
C h ap ter 2
Classical U niform  D istrib u tio n

I n  t h i s  c h a p t e r ,  w e  d i s c u s s  b r i e f l y  t h e  t h e o r y  o f  u n i f o r m  d i s t r i b u t i o n  o f  s e q u e n c e s  

i n  t h e  c l a s s i c a l  c a s e .  W e  i n t r o d u c e  t h e  b a s i c  c o n c e p t s  o f  uniform distribution modulo 
1 a n d  uniform distribution modulo m a n d  s o m e  o f  t h e i r  a p p l i c a t i o n s .  M o s t  o f  t h e s e  

r e s u l t s  c a n  b e  f o u n d  i n  K u i p e r s  a n d  N i e d e r r e i t e r  [8].

2.1 Uniform Distribution M odulo 1
T h i s  s e c t i o n  c o v e r s  b a s i c  d e f i n i t i o n s ,  t h e  W e y l  c r i t e r i o n  a n d  p r o p e r t i e s  o f  u n i f o r m  

d i s t r i b u t i o n  m o d u l o  1 .

F o r  a  r e a l  n u m b e r  X, l e t  [x] d e n o t e  t h e  i n t e g r a l  p a r t  o f  X, t h a t  i s ,  t h e  g r e a t e s t  

i n t e g e r  <  X a n d  { x }  = X — [x] t h e  f r a c t i o n a l  p a r t  o f  X.

D e f i n i t i o n  2 .1 .1 . A  s e q u e n c e  ( r n ) “ = 1 o f  r e a l  n u m b e r s  i s  uniformly distributed modulo 
1 ( a b b r e v i a t e d  u . d . m o d  1 )  i f  a n d  o n l y  i f  fo r  a l l  s u b i n t e r v a l s  [a , b) o f  [ 0 , 1 )  w e  h a v e

v i o  N  ' -  N  : e  b) } \ = b ~ a -
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R e m a r k  2 . 1 . 2 .  ( 1 )  A  d e f i n i t i o n  e q u i v a l e n t  t o  D e f i n i t i o n  2 . 1 . 1  i s  t h e  f o l l o w i n g :  A

s e q u e n c e  ( x „ ) £ T 1 o f  r e a l  n u m b e r s  i s  u . d . m o d  1 i f  a n d  o n l y  i f  f o r  a l l  s u b i n t e r v a l s  

[0 , c )  o f  [ 0 , 1 )  w e  h a v e

( 2 )  I f  a  r e a l  s e q u e n c e  ( i „ ) “ = 1 i s  u . d . m o d  1 , t h e n  t h e  s e q u e n c e  ( { x n } ) £ L 1 o f  f r a c t i o n a l  

p a r t s  i s  e v e r y w h e r e  d e n s e  in  0 , 1 ) .

( 3 )  I f  a  r e a l  s e q u e n c e  (x n)™=1 i s  u . d . m o d  1 , t h e n  { { £ „ }  : ท  G N }  i s  i n f i n i t e .

E x a m p l e  2 . 1 . 3 .  T h e  s e q u e n c e  ( r n )|“ = 1  =  ( f  1 § 1 i j  § ,  § ,  f , 2 , f , § , . . . )  i s  u . d . m o d  1 . 

T o  s h o w  t h i s ,  l e t  c  €  ( 0 , 1 ] .  I n  e a c h  b l o c k  w i t h  d e n o m i n a t o r  q, w e  w a n t  t o  f i n d  a l l  

n o n n e g a t i v e  i n t e g e r s  p  s u c h  t h a t  0  <  I  <  c ,  e q u i v a l e n t l y  0  <  p  < cq\ n o t e  t h a t  f o r  a  

f i x e d  q, t h e  n u m b e r  o f  s u c h  p ’s  i s  [eg] o r  [eg] +  1 . N o w ,  l e t  N  b e  a n y  p o s i t i v e  in t e g e r .

T h e n ,  t h e r e  i s  a  p o s i t i v e  i n t e g e r  ท  s u c h  t h a t  - ■n-~ 1 n̂  < N  <  ü ü ÿ i l .  T h u s ,

c n 2 -  ( c  +  2 ) ท  +  2  =  E q = i ( c g -  1 )  <  E g = i M  <  \ { n < N : r n e  [ 0 , c ) } |

N ™ o o N ^ n  -  N  ' ^  e [°,c^  = c*

ท 2 +  ท ท (ท+1) 
2

ท(ท+1) ~ 2

(ท—1)ท 
วิ

(rc-l)rc

T h e n

<  l i m i a f  J ÿ \{ n  < N : r n e  [ 0 , c ) } |

<  l i m s u p - J - | { n  <  N  : r n €  [ 0 , c ) } |
N —>oo IV

n ü œ  ท2 +  n

=  C.
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T h e r e f o r e ,

N ™ ooN ^ n  -  N  '■ Tn G  =  c -

H e n c e ,  (rn)™=1 i s  u . d .m o d  1.

T h e  f o l l o w i n g  t h e o r e m  a n d  c o r o l l a r y  w e r e  p r o v e d  b y  H e r m a n n  W e y l .

