time. Generally, this ripple is called the gravitational waves described

by the metric

G = @ (1) [=dT” + (85 + hyj) da'da?] (3.127)
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where h;; has a small value. Considering the degrees of freedom of h;;, this tensor

can be decomposed into two parts according to their polarizations,

h” = th 6;; + h>< GX (3128)

i)
where e;; and ein respectively represent the longitudinal and transverse polariza-
tions. The key point of this issue is that the amplitudes of this tensor act as

massless scalar fields. To see this explicitly, consider the action of this tensor,

2

m 1
ST = TPZ / d433' v 5(?#}74]' 8uhij. (3129)
This action leads to the action of the massless scalar fields which takes the form
1
Sy= 5 / d*z a9,¢1 0" ¢y, (3.130)

where ¢; = myh;/ V2, and the equations of motion can be expressed as
2 /
[+ %cbé — Vi = 0. (3.131)

This is of the same form as the equation of motion for the generic massless scalar
field in (3.13). Therefore, the power spectrum of the tensor perturbation can be
written as
K ) B o’
Prk) = — hl =4 x2——7———
T( ) 972 zl:i ll 972 (I2<77 _ nk)
= Ark™>, (3.132)

where

- B 2TB/2+0)
T mZn? T2(3/2)

pl

(1 —€)* M) (aH)* H? (3.133)

Notice that the multiplicative factors “2”7 and “4” in (3.131) correspond to the
number of the polarization and number of the component for each polarization,
respectively. From this power spectrum; the spectral index of the tensor pertur-

bation can be deduced as

ny = —2e. (3.134)

3.3 From Inflation to CMB Anisotropy

Depending on the gravity sources, the evolution of the universe can be divided

into two phases. The first one is the inflation era, in which the inflaton field is the
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main source of gravity. Therefore, the curvature perturbation is generated from
the inflaton fluctuations; this was discussed in the previous section. As we have
mentioned in the previous section, the amplitudes of the fluctuation modes in the
inflation period are frozen on the scales larger than the Hubble radius. The main
role of these fluctuations is to serve as the seed of all structures that we observe
nowadays. The significant mechanism which yields the structures that we observe
is the re-entry of the fluctuation modes after the end of inflation. This is the second
phase which will be discussed in this section. The energy-momentum tensor will
correspond to the energy density and the pressure of the perfect fluid matter or
radiation. The CMB anisotropy which is generated during the recombination time

will also be discussed.

3.3.1 The Hydrodynamical Perturbation

At the end of inflation, the inflaton decayed and the ordinary objects such as
the radiation and the matter were created. In that period the universe reheated
itself and was then dominated by the radiation. At later time, the universe was
dominated by the matter because the density of the radiation deceases faster than
that of the matter due to the expansion of the universe. Therefore, after the end
of inflation, the evolution of the universe can be divided into the radiation and
the matter periods. The perturbed energy-momentum tensor can be written in
terms of the fluctuations of the energy density and pressure of the perfect fluid

and takes the form

ST = (p+p)a'ou,
0Ti = [60p 4% (3.135)

The perturbed Einstein equation can be calculated in the same way as in the previ-
ous section, but instead using the energy-momentum tensor in (3.135). Equations
(3.107), (3.108) and (3.109) can be rewritten as

V0 — 3H® —3H?® = 47Gddp; (3.136)
%(®a) = 4nGad®(p+p)ov;; (3.137)
" + 3HP + (H +2H*)® = 4nGdp. (3.138)

In order to eliminate the right-hand side of (3.136) and (3.138), we use the defini-

tion of the adiabatic perturbation,

op = c2op. (3.139)
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As a result,
o+ SH(I + cg) o — AV + [271/ + (1 + 3c§>H2} ®=0,  (3.140)

where ¢2 = p/p. This equation can be solved by eliminating the friction term @’

Let us define a new quantity u by

H2 _ H/ 1/2
O =4nGV/p+pu=VirG (—2) u. (3.141)
a
This quantity then satisfies
Z//
u'= AV U e ), (3.142)

z

where

= (L)w A% (g(H2 N H’)>_1/2. (3.143)

a\p+p a

From (3.136) and (3.137), the density contrast can be written as

op 2
o L = (V20 - 3HO — 377). 3.144
> T3 (3.144)

The goal of this part is to find the density contrast and the potential ® which
play the important role in the determination of the temperature fluctuations in
the CMB anisotropy. These quantities can be obtained once w is determined.
Our consideration can be divided into the matter-dominated and the radiation

dominated parts.

For the matter-dominated universe, one uses the conditions
2

p=0; = 0; a(n) = am%. (3.145)

The general solutions for u, ® and 0 take the form

dn

u@m) = Gi@=M0)F @)= [, (3.146)

O(Z,n) = C\(D)+ ColZ ), (3.147)
1

5(T,n) = 6(VQCWQ — 120, + (V2Con? — 1802)17_5>, (3.148)

where C}(7), C4(Z), C1(Z) and Cy(Z) are arbitrary functions of the spatial coor-
dinates. From these equations (neglecting the effects of the decaying modes), one
can conclude that the potential will be constant on both small and large scales.
On the contrary, the density contrast will be constant only on the large scales,

where the spatial derivatives can be neglected (small k), and will be proportional
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to n? or t¥/% on the small scales. This conclusion implies that the amplitude of
the curvature perturbation is constant outside the horizon in agreement with the
results in the previous section. As a result, the perturbed density of the matter
grows larger when it reenters the horizon. This perturbed density then causes the
temperature fluctuations on the large scales of the CMB anisotropy that we will

discuss later.

For the radiation-dominated universe, the conditions

p=p/3; cg =l B a(n) = a,n, (3.149)

are applied and equation (3.142) can be rewritten as

1
u" — §V2u — —Lu=0. (3.150)
a

This equation can be solved by introducing a new function which satisfies a wave

equation [11]. This technical calculation leads to the solutions which take the form

o(d,n) = % [(wn cos(wn) — sin(wn)) (0]
+ <w77 sin(wn) + cos(wn)) 02] X°e) (3.151)
iz, = % [((anQ — 1) sin(wn) +wn(l — %w2772) cos(wn))Cl

+((wPn? = 1) costen) ol %w2n2) sin(wn)) o] €77, (3.152)

where w = k/ v/3." Both general solutions are the oscillation modes and become
constant when we consider the long-wavelength limit, wn < 1. This yields the
same result as the solution for the matter-dominate universe. The solution which
oscillates on the short-wavelength scales will produce the temperature fluctua-
tions on the small scale of the CMB anisotropy. The effect of these temperature

fluctuations is called “the acoustic oscillation.”

3.3.2° The CMB Anisotropy

As the universe expands, its temperature decreases continuously. This leads to
the formation of the nuclei and atoms. The history of the universe began with
the high temperature and primordial soup of the fundamental particles. As the
temperature decreases, the elementary particles such as photons and neutrons were
formed. Until the temperature is about 3,000 K (¢ ~ 300, 000 years), the formation

of atom could take place. At this time, electrons will be bounded in the atoms and
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decoupled from the photons. This is the first time that photons can propagate
freely and it is called “the recombination time or decoupling time.” There is also
the furthest horizon of the light that one can observe, called “the last scattering
surface.” Therefore, photons from this period can be observed in all directions
as a background of the universe and is called “the cosmic microwave background
(CMB) radiation.” The perturbation that reenters at the decoupling time will
produce the fluctuations of the density of the photons in the CMB radiation and

leads to the CMB anisotropy that one observes nowadays.

The temperature perturbations in the CMB arise from five physical effects.
First, the peculiar velocity of our position with respect to the cosmic rest frame.
This effect corresponds to the dipole moment and can be eliminated by using
some technical data analysis. Second, the intrinsic perturbation in the radiation
fluid, 0,. This effect arises from the fluctuations that reentered the horizon in
the radiation-dominated period which produced the temperature fluctuations on
the small angular scales. This is the main effect of the small angular scales in
the CMB anisotropy. One calls this effect is the “acoustic oscillation” in the last
scattering surface as we have mentioned in the previous subsection. Third, the
peculiar velocity of the photon on the last scattering surface which leads to the bulk
motion of the baryons. This effect can be neglected in comparison with the second
effect. Fourth, the Sachs-Wolfe effect which is the effect that the photons climb
up the potential at the decoupling time and cause the photon red-shift that we
observe. Finally, the last effect is the integrated Sachs-Wolfe effect. It is caused by
photons passing through the gravitational potential which depends on time before
we observe. This effect has a small effect in comparison with the Sachs-Wolfe
effect. So we will not consider this effect here. The temperature perturbations of
the intrinsic perturbation in the radiation fluid and the Sachs-Wolfe effect will be

considered, and can be written as

orT 1
? = Zlér(tdeca xdec) + (q)zn = (I))(tdeca xdec)? (3153)
where ®;, = 5TT|W is the initial temperature fluctuation which already existed

before the decoupling time. The first term comes from the effect of the intrinsic
perturbation in the radiation and the factor 1/4 comes from p oc a™* oc T*. The
second term comes from the effect of the Sachs-Wolfe effect. ®;, can be determined
in several ways. The easy but mathematically rigorous calculation is considered in
[12] by considering the geodesic equation for the photon propagation in the metric

that is perturbed by the gravitational potential ®. One obtains

ds =1 =20 dt ~ (1 — ®)dt. (3.154)
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By using the gauge transformation (¢t — ¢+ dt) and the conservation of the energy

density equation, a(t) = agt?*(*) one obtains

da -2
— = . 1
a 3(1+w) (8.155)