T h e o r e m  2 . 1 . 4 .  The real sequence  (æ n )^ L x is u .d .m o d  1 i f  a n d  on ly  i f

V /  G & [ 0 , 1 ) ,  J i n ^  ^  / ( { £ „ } )  =  f ( x ) d x ,

where, S R [0 ,1 )  deno tes the space o f  R ie m a n n  integrable fu n c tio n s  on  [ 0 , 1 ) .

Proof. S e e  T h e o r e m  1 .1  a n d  C o r o l l a r y  1 .1  o f  C h a p t e r  1 i n  [8 ] . □

C o r o l l a r y  2 . 1 . 5 .  The real sequence  ( x n ) £ L 1 is u .d .m o d  1 i f  a n d  only i f  fo r  every  
com plex-valued con tinuous fu n c tio n  f  o n ]R w ith  period  1 w e have

J& ïÿ  £/(*»> = /  f ^ d x -

Proof. S e e  c o r o l l a r y  1 .2  o f  C h a p t e r  1 i n  [8 ]. □

T h e  f u n d a m e n t a l  r e s u l t  i n  t h e  t h e o r y  o f  u n i f o r m  d i s t r i b u t i o n  m o d u l o  1 i s  H e r m a n n  

W e y l ’s  u n i f o r m  d i s t r i b u t i o n  c r i t e r i o n .

T h e o r e m  2 . 1 . 6  ( W e y l  C r i t e r i o n ) .  T he real sequence  ( i n ) “ = 1 is u .d .m o d  1 
i f  a nd  only i f

l i m  - j -  y  e2vihXn — 0  f o r  all in tegers h  ^  0 .  iV—too N  รุ

Proof. S e e  T h e o r e m  2 .1  o f  C h a p t e r  1 i n  [8]. □
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Theorem 2.1.7. L e t the sequence  ( x n ) “ 1 be u .d .m o d  1. T h en  

(i)  the sequence (x n +  a ) £ l 1 is u .d .m o d  1, f o r  every  real co n sta n t a , 

(ท) i f  1 is a sequence w ith  the property

l i m  (x n -  y n) =  a ,71—► oo

where a  is  a real constant, then  ( î / n ) £ l i  is u .d .m o d  1,

( in )  (m X n ) ^ 1 is u .d .m o d  1 fo r  every  nonzero  in teg er  m .

Proof. S e e  L e m m a  1 .1 ,  T h e o r e m  1 .2  a n d  E x e r c i s e  2 . 4  o f  C h a p t e r  1 in  [8 ].

Example 2.1.8. T h e  s e q u e n c e  (ท0 1) “ L;1 i s  u . d . m o d  1 i f  a n d  o n l y  i f  a  i s  a n  i r r a t i o n a l  

n u m b e r .  I f  Oi i s  a n  i r r a t i o n a l  n u m b e r ,  t h e n

Nt:71—  1

‘l'ixihnct n2 irihN a - 1 |

<

I g 2 n ih a    ^1

\ / r  — c o s  2 T fh N a  
s j \  — c o s  27r h a

V 2

<
V  2  s i n 2 n h a  

1 7 ^ 0I sin7rho:|
f o r  a l l  i n t e g e r s  h  7  ̂ 0 ; h e n c e  Jj J2n= 1 e 27r̂ " a  —> 0  a s  iV  —>■ ๐ 0  s i n c e  s i n  7rh a  7  ̂ 0  f o r  a l l  

i n t e g e r s  h  ะ  ̂ 0 .  I f  a  i s  a  r a t i o n a l  n u m b e r ,  s a y  a  — I  w h e r e  a  a n d  b a r e  r e l a t i v e l y  p r i m e ,  

t h e n  { { ๆ f }  ะ ท  G N }  =  { 0 ,  | , . . . ,  ^ - } ,  w h i c h  i s  f i n i t e ,  a n d  s o  (n a )(f=1 c a n n o t  b e

u . d . m o d  1 b y  ( 3 )  o f  R e m a r k  2 .1 .2 .
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E x a m p l e  2 . 1 . 9 .  T h e  c o n v e r s e  o f  R e m a r k  2 . 1 . 2  ( 2 )  i s  n o t  n e c e s s a r i l y  t r u e .  T h e  

s e q u e n c e  ( l o g n ) ^ L 1 i s  n o t  u . d . m o d  1 , b u t  t h e  s e q u e n c e  ( { l o g n } ) £ L 1 i s  d e n s e  i n  [ 0 , 1 ) .  

N o t e  t h a t  f o r  e a c h  n o n n e g a t i v e  i n t e g e r  h,

T h u s ,  JV Y ln= i  e 27rilog" d o e s  n o t  t e n d  t o  0 ,  a n d  s o  t h e  s e q u e n c e  ( l o g n ) £ L 1 i s  n o t  

u . d .m o d  1 . H o w e v e r ,  w e  o b s e r v e  t h a t  t h e  s e q u e n c e  ( { l o g n } ) £ L j  i s  d e n s e  in  [ 0 , 1 ) .  T o  

s e e  t h i s ,  l e t  0  <  a < b <  1 . S i n c e  en (eb — ea) —►  o o  a s  ท —> ๐ ๐ ,  t h e r e  i s  a n  i n t e g e r  

k  s u c h  t h a t  ea+k — eb+k >  1 . T h u s ,  t h e r e  i s  a n  i n t e g e r  ท s u c h  t h a t  ea+k < ท < eb+k. 
T h a t  i s  a  +  k  <  l o g n  <  b +  k .  H e n c e ,  a  <  { l o g n }  <  b.

N e x t  , w e  i n t r o d u c e  t h e  V a n  d e r  C o r p u t ’s  D i f f e r e n c e  T h e o r e m .

L e m m a  2 . 1 . 1 0  ( V a n  d e r  C o r p u t ’s  F u n d a m e n t a l  I n e q u a l i t y ) .  L et  น ! , . . . , UN 
be com plex num bers, and H  be an in teg er  w ith  1 <  H  <  N . T hen

N 2*ih  V  2nih

พ -

] y 2 n ih
, b y  t h e  t h e o r y  o f  R i e m a n n  i n t e g r a l .1 +  2  m h

H 2 ^ u n < H ( N  +  H - l ) ^ 2 \ u n \2 +  2 ( N  +  H - 1 )  -  h ) R e  E  u ^ +h,

where R e z  deno tes the real p a r t o f  Z  E c .

Proof. S e e  L e m m a  3 .1  o f  C h a p t e r  1 i n  [8 ]. □



9

T h e o r e m  2 . 1 . 1 1  ( V a n  d e r  C o r p u t ’s  D i f f e r e n c e  T h e o r e m ) .  L et ( x n ) be a g iven  
sequence o f real num bers. I f  fo r  every  p ositive  in teger h  the  sequence ( x n + h ~  xn)£L1 is 
u .d .m o d  1, then  ( x n ) is u .d .m o d  1.

Proof. S e e  T h e o r e m  3 .1  o f  C h a p t e r  1 i n  [8]. □

T h i s  t h e o r e m  y i e l d s  a n  i m p o r t a n t  s u f f i c i e n t  c o n d i t i o n  f o r  u . d .m o d  1 , b u t  n o t  a  

n e c e s s a r y  o n e ,  a s  i s  s e e n  b y  c o n s i d e r i n g  t h e  s e q u e n c e  ( n a ) “ = 1 w i t h  a  i r r a t io n a l .  O n e  

o f  t h e  m a n y  a p p l i c a t i o n s  o f  T h e o r e m  2 . 1 . 1 1  i s  t o  s e q u e n c e s  o f  p o l y n o m i a l  v a lu e s .

T h e o r e m  2 . 1 . 1 2 .  L et p {x )  =  a m x m +  a m- \ x m~ x +  . . .  +  O o , m  > 1, be a po lynom ia l 
w ith  real coefficien ts and let a t least one o f  the coe ffic ien ts Ctj w ith  j  >  0  be irrational. 
T h en  the sequence  (p(n))£L1 is u .d .m o d  1.

Proof. S e e  T h e o r e m  3 .2  o f  C h a p t e r  1 i n  [8 ]. □

2.2 Applications
I n  t h i s  s e c t i o n ,  w e  p r e s e n t  s o m e  r e s u l t s  in  t h e  t h e o r y  o f  p o w e r  s e r i e s  w h i c h  a r e  d e d u c e d  

f r o m  t h e  f a c t  t h a t  s e q u e n c e s  ( n a ) “ L 1 w i t h  i r r a t i o n a l  a  a r e  u . d . m o d  1 . T h e  n e x t  t w o  

t h e o r e m s  a r e  s l i g h t  e x t e n s i o n s  o f  T h e o r e m  1 a n d  2  o f  N e w m a n  [1 6 ] .

T h e o r e m  2 . 2 . 1 .  L et a  and  (3 be real num bers, a nd  le t g be a p o lyno m ia l over c  o f  
positive  degree. D efine

G {x) =  2 2 ,9  ([na  +  (3])xn .

T hen  G (x ) is a ra tiona l fu n c tio n  i f  and  only i f  a  is a ra tio n a l num ber.
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Proof. T h e  p r o o f  i s  b a s e d  o n  t h e  f o l l o w i n g  a u x i l i a r y  r e s u l t :  L e t  a  b e  a n  i r r a t i o n a l  

n u m b e r ,  a n d  l e t  ร  b e  a  f i n i t e  s e t  o f  n o n i n t e g r a l  r e a l  n u m b e r s .  T h e n  t h e r e  a r e  i n f i n i t e l y  

m a n y  p o s i t i v e  i n t e g e r s  m  s u c h  t h a t

[{m a  +  P } +  ]ๆ — [ๆ } f o r  a l l   ๆ E ร  ( 2 . 2 .1 )

a n d  a l s o  i n f i n i t e l y  m a n y  p o s i t i v e  i n t e g e r s  ท  s u c h  t h a t

[{ทa  +  p } +  ]ๆ =  1 + [ๆ ] f o r  a l l   ๆ E ร. ( 2 . 2 .2 )

O b s e r v e  t h a t  ( 2 . 2 .1 )  i s  e q u i v a l e n t  t o

0  <  { m a  +  P }  +  {ๆ} <  1 f o r  a l l  ๆ E s ,

a n d  t h a t  ( 2 . 2 .2 )  i s  e q u i v a l e n t  t o

0  <  {ทa  +  P } +  {ๆ} — 1 <  1 f o r  a l l   ๆ E ร.