From statistical mechanics, the energy density of the radiation is proportional to

the fourth order of the temperature. Thus, one obtains

oT —da 2
—\in — et @, .].
T | a 3(14+w) (3:156)
Finally, (3.152) reduces to
O T 1
— ==0,(t —=d . 1
T 467"( dec xdec) = (tdem zdec) (3 57)

Next, we will compare this result with the observation. From the view point
of the observer, the CMB anisotropies are generated at the last scattering surface
which is spherically symmetric. So one can expand the temperature fluctuations

in the spherical harmonics,

(7, 20) Zam 70) Yem(1), (3.158)

where a;,, are the multipoles moments. The fluctuations are created by the ho-
mogeneous and isotropic random processes, then the result depends neither on xg
nor on m [13]. Thus, there is no coupling between different scales and orientations

which can be written as
(W, @) = 0000mmCo, (3.159)

where () is the CMB power spectrum. The two-point correlation function of the

temperature fluctuations takes the form

L. 6T, T,

(n,:co)
= Y G Q) Yt () Y (2)
20 mm/

= D G () Yiu(i)
_ % S+ 1)CP G - ). (3.160)

Notice that the identity,

Py(i - Z Yo () Yom(R), (3.161)

2€—|—1
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was used in the last step. Now, we will return to the two physical effects that
generate anisotropy, These two physical effects are independent from each other.
One can calculate them separately. First, let us consider the Sachs-Wolfe effect,
the temperature perturbation can be expanded in the Fourier expansion and takes

the form

6T 1 -
(k. to) = §q>(/<;, tgec) M to—taec) (3.162)

By using the mathematical identity

~

exp(i k - Ato — taee)) = 3 (20 + 1)ijo(k(to — taee)) Pelk - 1), (3.163)
=0

the two-point correlation function of the temperature fluctuations can be written

as

oT oT
é(ﬁ/7ﬁ) = <?( ?(ﬁlvx(bto»

1 ol s A
= V/d?’ﬂ?o?(n,Ioato)?(n/woato)

N 2711') /dg’féTz(n k to)ég(n k. to)
1 3 % , y N
o) /d k(| 2] >Z(2€—|— 1)(20 +1)i* (=)

o’
]Z k(t tdeC))jE(k( = tdeC))Pf(l% ’ ﬁ>P€’('I% ' ﬁ/)

A

n,xo, tO)

—~

O =

1 d 2 N
— 5/2— |CI)| %;Ag/gpg k‘ ’I’L)Pg/(k‘n)
- 1 d (47T)2AE’E % 2 N * (7, ~
9 / brel /m/ (20 +1)(20 + 1)Yefmf(’f)Yz'mf (7)Y (B)Yem (1)
1 d (47)? Apre
= 9 20+ 1)(20% 1)

’,m/

A Yy ( ng(k’)me/ (ﬁ’)ng (n)

dk?k‘ (47T)2Ag/g A R
== /A ! ’ /

-~

- 2 / R 0[2) S (42 (k{0 — £4ee) Yo (3 Vi ()
— %zm (20 + 1) Py(7/ - )/?fg(@ﬁﬁg(k(to—tdec)). (3.164)

Comparing with (3.160), one obtains

G = 2 [ BRI blto ~ tac). (3.165)
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Notice that this equation is valid for the adiabatic perturbation which 2 < /¢ <
(to — taee)/taec ~ 100. This equation will be solved if we know the exact solution
of the potential ®. It means that we must solve for the exact solution of the
differential equation (3.148) which is very complicated. However, one can solve
this equation numerically. Nevertheless, this equation can be solved analytically

by assuming that the potential is the power-law of k,
(|®)?)k* = ARt (3.166)

One obtains

W) A T3 —n)C +3)

b=
s 9 23— aD(2 =41 (g 2y

(3.167)

The significant point of this assumption is the scale invariant spectrum where

n=1.

On the small scales, ¢ > 100, the intrinsic perturbations in the radiation

fluid are dominated. The CMB power spectrum is

C= 2 [ s ttad Bt~ ta)). (3.168)

According to the previous section, the solution of the density contrast is the oscil-
lating solution that will induce the CMB power spectrum to oscillate as show in
Figure 3.1. This figure is obtained by using the CMBFAST program [14] which is
evaluated at €, =0.05, Q. = 0.2, Q, = 0.00, Q5 = 0.75 and Hy = 65 km/sec/Mpc.
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CHAPTER IV

INTRODUCTION TO NONCOMMUTATIVE
SPACE-TIME

The idea of noncommutative space-time was first introduced by Heisenberg
in his attempt to remove the Ultraviolet divergences in quantum field theory [16].
Then, this idea was applied to explain the systems of an electron in strong ex-
ternal magnetic field by Rudolf Peierls [18]. However, it was Snyder who first
formalized this idea in a systematic way and published it in the paper with the
title “Quantized space-time” [19]. Unfortunately, his idea was ignored by the
physics community because during that time the renormalization technique in
quantum field theory was more attractive and was successful in predicting the
data of observation. However, the idea of noncommutative space is more pop-
ular among the mathematicians. It was von Neumann who first used the idea
of the noncommutative phase space in the quantum mechanics to introduce the
noncommutative algebra. This is the well known aspects of “noncommutative ge-
ometry”. After that, the idea of noncommutative space was revived in 1980’s by
three mathematicians, Connes, Woronowich and Drinfel’d who applied the notion
of the differential formalism in noncommutative geometry. This formalism is the
fundamental mathematical tool for studying several modern theories in physics
such as the Yang-Mills gauge theory, Kaluza-Klein mechanism, standard model

for particle physics, etc.

In the past twenty years, there has been a lot of progress in quantum gravity
in particular in string theory. One of the most important developments is the dis-
covery of D-brane which is the multi-dimensional object in string theory [20]. The
studies of D-brane show the connection between string theory and gauge theory
on noncommutative space. This connection pushes the idea of noncommutative

space back into main stream physics again.

In fact String theory and non-commutative space seem to have very deep con-
nection. Already in 1980s, Yonaya discovered the stringy space-time uncertainty

relation [27]. In analogy with Quantum mechanics, one can conclude that string
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theory implies noncommutativity between space and time coordinates. Recently,
Brandenberger and Ho apply the idea of string non-commutative space-time to

cosmology [26]. We will review this idea in detail in Chapter 5.

In this chapter, we start by giving the idea of the noncommutative space-
time and deriving the generalized uncertainty principle. Next, the fundamental
concept of scalar field theory will be reviewed in order to provide us the under-
standing in the concept of field theory in the noncommutative space-time. Finally,
the noncommutative algebra is applied to the field theory in order to use in a cos-

mological regime.

4.1 Generalized Uncertainty Principle

Quantum gravity is the theory which takes an account for the effects of quantum
theory and general relativity. The significant property of the quantum gravity
is the existence of the minimum length scale. This length scale is known as the
Planck length. The Planck length can be determined by comparing the quantum
length scale, \. = h/me, with the classical length scale, R, = Gm/c?>. Note that
Ac is the Compton wavelength and R, is the Shewarzschild radius. This leads to

1
My = ‘/ZS ~ 9.2 x 10 %kg, (4.1)

Other Planck quantities can be determined by using the dimensional analysis, and
take the form

the Planck mass

hG

b= A7z B 16 X 10~ % m,
hG

tw = A= =0.54 x10 ¥sec,
C

B, = ,/g ~1.2 x 10"GeV, (4.2)
C

where [,;,t, and E,; are the Planck length, time and energy, respectively.

We are interested in the effect of Planck scale on the principle of Quantum
Mechanics. It turns out that the Heisenberg uncertainty principle needs to be
modified. This generalized version of Heisenberg uncertainty principle occurs in
many models of quantum gravity for example in string theory [21]. In this section,

we will derive the generalized uncertainty principle by following the work of Adler
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i S T L—T7 r
—~t] - electron
<= photon

Figure 4.1: The curvature of the space-time which is curved due to the photon.

in [22]. Note that only in this section we reintroduce the speed of light ¢ and will

return to the natural unit in the next section.

Let us consider the classical scattering process of the photon and electron.
We assume that at the beginning the electron is at rest in flat space-time. Suppose
the photon energy is high enough to curve the space-time around it. As the photon
propagating toward the electron, the electron starts to feel the curvature of the

space-time as illustrate in Figure 4.1.

We assume that electromagnetic and gravitational interactions can be cal-
culated independently. The effect of the electromagnetic interaction is responsible

for the Heisenberg uncertainty principle which obeys the relation,

Wy
Ap’

This relation implies that one cannot find the exact position and momentum of the

Az (4.3)

electron at the same time. The exact position of the electron can be determined by
using the very large photon momentum and this leads to the very large uncertainty

for the electron momentum eventually.

In order to determine the gravitational interaction from the in-coming pho-
ton on the electron, we will consider the Einstein equation,

G = 5y

b
A T

(4.4)

For simplicity, one can consider the dimensional estimate in the first place. The

left-hand side (LHS) of the Einstein equation can be viewed as the second deriva-
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tive of the space-time metric with respect to the space-time coordinate. Thus,
one can estimate LHS =~ dg,,/L?. L is the characteristic size of the model which
is the approximation radius of the region that the gravitational interaction from
the photon can affect the electron. dg,, is the deviation of the flat space metric
due to the photon energy and it contributes fractional uncertainty to the electron
position at any points in the characteristic region. Dimensionally, one can write
09 = Ax/L. Thus, the left-hand side of (4.4) can be written as

LHS ~ —. (4.5)

For the right-hand side (RHS), the energy-momentum tensor represents the energy
density of the photon. By using the dimensional estimate, the right-hand side
can be written as RHS ~ GFE/*L? = Gp/c*L?. This photon momentum will
contribute to the uncertainty of the electron momentum in the same order of
magnitude, and then the right-hand side of (4.4) takes the form
GAp

A3

From equations (4.5) and (4.6), the uncertainty of the electron position from

RHS =

(4.6)

gravitational effect can be expressed in the form

JELCAEC (4.7)

3 PLp

By combining equation (4.7) with the Heisenberg uncertainty principle (4.3), one

obtains the generalized uncertianty principle:

h

Ap
=

This equation implies the maximum accuracy in determining the electron positions

(4.8)

which has the limit at the Planck length. This means that one cannot probe any
object which is smaller than the Planck length. However, the above consideration
is only the rough approximation. More rigorous calculation can be done by using
the linearized perturbation theory in general relativity.. The components of the

energy momentum tensor are assumed to be small. In this context, one can perturb

the space-time metric by adding the small perturbation metric, h,,, to the flat
Minkowski metric, 7,,, such that
G = M+ s || < L. (4.9)

From the straightforward calculation with the Lorentz gauge condition [5], one
obtains the linearized Einstein equation which takes the form

1 16mG
th—ﬁnﬂy[]h = _c—4T‘“”

(4.10)
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where the D’Alembertian operator 0 = =07 + 07 + J; + 07. By considering the

energy-momentum tensor of the radiation in the flat Minkowski space, one obtains

1
T = FuFl+ [FosF . (4.11)

where F},, is the electromagnetic field strength tensor. By assuming the radiation
propagates along x direction, the energy-momentum tensor has only four non-zero

components and takes the form

0
0

, 4.12
0 (4.12)
0

o O O O

1
1
0
0

WS- —

where p is the energy density of the radiation which takes the form p = (c*E? +
B?)/2. The electromagnetic wave propagating in the z direction can be explained
in terms of the wave function f(x — ¢t,y, z). Therefore, the perturbed metric can

be written as

h;w 77 f(x = ct,y, Z) (413)

=

0
0
0
0

o O O O

1
1
0
0 0
For our convenience, we are only interested in the inhomogeneous solution. Then,
the linearized Einstein equation (4.10) can be reduced to the inhomogeneous wave

equation of the unknown function, f, and takes the form

_ 167G

Of(z =ct,y,2) = ——p(x — ct,y, 2). (4.14)
c

The energy density p and the unknown function f can be treated separately. Let

us appling the separation of variable method such that
f(x - Cta Y, Z) = f||(x - Ct)fl_(ya Z)a
p(z =t @7) = iz —ct)pu(yi=): (4.15)

Substituting these into equation (4.14), one obtains

Ofie —e)Fi(2) = ~ oyl —ct)ouly, 2
il — )00, 2) + Fuly, Ofy e —ct) = “qCpy(e— et)pu (v, 2)
il — )3+ )1 (,2) = Tyl ct)puly, )

= file—ct) = @ —a),  (416)

= (05 + ) fily,2) = pily,2). (4.17)
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For simplicity, one chooses the cylindrical coordinate. We assume that the
radiation is enveloped by the moving cylinder of length L and radius R. We also
assume that R is in the same order magnitude of the characteristic length, L.
Furthermore, it is assumed that the energy density has a constant value pgy inside
the moving cylinder and vanishes outside the cylinder. Therefore, the equations
(4.16) and (4.17) can be reduced to

167G

filx —ct) = " O(x — ct)d(L — x + ct), (4.18)
%%(r%) = pof(r = R), (4.19)

where 6 is step function. Note that from the above equation, we assume that the
moving cylinder is an azimuthally symmetric cylinder. In order to solve (4.19),
we will determine the solutions for inside and outside the cylinder separately.
There are four boundary conditions that we need to consider. The first is the
non-vanishing of the function at the origin f(r = 0) # 0. The second is the
vanishing of the solution at the infinity f(r — oo) = 0. The requirement that the
solutions must be smooth at the surface of the cylinder gives the last two boundary
conditions: f(r < R)|gr = f(r > R)|z and 0, f(r < R)|r = 0.f(r > R)|g. Thus,

after some calculations, we have

AnG = <R
fo= 200 —et)O(L — z+ ct)po R e (4.20)
C 1 —+ hl 2 r > R

Recall that in our model, the gravitational interaction can only affect the electron
if and only if the electron is in the characteristic range L from the photon. While
the electromagnetic interaction is assumed to have instantaneous effect. As the
gravitational interaction begins to affect the electron at the surface of the cylinder
(r ~ R). The electromagnetic interaction will affect the electron at the same time.
By replacing 7~ R and py = E/mR?*L = p/cm R?L into the above equation (4.20),
one can approximate f function as

4Gp
Le3”

f (4.21)

The function f is the amplitude of the perturbed metric which has the same order
magnitude as dg,,,, then the f function can be approximated as f ~ Az/L. Thus,
the uncertainty of the electron position can be written as

@ _ 4GAp Ap

~ _1]2
ASU ~ 03 = 03 = 4l8? (422)

By combining this equation with the Heisenberg uncertainty principle, one

obtains the same result with the dimensional estimate analysis. As we mentioned
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at the beginning of this section, the calculation in string theory also yields the
same generalized uncertainty principle but, in that case, replacing the Planck
length with the string length. Moreover, both Planck and string lengths are the
minimum length that one can observe in each theory. This consistency makes
string theory one of the most promising candidates for quantum gravity. It implies
that the string theory can be a good choice to describe physics at the high-energy
scale such as in the early universe. We will come back to discuss this issue in the

next chapter.

Another application of the generalized uncertainty principle is the prediction
of black hole remnants [23], [24]. Black hole remnants are the object left over after
Hawking radiation of the small black hole. The idea of the black hole remnants is in
analogous with the stability problem of the hydrogen atom in quantum mechanics.
In the latter, the uncertainty principle prevents the collapse of the hydrogen atom.
While, in the former case, the generalized uncertainty principle prevents a small
black hole to evaporate and vanish. These black hole remnants are one of the

candidates for cold dark matter.

4.2 Review of Scalar Field Theory

Field theory plays the important roles in many areas of cosmology in particular
the inflationary model. We will review some necessary concepts of the classical
and quantum field theory. In this thesis, we consider only the real scalar field

theory.

4.2.1 Scalar Field Theory

Quantum theory of the discrete system is not well defined in the relativistic limit
while the propagation amplitude of free particle violates the causality [25]. How-
ever, the causality problem can be solved in the continuous system which is de-
scribed by the field variable. By using the Lagrangian formalism, we can con-
struct the relativistic field theory whose action is invariant under the Lorentz
transformation in four-dimensional space-time. Let us consider a real scalar field
é(x) = ¢(2° 2, 22, 23). In this section, we denote the 4-vector, z*, by using the
Greek indices pu,v,0 and the 3-dimensional vector will be denote by the arrow

e.g. Z. In general, the action for real scalar field in 4-dimensional Minkowski
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space-time is

S = / L(¢,0,0)d"z, (4.23)
where L is the Lagrangian density. The equation of motion is the Euler-Lagrange
equation:

oL oL
— ) = = 0. 4.24
K (8(@@)) 0¢ (4.24)

In order to consider quantum field theory of the scalar field, we need the Hamil-

tonian which is defined by

H = /(W(x)qﬁ(x)—ﬁ(gb, QLcﬁ))d?’x:/Hdgx, (4.25)

where H is the Hamiltonian density. The conjugate momentum is defined by

7(z) = 8 : (4.26)

9¢(x)

4.2.2 Field Quantization

In this subsection, we review the canonical quantization of the scalar field. Let us
consider the free scalar field, ¢, with the mass “m”. The Lagrangian density can

be written as

1 1
£ 7 E GO — §m2¢2. (4.27)
The Hamiltonian density is
1, 1 2, L 5
H—= 571' + §(V¢) + §m ¢ . (4.28)

In analogy with quantum mechanics, we replace the field variable and the conju-
gate momentum (¢, ) by their associated operators (ngS, 7).~ These operators must

obey the equal-time canonical commutation relations
[P(833) 3 B(tT)] = [A(4,@) ) A8, & 0; (4.29)
and
[o(t, @), #(t, )] = 10°(% — T). (4.30)

Moreover, the field operators also obey the Heisenberg equations which take the

form
[qs(x), H] — #(2), (4.31)

[fr(x), H} = (V2 — m)(), (4.32)



68

where H is the Hamiltonian operator which is determined by replacing the classical

field by the field operator. Combining these two equations of motion, one obtains
O+ m?)d(z) =0, (4.33)

which is the Klien-Gordon equation of the field operator. In analogy with the
quantum theory, the operator can be written as the superposition of the creation
and annihilation operators. One can expand the field operators as

n dSk 1 ~ —ikx ~T ikx

7(x) = qg(x) = /%(—i)\/@(d;ﬁe—im — afe*m), (4.35)

The creation and the annihilation operators have to obey the commutation rela-

tions

Gk, dw] = [ad, al,] =0, (4.36)
[ar,al] = (2m)%6° (k — k). (4.37)

From above discussions, one can state that quantum field theory is the quan-
tum theory with infinite degrees of freedom which is referred from the infinite num-
bers of the creation and annihilation operators. As we mentioned in the first part
of this section, the causality problem can be solved by multiple-particle regime.
Therefore, quantum field theory for the scalar field cannot violate the causality by
interpreting that “a measurement which is performed at one point cannot affect
a measurement at another point which is separated by space-like interval” [25].
Due to this interpretation, one uses the continuous Lorentz transformation which
exists only in the continuous system. This is ‘the clegant theory to explain the
nature of particle physics. However, in this work, we consider only in the free
theory in order to see the difference between noncommutative and commutative
field theory. Although, the most important result of the quantum field theory is to
explain the interaction of the particles. This result can be determined by adding

the interaction term in Lagrangian.