T h e s e  r e l a t i o n s  f o l l o w  e a s i l y  f r o m  t h e  f a c t  t h a t  t h e  s e q u e n c e  {ทa  +  P ) ^ = 1 i s  u . d . m o d  

1 o r  i n  f a c t  f r o m  t h e  p r o p e r t y  t h a t  t h e  s e q u e n c e  ({ท a  +  P D fp i  i s  e v e r y w h e r e  d e n s e  

i n  [ 0 , 1 ) .

N o w  w e  t u r n  t o  t h e  p r o o f  o f  t h e  t h e o r e m .  L e t  a  b e  i r r a t i o n a l .  I f  G ( x ) w e r e  

r a t i o n a l ,  t h e n  p o l y n o m i a l s  A ( x ) a n d  B ( x ) ,  o f  d e g r e e s  a >  1 a n d  b, r e s p e c t i v e l y ,  

w o u l d  e x i s t  s u c h  t h a t  G {x) — B { x ) /A { x ) .  A s s u m e  t h a t

A {x )  =  x a —  C \xa~ l — • • • — c a _  iX  — CQ.

F r o m  A ( x ) G ( x )  =  B ( x )  i t  f o l l o w s ,  b y  e q u a t i n g  c o r r e s p o n d i n g  c o e f f i c i e n t s  o f  x n + a , 

t h a t
a

g ([n a  +  P]) =  ^ 2 9{[n a  +  p  +  ra])Cr fo r  ท  >  m a x { 0 ,  b — a  +  1 } .
r =  1

( 2 . 2 .3 )
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S i n c e  g  i s  a  p o l y n o m i a l  o f  d e g r e e  p  >  1 , w e  h a v e

g ([ทa  +  เ3 +  r a j)  [ทa  +  /3 +  ra ]p
ท ™  g ( \n a  +  (3]) =  ท ™  [na +  p]p ’

s o  t h a t  ( 2 . 2 .3 )  i m p l i e s

C\ +  C2 +  • • • +  ca =  1.

M o r e o v e r ,  ( 2 . 2 .3 )  a n d  ( 2 . 2 .4 )  i m p l y

^ ( ฐ ( [n e t  +  P  +  r a ] ) -  g ([ทa  +  0 ]))cr =  0 .
T —  1

( 2 .2 .4 )

( 2 .2 .5 )

W e  h a v e  [n et +  เ3 +  ra]  =  [ { n e t  +  เ3} +  ra]  +  [n a  +  เ3], a n d  s o

g {k) ( [ท  a  +  P])g ([n a  +  P +  ra]) -  g {[n a  +  /? ]) =  :
k = 1 fc! [ { n e t  +  P }  +  r c t ]A

T h e r e f o r e ,  a f t e r  m u l t i p l y i n g  b o t h  s i d e s  o f  t h i s  l a s t  e q u a l i t y  b y  cr a n d  s u m m i n g  f r o m  

r  =  1 t o  r  =  a  , f o r  l a r g e  ท  o n e  o b t a i n s  u s i n g  ( 2 . 2 .5 ) ,

^ [ { n e t  +  /? }  +  ra ]cr +  Y ,  s  k \ J ( \ Z  +  %  ^ n a  +  ^ +  r a ^ Cr =  ° -  ( 2 -2 ’6 )

F o r  p  =  1 t h e  l a s t  s u m  o n  t h e  l e f t  o f  ( 2 . 2 .6 )  i s  e m p t y ,  a n d  i f  p  ^  2 ,  w e  h a v e  

1. g {k)([na  +  P]) 1
ท-K »  g '([ทa  +  0] 

S o  w e  h a v e

-[{n a  +  (3} +  ra ]k =  0  f o r  2 < k < p  a n d  1 <  r  <  a.

a
l i m  y ^ [ { n c t  +  /? }  +  ra]cr =  0 .

ท—►๐๐ — Jr—1
( 2 .2 .7 )

T h e  n u m b e r s  r e t  in  ( 2 . 2 .7 )  a r e  n o t  i n t e g e r s .  T h u s ,  a c c o r d i n g  t o  t h e  a u x i l i a r y  r e s u l t  

a n d  ( 2 . 2 .7 )  w e  c a n  f in d  i n t e g e r s  m  a n d  ท  s u c h  t h a t  t h e  e x p r e s s i o n s
a  a

y ^ [ { m c t  +  (3} +  r e tje y  =  y ^ [ r o : ] c r
r = 1 r = l
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a n d

+  0 }  +  ra]cr — 5 Z ( 1  +  M  )Cr
r = l  r = l

d i f f e r  f r o m  0  a s  l i t t l e  a s  w e  p l e a s e ,  w h i c h  c o n t r a d i c t s  ( 2 . 2 . 4 ) .  I n  t h i s  w a y ,  i t  i s  s h o w n  

t h a t  i f  a  i s  i r r a t i o n a l ,  G (x )  i s  n o t  a  r a t i o n a l  f u n c t i o n .