4.3 Noncommutative Field Theory

As we mentioned in the first part of this chapter, the idea of noncommutative

space-time is inspired by quantum theory. In quantum mechanics, the phase-space
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variables, x; and p;, are replaced by the Hermitian operators, #; and p; which
obey the commutation relation [Z;,p;] = ihd;;. By using the simillar concept,
the noncommutivity of space-time can be defined by replacing the space-time
coordinates with the space-time Hermitian operators which obey the commutation

relation,
[2#, 27] =", (4.38)

where 6 is constant real-valued antisymmetric 4 X 4 matrix with the dimension
of length squared. In analogy with the quantum mechanics, this commutation

relation implies the space-time uncertainty relation
14 1 14
Azt Az > §|9“ | (4.39)

This relation implies that the space-time point will be replaced by the Planck cell.
One cannot probe anything inside the Planck cell. Moreover, it refers to non-local
time coordinate which leads to the causality problem eventually. Since we consider
the dynamics of the scalar field in noncommutative space-time, we need the mul-
tiplication product of such fields, ¢(z)@(z). Note that, we put the “hat notation
(")” over all parameters that represent the operators for this section. Thus, the
mapping between the multiplication of some given functions in noncommutative
and commutative space-time is defined, and well known as the Groenewold-Moyal

product or “star product”.

4.3.1 The Star Product

It is convenient to define the operator which maps the field in noncommutative
space-time into the function in commutative space-time. The Weyl operator is
the significant operator for this mapping because it is the mapping between the
algebra of coordinate in classical phase space and the algebra of operator in Hilbert
space which is the noncommutative structure. Therefore; in this section, we first
consider the Weyl mapping in order to define the star product. And then, the
property of the star product will be discussed.

The Weyl operator of any function in commutative space-time can be defined

in similar way with Fourier transformation which can be written as

Wif()] = / %ﬂw'@ (4.40)
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Here f(k) are the Fourier coefficients which take the form

d*x

) = [ e, (4.41)

Substituting the Fourier coefficient into equation (4.40), one can rewrite the Weyl

operator in term of a given function, f(x), and the mapping operator M (x),

Wir@) = [ aita)s) (1.42)
where
M(z) = / %e—ikwem. (4.43)

From this context, if one considers in the commutative limit by taking 6 = 0, the
mapping operator will be reduced to the delta-function, §*(# — ). This yields the
Weyl operator taking the form W[ f(x)] = f(&). Note that, in the noncommutative
case (0 # 0), the mapping operator is no longer written as the delta-function
because it is affected by the Baker-Campbell-Hausdorff formular. Now, we already
have the definition of the algebraic operator. Therefore, in the next step, the
derivative of the operator will be defined. Generally, the derivation can be defined

as the anti-Hermitian linear derivation obeying the commutation relations,
[0, 2" = 6" [0,,0,] = 0. (4.44)

Considering the commutation relation for the derivative and the mapping operator,

one obtains

A d'k —ikzrd ikd
0u N1@)) = [ e ™)
d4k —iko( ik

= /(2ﬂ)4e ik, )e*

d4k —ikx\ ik
0 / R e )
= —0,M(z). (4.45)

The second line of this equation is obtained by expanding the exponential as a

power series. By using this relation, the translation of the mapping operator can
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be expressed as
M (z)e™ = (1+v0+ — (va) )V (z)e?

= (M+ Mv@ —vdM + 51}5(1\}[1}3 —vdM) + ....)e’”é
r vd 9 1 A N I - 9 —vd

= (Me" —vOM — Evanﬁ - EvavéM +....)e
A N - .

= (Me"? —voMev? + 2—(1}8)26”8 +..)e "

= (M —vdM + = (1}8) ...)e vdg—vd

= M(z —v). (4.46)
From this relation, it appears that the trace of the mapping operator is in-
dependent of the space-time coordinate (x#), Tr(e”éM (x)e‘”é> = TrM(z) =
TeM (x — v). One can choose the mapping operator which has trace normaliza-

tion, TrM (x) = 1. Therefore, the trace of the Weyl operator can be writen as

T @) = / d'vf (). (4.47)

This property is helpful for us in order to determine the dynamics of scalar field
whose action can be expressed in the term of Weyl operator trace. The discussion
of this property will be analyzed later in the subject of the property of the star
product. Now, we move to the goal of this subsection, the definition of the star

product.

The star product is the mapping between the product of the operators that
live on the noncommutative space-time and any functions which are the multipli-
cation product of the fields that live on the commutative space-time. Therefore,

the star product can be defined in such the way that:

Wif+gl = W[fIW[g]

d*k. d*k’
2m)%(2m)?
d*k  d*k
27)2 (27)?
d*k d4k'
3 (o)

From the third line of this equation, one uses the Baker-Campbell-Hausdorff for-

SFURIG(H & 7 el

—~
—

FR)() ¢ 5048 ¢ ~10 ki,

—~

Il
—— S~

SF(R)G(K — k) e ~30"hukl ¢ @K (4 48)

—~
A

mula for the anti-symmetric constant matrix which takes the form

. A . 7 s ’ _ippv /
e ikud e ik,3¥ e @ (k+k")p e 30 kl‘ku. (449)
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Using the relation W[e'**] = €% from (4.40) and (4.41), one obtains

1@2900) = [ G
— [ it 3K ¢ ~H b ¢ e

F(R)G(K — k) e ~30"hukt ¢ iak

= flz)e 20" Trg(y). (4.50)

where gu and 3,, are the derivative from right and the derivative from left,
respectively. From this definition, the star product is the ordinary product added
by the infinite space-time derivatives of the functions. Comparing the trace of Weyl
operator in the star product function in commutative space-time, TrW[ f*xgl =
[ d*zf(z) * g(x), with the integration of the multiplication product function in

the noncommutative space-time, [ d*z f(2)g(Z), one obtains

f(@)g(z) = f(x)*g(z). (4.51)

This allows us to directly replace the multiplication product in noncommutative
space-time by the star product in ordinary space-time. From this context, it
promotes us to calculate the object in noncommutative space-time by the object
in commutative space-time which is rather easier. From this definition of the star
product, it yields some different calculations from the commutative space-time
which one can summarize in the context of the properties for the star product in

the next subsection.

4.3.2 The Properties of the Star Product

In this subsection, we will investigate the properties of the star product by using
its definition and the properties of the trace of Weyl operaters. First of all, one

considers the star product of two exponential functions which can be written as

eikx % eipoc — eik:(: e %Hueuvg,, eipa:
ikx By MV—> L ri\2 A=Y 1177 pa_) - ipx
= e (1+§a“e ay+§(§) 9,,0,0m0 0,0, + . )e
= ”““ﬂ’)(l Tk A —(—) k A p)? )
e + 5 p+ 21\ ( p)° +
—_ eix(k+p) e*%k/\p’ (452)

where A is the wedge product which is defined as & A p = k,0"p,. This property

is similar to the Baker-Campbell-Hausdorff formula. Using the Fourier transfor-
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mation and property of the exponential star product, one obtains

(fle)a0)) <hi) = [ o F3(ha) (e )
_ /(d;T[;F(k) e—gk/\p e—gq/\(kﬂa) ciw(k+p+q)

_ /(CZ;TK)?F(]C) e~ 5PN o= 5kAP+a) iz (k+pta)

_ /(d;TK)QF(k') 6—gpAqez‘ka:*em(p+q)

S L W) « (e <)

(£(@) « g(2)) * hla)e=_fla) < (go)  hla) ). (4.53)

This is the associative property of the star product. Note that, we use the short

notation, F(k) = f(k)§(p)h(g) and [ (ﬁrl)(? =\ (gjr’)“Q (gjf)ﬁ (;ljr()@, while we derive this

property. Next, one considers the trace of the Weyl operator for n-function which

takes the form
(WA WIRLLWf]) = BW(fis fox... )]
& /d%( Fu@) * fol@) % o fulz) )
Te (W) WAL WIfaal) = / d'a( fal@) # [i(2) * .. fuoa () ), (4.54)

This implies that the cyclic property of operator trace yields the cyclic property
of the star product under integration over space-time coordinate. For the special

case of this property, one considers only two functions,
TeW[f xg] = TeWgs f]
[ des@gla)) = [t o )
= T2 Fbgt) ¢ e
= [ d'ratofwyte) ¢ sk )
~ [ anfwa-n
= / d*z f(z) g(x). (4.55)

This means that the star product and the ordinary product are the same under

integration over space-time coordinate. It is very important property of the star
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product because it yields the same result between the free theories in the com-
mutative and that in noncommutative space-time. Therefore, for the free theory,
the quantization in noncommutative space-time can be done by replacing with
the commutative quantization. Moreover, by using the same action of free the-
ory, it yields the same result for conservation law in order to take into account
the Noether theorem. Finally, one can define the commutator which takes into

account the star product,

frolus = fl@) +g@) = g(z) « f ()

9,00 ) (). (4.56)

From above equation the even-order terms of 6#” vanish because it is the anti-
symmetric tensor. This commutator is well known as the Moyal bracket. From
the property in (4.55), it yields that the integral of this commutator over the

space-time coordinate vanishes.

4.3.3 Noncommutative Perturbation Theory

In the previous subsection, we conclude that dynamics of the free scalar field is
the same for both the noncommutative and commutative space-time. Therefore,
in this subsection, we will discuss the different results of the noncommutative and
commutative space-time when adding the interaction term in Lagrangian. After
using the properties derived in the previous subsection, the action of scalar field

in noncommutative space-time can be written as
1 1 5.5 " 4
P (5(9@8% MR+ o ¢)d 2. (4.57)
This leads to the equation of motion which takes the form
A
9,0+ m¢ = —ggzﬁ * & * ¢ (4.58)

In order to see how the noncommutative quantization differs from the commutative

case, one considers the conjugate momentum which can be rewritten as

P 0L ADGeore)
09 31 04

From this conjugate momentum, the difference occurs due to the second term

(4.59)

which contains the infinite number of time derivatives. This infinite number of
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derivative suggests that the theory is non-local in time. Therefore, the causal-
ity may be violated and the unitarity is not preserved at the quantum level [17].
However, in the special case which time and space are commute (% = 0), the
conjugate momentum in noncommutative space-time is as same as that in commu-
tative space-time because the time derivatives in the interaction term are vanish.
Thus, we can roughly state that the quantization of the interacting scalar field
in noncommutative space-time can be done only in the context of space-space

noncommutivity.

We should also discuss the Noether theorem and see how the noncommu-
tative space-time affects the conservation law. Generally, the energy momentum

tensor can be written in noncommutative space-time as

1, oc ar
™ = — NG
v T (a(a#) 7 ) a<au)> L

1 1 1 A
= (070100 +0,6 5 9°6) + (50,0 6 — Sm?6™* = 56™) . (4.60)

where ¢*" is the number, n, of ¢ with the star product. Considering the divergence

of this tensor, one obtains
0,1 = 2 (0440 $0u6 4 16+ Q00 0,0, # 6 + Dy 0,06
1 1
+(50.000 %96+ 0,0 % 0,0 8) + 5m? (8,6 % 6 + 6 % 0,0)

_%<8y*¢*3+¢*ay¢*¢*2+¢*2*au¢*¢+¢*3*ay¢>

= %(_a”*¢*3+¢*8V¢*¢*2+¢*2*(9,,(b*¢—¢*3*@,¢)
A
= Z <[¢7 al/(b]]WB v ¢*2 — ¢*2 * [Qb, &,gb]MB)
A
= 2(106.000u5.6" 1us). @s1)

Note that in the second step one uses the equation of motion. The conserved
charge can be rewritten as @, = [ T%d?z, which is the integration over only
spatial coordinate. Thus, it is conserved only in the special case, 8% = 0. This
is consistent with conjugate momentum analysis which the problem occurs in the
noncommutivity of the space and time. However, in the next chapter we will

consider the effect of noncommutative space-time in a cosmological regime.

As we mentioned, quantum field theory can be constructed in the regime of
the noncommutative space. In this regime, the consequence of the noncommuta-
tive effect will exist in the Feymann diagram. From the cyclic property of the star
product, it yields the difference in the vertex of Feymann diagram which is invari-

ant only under cyclic permutation of four-incoming momentum. This leads to the
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loop diagram which cannot be written in the plane. This diagram is known as the
“non-planar diagram”. Moreover, these non-planar diagrams are responsible for
the UV/IR mixing effect. The UV/IR mixing is the effect of the ultraviolet diver-
gence on the infrared behavior which has no analog in the conventional quantum

field theory. For the detail of these topics please look at [16] and [17] for a review.



CHAPTER V

NONCOMMUTATIVE INFLATION

In Chapter 3, we describe the evolution of the early universe by using the
inflationary model. We also assume that inflation took place at the time when
the size of the early universe is very small near the Planck scales. In such a small
length scale, the effect of quantum gravity cannot be neglected. String theory is
the most promising candidate for the quantum gravity. This theory states that the
elementary particle is a string which has the minimum length called string length
ls. As a result of this theory, there is the uncertainty relation in space and time
Az,At, > 12, where t, and z, denote the physical time and spatial coordinate,
respectively [27]. This relation can be realized by non-commutative space-time
[z, t,] = ils [26]. However, in string theory, this commutation relation cannot
be simply written down because this relation is neither covariant nor meaningful
when applied to any degree of freedom [28]. Thus, we must keep in mind that it

is just a model that Brandenberger and Ho rose up, and we will follow them in
the first part of this chapter.

5.1 Dynamics of Fluctuation Scalar Field in Non-

commutative Space-Time

The main object of this section is to find the action for the fluctuation field in
noncommutative space-time. For convenience, we will consider the action of the
scalar perturbation field which is deduced from the action of the tensor pertur-
bation field. Usually, we will consider the FRW metric in the context of the
conformal time but the stringy space-time uncertainty relation (SSUR) for the
conformal time is not well defined due to the uncertainty relation, AnAx > a;—;)
It is not clear when An is large because the scale factor in the right hand side
can be changed. Thus, we will modify the FRW metric by defining the new time

coordinate 7 which relates to the comoving time by dt = a~'d7, and the metric
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can be written in the form
ds® = a ?(7)dr* — a*(1)di*. (5.1)
Note that we consider in spatially flat universe. So the SSUR is written by
AtAr, = ATAz > 2. (5.2)

The algebra of the noncommutative space-time associating to this relation can be

written as
[7) 2] L2 (5.3)

In order to avoid the breakdown of cosmological principle by the noncom-
mutative algebra, we will use the tricky technique for this calculation. This trick
is that we first calculate the action through the star product in two dimensional
space-time. This calculation no longer spoils the cosmological principle. And then
we will extend this action to four dimensional space-time later. Furthermore, this
trick provides FRW metric preserving both the rotational and translational sym-
metries which correspond to the cosmological principle as we will see later in the
final part of this section.

First, we consider two dimensional space-time. The metric in (5.1) can be

— ( a—o(r) _ag(ﬂ ) (5.4)

o ( a2(()7) _a_02(7) ) , (5.5)

In the case of commutative space-time, one obtains the action

written as

S = / dex%(ﬁungg“”&,gb). (5.6)

For noncommutative space-time, we replace the multiplication product of the

scalar field by the star product.
~ 1
S = /dexé(Gung * g % 0,0)

- /drd:zé (&(ﬁ xa’ % 0.0 — (&@)T *a 2 x 8m¢). (5.7)
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The fourier transform of ¢ can be written as

V3

o (x,7) = (gzﬁk( etk 4 (;Sk(T)eik”C), (5.8b)

2 A@Kko vV 2m

where V' is the volume in spatial coordinates. Let us consider the first term in
(5.7), we obtain

~ drd
Sl _ _/ T Jf / k(aT ]TC ~zkx+aq_¢ elkx) CL
|k| <Ko
x / dp(aTd)peWJraT(ﬁ;e*W))
|k <ko
V drdxdkdp

] Ik|<koT((af e 4+ 0, et e %WE%z)
#(0-¢pe™” + 5T¢;6—z’px)

) % |kl <ko %@((@ Te=*e 4 9, dre™®)e il?(‘aﬁaﬁ-‘a:a?)f)
*(ar¢peipx _‘_8T¢]’r?e—ipx)

%4 drdzdkd .
- w«& ok, z.kaT_FaqukezkxezgkaT)aQ)

8 [k|<ko 27
*(6T¢peipx _’_a‘r(ﬁ;}efipz)
Vv drdzdkdp t w(k—p) ) gt iain)y,—2R0 2
T8 e 27 <( Or 0 0-pe™ + 0.0, 0%e Je~2kor g
+ (0, P Orppe™ =P afqbkafqzs;e”(’f-p))el%kwf)
v

) drdk (00} + 0,010,061 )¢ a2
|k|<ko

(8D % af¢kaT¢;)elikafa2). (5.9)

We assume that ¢ is the real scalar field. Due to the reality condition of the field
oz, 7), we have ¢(1) = ¢, (7). Thus, equation (5.9) become

g = ¥ drdk (aTgb,kaTgbke*l?kf’fa?(r) + aT¢,kaT¢ke’?’f%2(r)>
4 Jiki<ko
V 2 2 2 2
~ L drdk (a (7 — ki2) + a®(r + k15)>aT¢_kaT¢k. (5.10)
4 |k|<ko

The second term in action (5.7) can be calculated in a similar way as in (5.9)

and takes the form

Sy ~ = drdk (a-z(f K2 a2+ kl§)>k2¢_k¢k. (5.11)

4 |k <ko
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Combining the first and the second terms, the action (5.7) reduces to

1
S~ v / drdi (B 0,6-40:6x — B F6-16n ) (5.12)
|k|<ko
where

B = %(aﬁ(T — kI?) 4 a®2(1 + kI?)). (5.13)

From this action, we neglect the effect of SSUR by taking the commutative
limit, [, = 0, and then obtain 3;(7) = a* (7). So, the action in (5.12) becomes
the action in commutative space-time as we expect. Note that the action is non-
local in time through the G (7) function which is the result of the realization of
SSUR by noncommutative algebra. Now we already have obtained the action in
the context of noncommutative algebra. Generally, the SSUR is not realized by
noncommutative algebra. In this context, 3 (7) can be expanded in the order of
% [29] which take the form

Hp (H + H?)p?
g M1 4B e, (5.14)
Where C* are constants of order 1, p = g is physical momentum and M, = zl is

energy scale of string theory. In this case, when we take [, = 0, it yields the same
result as the commutative case.