N o w  a s s u m e  t h a t  a  i s  r a t i o n a l .  S e t  a  — c /d ,  w h e r e  c  a n d  d  a r e  i n t e g e r s  w i t h  

d  >  0 . A p p l y i n g  t h e  d i v i s i o n  a l g o r i t h m ,  w e  h a v e  ท  =  m d  +  r  w i t h  0  <  r  <  d — 1 , a n d  

s o

n a  +  /? =  ^ + / 3 (m d  +  r )c  _ rc- ....  d +  P  =  m c + - J -  +  P

N o w

m d + r

s o  t h a t  [ทa  +  P] =  m e  + [ ^ + / ? ] -  T h e n

G ' (ร )  =  ^ 2 g ( [ n a  +  p ] )x

= ( m c  + [ Td + f 3 ) ) x

= g g g gW( [ f 1 ( ^ ) ^
r = 0  m = 0 k = 0 
d — 1 p

t k) ( l i +ฟ ึ) £
m = 0

m fex m d.
r = 0  fc=0

ร"*'*■ - (* é )
i s  r a t i o n a l ,  a n d  s o  i t  i s  s h o w n  t h a t  G (x )  i s  r a t i o n a l .

Remark 2 . 2 . 2 .  T h e r e  i s  a n o t h e r  r e s u l t  w h i c h  i s  g i v e n  b y  M e i j e r  [1 0 ] .  H e  p r o v e d  t h a t  

i f  a  €  R ,  k  £  z + a n d  g ( x ) i s  a  p o l y n o m i a l  o v e r  c ,  t h e n  t h e  s e r i e s

{[an 1ๆ ) x n

r e p r e s e n t s  a  r a t i o n a l  f u n c t i o n  o f  X  i f  a n d  o n l y  i f  a: i s  a  r a t i o n a l  n u m b e r .
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T h e o r e m  2 . 2 . 3 .  L et a  G R + and  /3 G R .  L et

F ( x )  =  J 2 x[ta+®-

T h en  F ( x ) is a ra tiona l fu n c tio n  i f  and  only i f  a  is rational.

Proof. S i n c e  a  G M + , t h e r e  i s  a  p o s i t i v e  i n t e g e r  t o  s u c h  t h a t  t a p  (3 >  0 f o r  a l l  p o s i t i v e  

i n t e g e r s  t  >  t o -  T h u s

N o w  F ( x )  i s  r a t i o n a l  i f  a n d  o n l y  i f  J2 tlto  ^ ta+^  i s  r a t i o n a l .  T h e r e f o r e ,  w i t h o u t  l o s s  

o f  g e n e r a l i t y ,  w e  m a y  a s s u m e  t h a t  t a  +  (3 >  0  f o r  e v e r y  p o s i t i v e  i n t e g e r  t .

(=>) S u p p o s e  t h a t  a  i s  i r r a t io n a l .  L e t  X  ( ท )  b e  t h e  n u m b e r  o f  s o l u t i o n s  o f  ท — [ta+/3] 
i n  p o s i t i v e  i n t e g e r s  t .  T h e n  F (x )  — L o X ( n ) x n .
C a s e  1. Vf G z+, t a  +  P ^  Z.

L e t  IV b e  a  n o n n e g a t i v e  i n t e g e r  s u c h  t h a t  N  > (3.
T h e n  f o r  ท > N ,  X (ท )  i s  t h e  n u m b e r  o f  i n t e g e r s  t  s a t i s f y i n g  ท — /3 < t a <  ท +  1 — /? ,

C a s e  2. 3 k  G z + , k a  +  (3 =  l w h e r e  l G z + บ {0}.

T h e n  (3 — l — k a .  T h u s ,  V f G z + \  { k } ,  t a  +  /3 — t a  +  I — k a  =  ( t  — k ) a  +  I ^  Z .

T h i s  i m p l i e s  t h a t  k  i s  t h e  o n l y  p o s i t i v e  i n t e g e r  s u c h  t h a t  k a  +  (3 G Z .

N o w ,  l e t  M  b e  a  p o s i t i v e  i n t e g e r  s u c h  t h a t  M  >  m a x { / 3 ,  k a  +  / ? } .  T h e n  fo r

ท  >  M ,  X (ท) i s  t h e  n u m b e r  o f  i n t e g e r s  t  s a t i s f y i n g  ท — (3 < t a  <  n  +  1 — เ3] h e n c e ,

F (x )  =  ^ x [ta+p] +  Y ^ x[ta+f3]-

a n d  s i n c e  V f  G z+, t a  +  (3 Z ,  X ( ท )  =  _  p = £ ]  5 a n d  t h e r e f o r e

X ( ท )  ะ=  [n+1~p ] -  p ^ ] ,  a n d  t h e r e f o r e
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I n  a n y  c a s e

F ( x )  =  5 3  X (n )xTl +  5 5  (
ท  +  1 — P n  — P x n f o r  s o m e  K  G Z .

N o t e  t h a t
ท +  1 -  P n  — P

a a
1 — X 1( ร !

x n

r  > K - p

N o w ,

K - 155 x  (ท )  x n +
ทะ= 0

1 — X Ë
. 71=0

n

F ( x )  =

P K  r

- E
ท= 0

ท — P
a

K - P
X K .a  J  Oi _

A c c o r d i n g  t o  t h e o r e m  2 . 2 . 1 ,  o [n ( a )  — f ] ® "  i s  n ° t  a  r a t i o n a l  f u n c t i o n ,  a n d  h e n c e  

F ( x )  i s  n o t  a  r a t i o n a l  f u n c t i o n .