From the action above, we have an upper bound of integration of k at kg
because we need the fluctuation modes ¢ which satisfy SSUR. Therefore, it means
that we have an initial time at which the fluctuation modes begin. However, the
upper bound of momentum kj is easily calculated by defining the energy in 7
coordinate as Ey = ka™2(r). But in the context of non-local time, we need the

effective scale factor a, which can be defined as

+\1/2

(1) = (5—’1> . (5.15)
By

Then the energy can be written as Ej, = ka_ 2. By using the relations of uncertainty

principle Az ~ £, AT ~ Eik and SSUR, we have

2
(%) ~ AtAz, = ATAz > I2. (5.16)

Finally, the upper bound of energy scale or momentum scale can be defined as

ae(7) ‘

kg = ls

(5.17)
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In order to calculate the power spectrum, we have to write the action in the
term of the conformal time. Since we have seen the metric above, the relation of
conformal time and 7 can be written as dn = a~2d7. In the context of non-local
time we replace a by a.. Note that we put (7) over the noncommutative parameter
in order to be not confused. Then the noncommutative conformal time takes the

form df) = a_2dr. Thus, the action can be written as

N  ixaa )
S = V/;€<ko agdndk§<ﬂgae4aﬁ¢*kaﬁ¢k—kQﬁk (bfk(lﬁk)
1
= v (5 1 5 i)
1
=V /k - dijdk (1) (cb’_kqb;—k%_kgbk), (5.18)

where y2(77) = (8 3,)"/2, and prime denotes the derivative with respect to
noncommutative conformal time 7. To extend the action from two dimensional
space-time to four dimensional space-time, we have to compare this action with
the action of tensor perturbation in d + 1 dimensions of commutative space-time

(3.126) which can be rewritten as

S=V / dnddk%adl (¢’_ b k2¢>,k¢k). (5.19)

From this action, we will see that the difference between the action in non-

commutative and commutative space-time is y7(7) and a?!

. Therefore, we can
extend the action in noncommutative space-time from 1 + 1 to d + 1 dimensions
by expressing the smeared version of a?~! as dz_l = 92 (7)a?"! for the tensor per-
turbation. Furthermore, we can extend to the scalar perturbation by writing the

d—1 zd—1

smeared version of z?~1 in the form of Zi ' = y()2%~!. So, the action of scalar

perturbation in four dimensional noncommutative space-time can be written as
Sf ol d~d3k]‘ =2 a1 / 1{32
vl nd RS2k P2hdk k0% ) (5.20)
|k[<kq

where z2 = y22%. As we have mentioned above, the advantage of this action
is that it preserves both translational and rotational symmetries of flat FRW
metric. Before we move to the next section to calculate the power spectrum of
the fluctuation field, we will emphasize here that first we have smeared version of

scale factor or z which depends on k. Second we have an upper bound of k which

depends on the time when the SSUR is saturated, denoting by 7.
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5.2 Power Spectrum in Noncommutative Space-

Time

In this section, we will find the power spectrum of the curvature perturbation in the
noncommutative space-time and compare this power spectrum to the commutative
case. The quantization is a significant mechanism to yield the power spectrum.
Therefore, the first part of this section, we will quantize the scalar perturbation
field (normally, this field is called the gauge invariant potential). For convenience,
the Heisenberg picture in which the operator depends on time is preferred. In
the next subsection, we calculate the power spectrum by using the initial vacuum
which minimizes the uncertainty relation at the time 7 = 7. However, in the last
subsection, the result can be compared to another initial vacuum. Furthermore,

we will compare the result with the commutative case.

5.2.1 Quantization of Scalar Perturbation Field

The metric perturbation can be classified in three components as tensor, vector
and scalar perturbations. The vector perturbation can be neglected because there
is no rotational velocity field during inflation stage [10]. In this subsection, we
will consider only the scalar perturbation because the tensor perturbation can be
deduced from scalar perturbation by replacing ap with z;. From Chapter 3, the

action for the scalar perturbation can be written as
1 ) Z//

S = §/d4a: (v'2 — 0;vd'v + —v2>. (5.21)
z

To compare with the action in the previous section, we must transform this action

by using the Fourier transformation,

o(¥ym) = %/%(vk(n)eig'f—i— v,ﬁ(n)e_ig'5>, (5.22a)
v (Z,n) = %/%(v,ﬁ(n)e‘iﬁf + vk(n)e“z'f) (5.22b)

The action in (5.21) can be written as

"

1
=_ / d*kdn <U’_kv£C — (k* — %)v_kvk) (5.23)

5=

By using the Euler-Lagrange equation, the equation of motion can be written as

Z//

vp 4+ (k* — =) = 0. (5.24)

z
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This equation of motion is equivalent to the equation of motion for the field Ry =
—¢1/ Z from the noncommutative action in (5.20) by replacing Z;” by i—g For the
canonical quantization, the Hamiltonian formalism is a significant mechanism,
and then we will find the Hamiltonian. Conveniently, the action in (5.21) can be

rewritten as

1 , z' 2'\2
S = —/d4x (U'Q — Qd'v — 2—uvv' + <—> 112>. (5.25)
2 z z
Thus, the Lagrangian density takes the form:
1 | / /\ 2
L=< (1/2 — Bwdv — 25w + (i> v2>. (5.26)
2 z z
The conjugate momentum can be defined by
oL 2
= % = ’U, == ;’U. (527)

The Lagrangian density (5.26) can be written in terms of the conjugate momentum

as

£ %(Ulﬂ' — Qwd'v — -Z—/wr). (5.28)

V4

We can write the Hamiltonian density as

1 . /
H=v7r-L = 5(?/% + O;v0'v + Z—mr).
2z

1 / ) /
—— (U’W = + 0;vd'v + 22—7}7r>
2 2! z
s 7 Z
= (7r + B + 2—v7r>. (5.29)
2z

These lead to Hamiltonian in momentum space as

1 : !
H = /d?’xH == /d3x <U’7r + 0;vd'v + Z—mr)
2 z

/

1 1
=£ /d3k<§ﬂkﬂk + §k2wgv,k -+ Z;(UkTF,k -+ U,kﬂ'k)>. (530)

Using the canonical quantization, the fields v(Z,n) and (%, n) are replaced by the
operators 0(Z, n)-and (2, ) which satisfy the standard commutation relations on

the n= constant hypersurface:
0@ ). 0(F )| = [#(E0).5(F )] = 0. (531a)
[ﬁ(f, ), #(@, n)] — 037 — 7). (5.31b)
In Fourier modes, the commutation relations above are
[m(n),@w(n)} = [ﬁk(n)ﬁw(n)] =0, (5.32a)

k). Al ()] =i (5.320)
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Generally, the operators can be written in the term of composition of the annihi-

lation and creation operators as

k .

. : X gk
T = —1 §(ak —al),  Fop =7l =i/ =(al —a_y), (5.33)

R [l . . b
Uk = 2—k(ak + aT—k)a U = "Uzt = ﬁ(al +ay). (5.34)

After substituting (5.33) and (5.34) into (5.30), the Hamiltonian operator takes
the form
f{_ Bk k.. A ) 7 z2 AT AT AA
= E(akak Ml S A zz(a_kak — ara-_y) ). (5.35)
The last piece of this integrand is responsible for the squeezing and effects the
time evolution of the system [30].
According to the canonical quantization in quantum field theory, the Heisen-
berg picture is more useful. From this picture, there is a unique vacuum state | 0).
The vacuum state can be defined in the Fock representation of Hilbert space of

the state that the operators act on. This vacuum state can be expressed as
ax | 0) =0, Vk. (5.36)

However, this vacuum state can be defined only in the flat space-time with the
constant mass. Thus, the issue of a vacuum state in the time dependent back-
ground such as the cosmological background cannot be well defined [11] because
the vacuum state in the later time will no longer be a vacuum state. Nevertheless,
we can pick an initial vacuum state | 0);, which satisfy a(n =n°) | 0);, =0, Vk.
We then transform the operators to what satisfy ax(n) | 0) = 0, Vk which corre-
sponds to commutation relation of the annihilation and creation operators. This

transformation is called the Bogoliubov transformation which can be defined as

ar(n) = aw(n)aw(n®) + Be(mal  (n°), (5.37)
ap(n) = Brma=rn") + aj(mag(n’). (5.38)

The parameters ay and (35 are called the Bogoliubov coefficients which obey the

relation

The significant treatment is the initial vacuum state that we pick. If we pick
the unreasonable vacuum, it may yield the unphysical vacuum state at the later

time. However, we have a choice which corresponds to physical states. It is the
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adiabatic vacuum, which the initial state is assumed to be an empty vacuum in the
infinite past [31]. Thus, it would rather not make sense when we talk about the
SSUR which has a finite time. We will follow the idea of Danielsson [31](and also
[32]) by choosing the vacuum state which minimizes the space-time uncertainty

relation. This vacuum has a condition which takes the form
#u(n°) | O)in = ikie(n°) | 0)in, (5.40)

and the physical interpretation of this vacuum has been discussed in [30]. Using
(5.37), (5.38), (5.33) and (5.34) one obtains

k()= felm)an(n®)+ frma’, (n°), (5.41)
() = —i(gk(n)&k(no)—gZ(n)&ik(no)), (5.42)
where
fuln) = o (o) + B0,
ailn) = /2 (onln) ~ ). (5.3

From (5.41), the equation of motion for f; can be written in same form as the
equation of motion for vg represented in (5.24):

/"

A ABAS %)fk' (5.44)

As we explained in the end of the previous section, we can express the equation
of motion in the context of noncommutative space-time by replacing Z; by z , 7
by 1 and keep in mind that the initial time depends on k. Thus, the equation of
motion of f; in noncommutative space-time takes the form

=

vq (k2 Loy (5.45)
2k

From Chapter 3, the power spectrum of the curvature perturbation in noncom-

mutative space-time can be written as

k> (0| o}y | 0)
2m%  Zi (1)
Efl?
212 22 (M)’

Pr(k) =

(5.46)

where 7 is time when the mode k crosses the Hubble radius. From this power
spectrum, we will write it in terms of noncommutative parameter and inflation

parameters by finding solution for f;.
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5.2.2 Power Spectrum of Curvature Perturbation