( 4 = )  S u p p o s e  t h a t  a  i s  r a t i o n a l .  W r i t e  a  =  c /d  w i t h  p o s i t i v e  i n t e g e r s  c  a n d  d. T h e n ,  

u s i n g  t  =  m d  +  r  w i t h  0  <  r  <  d — 1 , w e  h a v e

+  F ( x )  =  5 3  :, [ t o + /3 ]

[m c+ rc/d+เ:3]

r = 0  m = 0

c+[rc/d+/3]
d —1 ๐๐

=5 £
= 53 x[rc/<i+/3] • 53 (xc)m

r = 0  m = 0

=  Ÿ ^ x [rc/d+P] . ( 1 _  2;ๆ - !

ร , , - , § [rc/d+/3]
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s o  t h a t  F ( x )  i s  r a t i o n a l .

N e x t ,  w e  g i v e  a n d  p r o v e  a n o t h e r  r e s u l t .

T h e o r e m  2 . 2 . 4 .  L et a , p  be real num bers a n d  f ,  g p o lyno m ia ls  over  c  o f p ositive  
degrees. D efine

I f  G (x )  is a ra tiona l fu n c tio n , then  a  is a ra tio na l num ber.

Proof. L e t  a  b e  i r r a t i o n a l .  I f  G {x)  w e r e  r a t i o n a l ,  t h e n  p o l y n o m i a l s  A (x )  a n d  B ( x ) ,  o f  

d e g r e e s  a >  1 a n d  b, r e s p e c t i v e l y ,  w o u l d  e x i s t  s u c h  t h a t  G (x )  =  B { x ) /A { x ) .  A s s u m e  

t h a t  A ( x )  =  x a — C ix a _ 1  — . . .  — c a_ iX  — ca. P r o m  A { x ) G (x )  — B ( x ) i t  f o l l o w s ,  b y  

e q u a t i n g  c o r r e s p o n d i n g  c o e f f i c i e n t s  o f  x n+a w h e r e  ท > a  +  b, t h a t

S i n c e  / ,  g  a r e  p o l y n o m i a l s  o f  p o s i t i v e  d e g r e e s  ,

l i m  +  =  l i m  „ f ( l n °  +  /?1) 1,
ท — * oo f  [[ทa  +  p \)  n-+°° g {[ทa  +  p  +  r a j )

H e n c e

l i m  n a  +  P  +  r a I) _  Ji m  f  ([ทa  + p  +  r a ] ) g ( [ n a  + P ] )  
n ^ ° °  ( j ) ( [ n a  +  P}) n ™ 0 f ([ท0 เ +  P ])g{[na  +  p  +  r a ] )

=  1 f o r  e a c h  r  — 1 , . . . ,  a,

s o  t h a t  ( 2 . 2 .8 )  i m p l i e s

C\ +  C2 +  . . .  +  c a =  1. ( 2 . 2 .9 )

ปี:’2 0 4 ฯ /1 ^ ' 8 า
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M o r e o v e r ,  ( 2 . 2 .8 )  a n d  ( 2 . 2 .9 )  i m p l i e s

y  ^ 0  ([na + ^ + ra \) _ ^ 0  ([na +  /? 0  c r = 0 . (2 .2 .1 0)

N o t e  t h a t  [ n a  +  P  +  r a ]  =  [ { n a  +  P }  +  r a ]  +  [ n a  +  /3]. B y  T a y l o r ’s  T h e o r e m ,  f o r  e a c h  

l a r g e  i n t e g e r  ท , t h e r e  i s  a  r e a l  n u m b e r  cn<r b e t w e e n  [ n a  +  / l ]  a n d  [ n a  +  p  +  r a ]  s u c h  

t h a t

0  ( [ n a  +  / 3 +  r a ] )  — 0  ) ( [ n a  +  P])

( £ ) ' j n a  +  m
- [ { n a  +  P } +  r a ]  + ( ร )  ( c "-r ) [ { n a  +  /? }  +  r a ] 2 .1! Ll ^  J 2!

T h e r e f o r e ,  a f t e r  m u l t i p l y i n g  b o t h  s i d e s  o f  t h i s  l a s t  e q u a l i t y  b y  Cr a n d  s u m m i n g  f r o m  

r  =  1 t o  a , f o r  l a r g e  ท  o n e  o b t a i n s  u s i n g  ( 2 . 2 .1 0 ) ,

0  =  y  [ { n a  +  P } +  ra]cr +  y
r = 1 r = 1

( ร )  ( Cn’r )
=1 2! ( £ )  ( [ n a  +  p\)

[ { ท  a  +  P }  +  ra]2Cr. ( 2 . 2 .1 1 )

N o t e  t h a t  f o r  e a c h  r  =  1 , . . . ,  a ,

lim 7
( f )  « ™  +  /? ])

=  0

s i n c e  Cntr  i s  b e t w e e n  [ทa  +  /3] a n d  [ท a  +  p +  ra]  ( w e  s e e  t h a t  [ทa  +  p  +  ra )  — [ทa  +  P] =
( i ) \ x )  0 , ,[ { n a  +  /ฮ }  +  r a ] )  a n d  h /  . i s  i n  t h e  f o r m  w h e r e  p ( x )  h a s  d e g r e e  <  4 j  +  l — 1
( g )

a n d  q (x )  h a s  d e g r e e  4 j  + 1 w h e r e  j  i s  t h e  d e g r e e  o f  g  a n d  l i s  d e g r e e  o f  t h e  n u m e r a t o r  

p o l y n o m i a l  o f  ( ^ )  . N o w ,

( ร )  ( Cn*r )l i m
>! ( f )  ( [ n a  +  p])