In this subsection, we will find the solution for f; from the differential equation in
(5.45). We will expand 2/ Z;, in the term of slow-roll parameter and introduce the
noncommutative parameter p in this expansion. Conveniently, we will find the

relation between the conformal time 7 and the noncommutative conformal time 7

dn = a 2dr
2
a; .
= a(T + lgk)czz(T - l‘gk)dﬁ
a
— (a + lgk&a}ga — 12k0,a) i
a
a® — (I2k0.a)? _
= 2 d’]’]
2k0,a\2\ .
EE 8T
B2H?N .
F (1 1 aQ_M;l)d'f? = (1L —p)di, (5.47)
where p = % is a noncommutative parameter. From Z; = yizx, one obtains
%% (f‘_e)?i/
Hz, & Nal Hz
= I=p)(l+e=0)=(14+e—05—p). (5.48)

Note that, the primes over the noncommutative variables represent the derivative
respect to 1 and the primes over another variable represent the derivative with
respect to 7. From (5.48), we assume that p is independent on time then y; is also
independent on time. y; can be calculated in similar way as in the calculation of

the relation of 77 and n which takes the form

Moreover, we assume that the slow-roll parameters are independent on time. Then

o
%k

the derivative of T with respect to 7 is zero. This leads to
Z (2,2)2 (ae>22,’cH’
Tk (ZE) 4 (=) B 5.50
Zk Zr a’/ zZy H ( )

., 2 )
By using i—: in (5.48), %) in (5.47) and definition of slow-roll parameter % =
1 — ¢, the equation (5.50) can be written as

=

k= Q4 e—6—p)’HP+ 1 —p)(1+e—06—p)(1—e)H?

2k

— O(Ha)2(14e— 25 —on). (5.51)



87

By using the definition of slow-roll parameters in the commutative case, the Hubble

parameter for conformal time can be written as

1
H=Ha = ——(1—6)_1
n
1/a.\2
= ——(—) (1
f](a) (1+€)
1
= —5(1+6+,u). (5.52)
Conveniently, we will set
A\ ML ( / 1)
N o _\s 5.53
Zx TP = (5:53)

By using (5.51), v can be written as a function of slow-roll parameters and takes

the form

y = (—2— + 2 —5). (5.54)

T‘hllS7 the equation of motion for Ik takes the form
4 -+ <k2 il —1 (1/2 — —1)) ’k (5 55)

Generally, the solution of this equation can be written in the term of a combination

of Bessel and Neumann functions and take the form of

fi = /= AwTo(~ ki) + BNo(=kn)). (5.56)
Thus the power spectrum can be written as

g (=) (|42 + | BPNoN, + (ABy + ABi) N, )
Pr(k) = -— —— (5.57)
% 2 ()

Now we have the general solution of fi, but it is not specific for arbitrary
constants A, and Bj. However, the specific solution can be expressed by deter-
mining the constants Ay and By. Actually, we must find their multiplication. The
constants can be obtained by using the relation for Bogoliubov coefficients. There-
fore, in the first step we must find g,. Generally, g; is proportional to derivative
of fr. For simplicity, we choose to multiply it by —i. By using the identity of the

Bessel function, g takes the form

gk = —z’k\/—_ﬁ<AkJ,,,1(—kﬁ) n BkN,,,l(—k;ﬁ)). (5.58)
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Thus, the Bogoliubov coefficients take the form

o = \/g(fk + g_;)

—kn )
= /S ((Ady + Bi,) = i(Auyr + Biy 1))

_k~ )
= /5 —iDy), (5.59)
and
_ k
Br = \/;(fk: < %)
_kN
= TTI<(AI<:JV+BI<:NV) +Z.(Akt]y—1 +Bk;Nu—1>>
_k~
- T”(ck +iDy), (5.60)

where C, = ((Ale, B ND) & i(Ap s +BkNy,1)) and Dy, = ((Ale,JerNl,) n
i(Agdy—1 + BkNl,,l)>. From the relation of the Bogoliuibov coefficients in (5.39),

we obtain

g — BB = 1
— ki " _

— k7 _ >
(=) (AkBr = Ak By)(Ju Nyt =i V) = 1
2

AuBy = ABy = —zg. (5.61)

Note that, we use the recurrence relation of Bessel and Neumann functions,

2
J(2)Ny1(x).— Jp—1 ()N, (z) = YA« (5.62)
Using the initial condition of Bogoliubov transformations, (x(7p) = 0, we obtain

the second condition of the constants as

Cor = —iDoy
(ArJoy + BeNoyw) = —i(AxJop—1 + BeNoy—1)
Ny, + Ny, —
4, = —NowFiNoyr) p (5.63)

(JO,I/ + Z‘J[)’Vfl)

Note that, for short notation, we replace X, (7y) by Xo,. By using these two
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conditions and recurrence relation in (5.62), one acquires

AP = TR g, (5.64)
B = T ). (5.69)
ABe = i 4 TIF (g Noy 4 ouei N (5.66)
ApBy = Z% + 7T278701{:(Jo,uNo,u + Jo—1No—1). (5.67)

Substitute these into (5.57), we obtain the power spectrum can be written as

K770
Po(k) = —(N2 N2 Iod, + (J2. + J2._N,N,
R( ) 162]%(ﬁk) ( O,V+ 07V—1) +( O,I/+ 0,1/—1)

N L Jo,y_lNo,y_l)JyNy)

ko 3

— 2 F (fos i), 5.68

R 0%
where

FV(ﬁ()? ﬁk) 7 ((Ng,u - NS,V—I)JV‘]V + (Jg,z/ + Jg,zx—l)Nl’NV

—2(JoyNow + JOW_lNO,V_l)JVNV). (5.69)

Now, we have already had the power spectrum in noncommutative space-
time by using the vacuum which satisfies the minimum uncertainty relation. There-
fore, this power spectrum can be compared with another power spectrum in two
ways. First, we will compare with the power spectrum in the commutative space-
time. According to [33], this power spectrum can be reduced to the power spec-
trum in commutative space-time by replacing 7 by 1 and 2z by z. This analysis
agrees with the statement that we mentioned in-the previous section. Second, we
must compare with the power spectrum in another initial vacuum. Indeed there is
an adiabatic vacuum. The power spectrum can be reduced to the adiabatic power
spectrum by taking the limit 79 — —oo and 7, — 07. From the approximation of

Bessel and Neumann functions,

T (z) =~ ﬁ(g) 0<z<, (5.70)
JI(z) =~ (7%)1/2 cos (z %wr S (5.71)
N(z) = —y(g)_”;o <r<v, (5.72)
N(z) =~ (W—i)m sin (9[: - %mr - %);x > . (5.73)
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F, (70, 7x) can be approximated as

E, (T, k) =~ ﬁ, (5.74)
and the power spectrum takes the form
L2
Pr(k) = 122 (i) (5.75)

which is in the same form of the power spectrum in adiabatic vacuum.

5.2.3 Power-Law Inflation in Noncommutative Space-Time

In order to compare the results, we must know the exact power spectrum of
the curvature perturbation which depends on the slow-roll parameters and the
noncommutative parameter. For our convenience, we use the power-law inflation
to determine the exact power spectrum. The power-law inflation can be defined
in the way that the scale factor is proportional to the power of time, a(t) = aot?,
where p is the power-law parameter which relates to the slow-roll parameters by
p = 1/e. So, the purpose of this subsection is to find the power spectrum which
depends on the slow-roll, power-law and noncommutative parameters. First, we
will calculate a 7y, which is the time when the fluctuation modes begin to occur,
in the term of the parameters. The 7y can be calculated by using the saturated
uncertainty relation in (5.16). In the first step, we will write the power-law scale

factor in the term of noncommutative time, 7. From d7 = adt, we have

f— (p 7) ”“, (5.76)
Qo
and from % S a‘]%, the scale Tactor can be written as

a(r) = agriH, (5.77)



91

1

where oy = (p + 1)<I%>m By using the definition dij = a_2dr, 7y can be

written in term of 7 as

7=y’ / (72 — 142) i dr

1 1 —p
= a(}Q(l—i—p ,u)( +p)7'iTP
L-p
- - p+1 I+py\ i
W= (1 ) ()
1—p
= Ay ", (5.78)
where
_ p+1 I+p
Ao = a4y (1 1(5=2)- 5.79
0= 0y + 3 A > (5.79)
Substituting (5.77) into (5.78), we get
2 7412
P Ik
— — 5.80
S AP >50)
Next, we will determine the horizon crossing time which occurs when i_;,i = k%
From (5.53), the crossing time takes the form
V2 — 1
e = —————. 5.81
e 2 ( )

Finally, we will consider 2 (#;) which takes the form

200 &) Sl £ a2 E R nd2),

9~ 27”21 -
() = pp (14 pur)a®(7k)

2 2
2mpl 2=

2
= » (14 pw)ag AL "7y

2my) = 125
= 1+ pp)os A (v° — 1/4)Trkr-1. 5.82
D Hi ) Ay,
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Substituting these into the power spectrum in (5.68), we obtain

1-3p 2P
p(V? —1/4)20-0 AP Ay g 2 2
P k — k p—l r FI/ )
= (k) 32m§lag(1 + px) 7o (70, )

p(u2—1/4)i2}55§> 1+p\i= p+1 3p+1
- 14 <1—p> (1+ P uo_p—luk>
k3—%1 HpF .
P~ T V(UOank)
+1 3p—1 _2p =2 -
- B&1+pp MV‘;—1NOk3;”ﬁWRWmm% (5.83)

where

P2 — 1/4)7T 7 /14 py £
e i (1 S p) '
32mplozé

Using the definition of the energy upper bound in (5.17), we obtain the effective

scale factor at the beginning time, 7, as

k' = al(n) "= a?(70+ Zk)a*(ro — 12K)