[{ทa + p} + ra\z ะ= 0 for r = l,2, . . . , a .
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T h u s ,  b y  ( 2 . 2 .1 1 )  w e  h a v e

l i m  y  [ { n o  +  เ3} +  m ] c r =  0 .  ( 2 . 2 .1 2 )ท—>0๐ —Jr = 1

T h e  n u m b e r s  r a  i n  ( 2 . 2 .1 2 )  a r e  n o t  i n t e g e r s .  T h u s ,  a c c o r d i n g  t o  ( 2 . 2 .1 2 )  a n d  t h e  f a c t  

t h a t  t h e  s e q u e n c e  (ทa  +  1 i s  u . d . m o d  1 , w e  c a n  f in d  i n t e g e r s  m  a n d  ท  s u c h  t h a t

t h e  e x p r e s s i o n s
a  a  a  a

y  [{m a  +  P }  +  ra ]cr =  y  [ra]cT a n d  y ]  [ { n o ;  +  (3} +  ra ]c r =  y  (1  +  M ) c r
r = 1 r = 1 r = 1 r =  1

d if f e r  f r o m  0  a s  l i t t l e  a s  w e  p l e a s e ,  w h i c h  c o n t r a d i c t s  ( 2 . 2 . 9 ) .  I n  t h i s  w a y ,  i t  i s  s h o w n  

t h a t  i f  a  i s  i r r a t i o n a l ,  G (x )  i s  n o t  a  r a t i o n a l  f u n c t i o n .  □

2.3 The M ultidim ensional Case
I n  t h i s  s e c t i o n ,  w e  d i s c u s s  t h e  c o n c e p t  o f  u n i f o r m  d i s t r i b u t i o n  m o d u l o  1 i n  m u l t i d i 

m e n s i o n a l  c a s e .  A l l  o f  t h e  f o l l o w i n g  r e s u l t s  c a n  b e  f o u n d  i n  [8] .

D e f i n i t i o n  2 . 3 . 1 .  L e t  m  b e  a  p o s i t i v e  i n t e g e r .  L e t  ( X n ) ^ !  =  ( ( x i ( n ) ,  X2 ( n ) , . . . ,  ( ท ) ) ) ^ L 1

b e  a  s e q u e n c e  i n  ]Rm . T h e  s e q u e n c e  ( x n )^ L 1 i s  s a i d  t o  b e  u n ifo rm ly  d istribu ted  
m odulo 1 ( a b b r e v i a t e d  u . d . m o d  1 )  i n  R m i f  a n d  o n l y  i f  V [ a i , f > i )  Ç  [0 , l ) V [ d 2 , b2) Q
[0 , 1 ) . . .  v [ a m , bm ) Ç  [0 , 1 ) ,

^ m
l i m  —  • I{ท <  N  : {X i(n )}  e  [di,bi) f o r  a l l  i  — 1 , 2 , . . .  ,m } \  =  T T (bi -  di).

N —too TV . ~

W e  a l s o  h a v e  t h e  W e y l  c r i t e r i o n  i n  t h e  m u l t i d i m e n s i o n a l  c a s e .
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T h e o r e m  2 . 3 . 2  ( W e y l  C r i t e r i o n ) .  A  sequence (Xn)n ;L i =  ( ( x i ( ท ) ,  X2 ( ท ) , . . . ,  ( ท ) ) ) £ 1 1

is u .d .m o d  1 in  R m i f  and only i f  fo r  every  ( h i , . . . ,  h m) €  zm , ( h i , . . . ,  h m ) ^

ljm  1 y ^ e 2 « (fc 1* i(n )+ ...+ fcmx m(ท)) _ Q
TV—>๐0 N  ^

Proof. S e e  T h e o r e m  6 .2  o f  C h a p t e r  1 i n  [8 ]. □

C o r o l l a r y  2 . 3 . 3 .  A  sequence  (æ n ) ^ =1 =  ((cc 1 ( ท ) ,  X 2  ( ท ) , . . .  1 x m ( ท ) ) ) ท = 1 i s  u .d .m o d  
1 in  R m i f  a n d  only i f  fo r  every ( h i ,..., hm) e zm, ( h i , ..., h m ) 7  ̂ ( 0 , ..., 0 ) ,  the  
sequence o f  real n um ber (h iX i(n )  + ... + h mx m (n))%L1 is u .d .m o d  1.
Proof. S e e  T h e o r e m  6 .3  o f  C h a p t e r  1 i n  [8 ]. □

T h e o r e m  2 . 3 . 4 .  L et 1 ,0 1 , . . .  ,6 m are linearly ind ep en d en t o ver the ra tio n a l num bers, 
th en  the  sequence ((ท9i, ท02, . . . ,  n6m ) ) ^ - i  is  u .d .m o d  1 in  R m .