= ab(m-ue)",
Lok 25 3
e Kiﬂ +ﬁﬁ]. (5.84)
0

In order to compare the result with the observation, we need to consider two
regions, UV and TR regions, separately [26]. The UV region is the region in which
the fluctuation modes are generated within the Hubble radius. These correspond
to the modes which satisfy the relation k& > of Hlp 1. On the other hand, the
region in which the modes are generated outside the Hubble radius are the IR
region corresponding to k< oz0+1lp 1" Therefore, the first and the second terms in
the right-hand side of (5.84) are dominated for the UV and IR regions, respectively.
In order to neglect the effect of the second term, the initial time 7y can be written

as

1 1 ls 2o,
bt () (5) T e
p—1 p Q

and the power spectrum in the UV region takes the form

Pr(k) = Bokv1 1 P(l—xk‘P 1—{—yk‘ ) L (Mo, Tk (5.86)
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where
p, - MU +p><l_)
32m 0" L=p o
r = (=1 e (ﬂ)2(1”5)< p >2<3p—1>7
L-p p+1/ \p—1
vo= (%)(%) (5.87)

From this power spectrum, the factor 1/p in the power of k£ will make the spectral
index larger than that in adiabatic vacuum and enhances the trend from the red
tilt to the blue tilt spectrum. This result can be estimated to the adiabatic vacuum

by using the approximation of F, (7, 7jx) in (5.74) which takes the form

P i 2 () 7 (B i (5.:88)

Form this approximation, it leads to the power spectrum which takes the form

Prk)'= Bykva1 v(1 = okt + yk7 )(1 — yk7 k7,

= Bikio(1—zkv1), (5.89)
where
1—=3p p
B, = PV /A g (p—1><1 +p>}t,, (5.90)
_ = - , ,
1672m2 0~ Pl /M —p

This power spectrum is equivalent to the power spectrum of adiabatic vacuum in
[34]. The differences occur only from the technical calculation in the constants B
and x. From this power spectrum, the spectral index takes the form

dIn Fu(ﬁOa ﬁk)
dlnk '

207 1 4 - -
n—1. = ———+——( xmf+gmﬂ+—
p—1 "p aNnik D

(5.91)

Next, we will determine the power spectrum in the IR region which the second
term-in (5.84) dominates-over the first term. The initial time 7y can be written as

1 1
flo = —ag 2 (&) (1 42 i uo)lgk, (5.92)
p—1 p

and the power spectrum takes the form

W+1 -
Pr(k) = Bakiti 71 (1- Pt 2k ) Fo (i, ). (5.93)
p+1
where
P2 — 1/4)50 p+1 /1+py 2 20n
By = . (=2) L (5.94)
5  2p+1\1—p

2
32m, 0
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This power spectrum provides red tilt spectrum which is very different from the
result in adiabatic vacuum that has blue tilt spectrum. However, the result is
the same as the adiabatic vacuum when we think of the fluctuation modes are
generated and then cross the horizon suddenly, 7 — 79. In this context, in order
to compare with the adiabatic vacuum, one needs the new approximation of y

which takes the form

2(p—1) 2(1-p) 2

p— P - 1
W2 o= 2 (lap) i krﬁ<1+-i(zsao) ; k) (5.95)
p

Furthermore, by taking the limit 7, — 79, one finds that

4
Fl, 7 = e ) 1% 596
(7]0) 71_2]{:2,,7(2) ( )
Substituting these into (5.68), we obtain the power spectrum
k‘2
L= %%
Pr(k) 47252
e (1—x'k%>, (5.97)
where
ot
p 1+p 2(1—p)
&7 87r2m§zoz3(&0ls) o (5.98)
3 =B 2(1-p)
/ == _—_— ls r . 599
o= 5 Ha (5.99)

This power spectrum is in the same form as in the adiabatic vacuum which
we have mentioned above. Now, we already have analyzed the comparison between
the minimized uncertainty and the adiabatic vacuum. Next, we will compare the
results with the observation. Since the comparison is rather complicated, the
numerical method is the significant tool for this process. ‘In order to avoid this
complicity, we deduce the result from [34] and [35] for our analysis. Therefore,
the comparison between the observation and the model will be analyzed here
only in the adiabatic vacuum. From these two papers, we can conclude that the
noncommutative space-time affects the CMB power spectrum only for the low
multipoles. In order to obtain the result only for the cosmologically relevant scale,
1074 Mpc™t < k < 107t Mpc~!, they use only the power spectrum in the UV region
(5.89) to determine the CMB power spectrum. In [34], by using the result of [36],
they pick p = 12 and then determine the CMB power spectrum which is illustrated
in Figure 5.1. The result yields the string length is [, = 2.5 x 1072 cm. The result

from [35]is more accurate than [34] because they calculate the exponent, p, by the
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Figure 5.1: The CMB angular power spectrum from [34]. The dashing line rep-
resents the noncommutative model for the adiabatic vacuum and the green solid

line represents the best fit ACDM without noncommutative effect.

numerical method and use another approximation for the power spectrum in the
intermediate region. This leads to the result which is slightly different from [34]
namely [, ~ 107® cm. However, The result from both papers yields the similar

conclusion: the low multipoles is suppressed by the noncommutative effect.



CHAPTER VI

DISCUSSION AND SUMMARY

In this thesis, we have reviewed the idea of noncommutativity of space-time,
arisen in the context of string theory, and its applications to cosmological models.

We particularly studied the noncommutative inflation model introduced by R.
Brandenberger and P. M. Ho [26].

By encoding the stringy space-time uncertainty relation in the star products
of the inflaton field, we were able to determine the dynamics of inflaton fluctua-
tions. The effects of space-time noncommutivity on the cosmological observations
have been investigated. The latter was discussed in Chapter 5 by following the
works by M. Li and Qing Guo Huang [34].

We found that the noncommutative nature of space-time affects the Cos-
mic Microwave Background power spectrum mostly in the IR region, while the
effect in the UV region seems to be very small. The advantage of noncommuta-
tive inflation is that it allows us to determine not only the power spectrum, the
spectral index, but also the running spectral index of the CMB. We were able to
use the CMB observational data from WMAP satellite at one specific length scale
to constrain the parameters in our model, and used that constraint to predict the
other set of observational data-in the different length scale. However, in order
to see how SSUR affects the full CMB power spectrum, one needs to calculate
the CMB power spectrum numerically by using the package program, such as the
CMBFAST. This also involves the modification of the FORTRAN codes which is
not in the scope of this thesis.” The results are presented in references [34] and
[35]. The major difference between the commutative and non-commutative in-
flation CMB power spectrum is that the low multipoles seem to be suppressed
in the latter case as illustrated in Figure 5.1. The authors of [34] and [35] con-
strained the string length to I, ~ 1072 cm and [, ~ 10728 cm, respectively. Note
that the difference between these results is due to the calculation techniques,

and both values of sting length are roughly of the same order of magnitude.



97

Table 6.1: The power spectrum of curvature perturbation for the commutative

and noncommutative (NC) space-time.

Power spectrum in UV region | Power spectrum in IR region

Commutative

space-time Pr(k) ~ kf% Pr(k) ~ k*p%l

NC space-time
for  adiabatic | p_ ()~ k501 <1 _ :pk:_p%l) Pr(k) ~ Lo (1 n w’k%>

vacuuln

NC space-time
for minimized Pr (k) ~ L =1 7 Pr(k) ~ L irtih

uncertainty (1 = yk_%)Fu(ﬁoa k) (1 - 37”]5_%)171/(7707771?)
vacuum

However, all calculations that we have mentioned above are determined in
the context of the adiabatic vacuum. The calculation in the other vacuum, the
minimized uncertainty relation vacuum, is applied to this approach in order to
take into account the effect of the finite time. This vacuum is introduced in [30]
and then Danielsson applies it to the commutative space-time cosmology [31].
For the noncommutative regime; it was Rong-Gen Cai who uses this vacuum to
calculate the power spectrum [32]. From this regime, one can summarize that the
noncommutative effect enhances the trend of the power spectrum from the red tilt
to the blue tilt spectrum for UV region and the blue tilt to the red tilt spectrum for
the IR region comparing the result from using the adiabatic vacuum. Comparing
to the commutative case, the noncommutative effect enhances the trend from the
red tilt to the blue tilt for both UV and IR regions. In order to see how the
power spectrum is different explicitly, one can see in the Table 6.1. Because F), is
in the term of the Bessel and Nuemann functions and it is in a very complicate
term, we are able to analyze only the trend of power spectrum for the minimized
uncertainty relation vacuum. However, one can summarize that the effect of the

string theory such as the SSUR provides the explanation for the observed lake of
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CMB power spectrum at the low multipoles. The other meaning of this summary
is that the effect of string theory at the high-energy scale yields the modification
for the large-scale perturbation rather than for the small scale. Nevertheless, this
phenomenal effect can be explained by the fact that the large-scale modes are
generated outside the horizon and then experience growth due to squeezing for

less time than the modes which are generated inside.

In this thesis, we consider only the power-law inflation. The slow-roll pa-
rameters and the power of inflaton field in the potential term, p, are assumed to
be constant. In general case, these parameters should not be constant especially if
we want the inflation to end. Some attempts on other models of noncommutative
inflation has been done, for example the author in [37]. However, they got the
similar results as the results of the power-law noncommutative inflation. For more
accurate calculation, the power spectrum can be calculated up to second order of
the slow-roll parameters and the noncommutative parameter is not constant [38],
[39], [40], [41]. The results of these calculations yield the consistency with our

conclusion.
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