Proof. S e e  E x a m p l e  6 .1  o f  C h a p t e r  1 i n  [8 ]. □

T h e o r e m  2 . 3 . 5 .  L e t p (x )  =  ( p i ( x ) , . . .  ,P m (x )) , where a l lp i ( x )  are real po lynom ia ls , 
a nd  suppose p ( x )  has the property th a t fo r  each (h i, fi2, . ■., h m ) € zm, ( h i , . . . ,  h m ) f  
( 0 , . . . ,  0 ) ,  the po lyno m ia l h ip i( x )  +  ti2P2 (x )  + . . .  +  h mp m (x) has a t least one n o n co n 
s ta n t te rm  w ith  irra tiona l coefficient. T h en  the sequence  ( p ( x ) ) ^ L 1 =  ( ( p i ( x ) , . . .  ,P m ( x ) ) )% L i  

is u .d .m o d  1 in  R m .

Proof. S e e  T h e o r e m  6 .4  o f  C h a p t e r  1 i n  [8]. □



2.4 Uniform Distribution of Integers
I n  t h i s  s e c t i o n ,  w e  i n t r o d u c e  t h e  c o n c e p t  o f  u n i f o r m  d i s t r i b u t i o n  o f  i n t e g e r s .
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D e f i n i t i o n  2 . 4 . 1 .  L e t  ( a „ ) ^ =1 b e  a  s e q u e n c e  o f  r a t i o n a l  i n t e g e r s  a n d  m  a  p o s i t i v e  

i n t e g e r >  2 . T h e  s e q u e n c e  ( a n ) £ L 1 i s  s a i d  t o  b e  uniformly distributed modulo m 
( u . d . m o d  m )  i f  a n d  o n l y  i f  f o r  e a c h  j  =  0 , 1 , 2 , . . . ,  m  — 1 ,

lim - | { n  < N  : an = j(mod m)}| =  3  ,N—*0๐ iV m
a n d  ( a „ ) £ L 1 i s  s a i d  t o  b e  uniformly distributed in  z  ( u .d .  i n  z )  i f  ( a „ ) £ L 1 i s  u . d . m o d  

m  f o r  e v e r y  i n t e g e r  m  >  2 .

E x a m p l e  2 . 4 . 2 .  L e t  m  b e  a  p o s i t i v e  i n t e g e r  g r e a t e r  t h a n  1 . T h e  s e q u e n c e  ( i n ) *  1 ะ=  

0 , 1 , . . .  , m  — 1 , 0 , 1 , . . .  ,771 — 1 , . . .  i s  u . d .m o d  m . T o  s e e  t h i s ,  l e t  j  €  { 0 , 1 , . . . ,  m  — 1 } .  

L e t  N  b e  s u f f i c i e n t l y  l a r g e  i n t e g e r .  W r i t e  N  =  a m + b  w h e r e  a  €  z +  a n d  0  <  b < m —1. 
T h e n

^ N ~  =  N - N ' \ { n - N : X n ~  j{ m o d  m ) } l  -
a  + 1  N  — b +  m  

N  ^  r n N

T h e r e f o r e

1  -  1i111 N ~ b
m  N-*๐0  m N

<  l i m i n f  - I{ ท  <  N  : x n =  j ( m o d  m ) } |N—too Jy
<  l i m s u p  ■ -̂ • I{ ท  < N  : x n =  j ( m o d  m ) } I

i V —* 0 ๐  J V

<  J i mN—Too
N  — b +  m  

m N
1

m
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T h e n

l i m  -ๆ: ■ \ { n  < N  : x n =  j ( m o d  m )} \  =  —  .
N —*๐0 N  171

H e n c e ,  (Xn)™-1 i s  u .d .  m o d  m .

M o r e o v e r ,  t h e  s e q u e n c e  (yn)n=1 =  0 , 1 , 2 , 3 , 4 , . . .  i s  u . d .  i n  z  s i n c e  f o r  e a c h  p o s i t i v e  

i n t e g e r  m  >  1 , x n =  y n (m od  m )  f o r  e v e r y  p o s i t i v e  i n t e g e r  ท.

T h e  f o l l o w i n g  t h e o r e m  i s  a  W e y l  C r i t e r i o n  f o r  u . d . m o d  m .  T h i s  T h e o r e m  w a s  f i r s t  

p r o v e d  b y  U c h i y a m a  [1 8 ].

T h e o r e m  2 . 4 . 3 .  L e t  ( a n ) “ _ 1 be a sequence o f  in tegers. A  necessary and  su ffiec ien t 
cond ition  th a t be u .d .m o d  m  is tha t

dim N  ^ 2 e 2vihan/m =  0 f o r  a ll h  =  1 ,2 , . . .  , m  -  1.

Proof. S e e  T h e o r e m  1 .2  o f  C h a p t e r  5  i n  [8 ]. □

C o r o l l a r y  2 . 4 . 4 .  A  necessary and su ffic ien t con d itio n  tha t  ( a n ) ^ . 1 be u .d .m o d  7L is 
tha t

1 A^ lim  —  e 2 v i t a ■ท =  Q  J0 r a ll ra tio na l n um bers t  E  z .

Proof. S e e  C o r o l l a r y  1 .1  o f  C h a p t e r  5  i n  [8 ]. □

T h e o r e m  2 . 4 . 5 .  I f  a sequence o f  in tegers is  u .d .m o d  m  and  i f  k \m  and  , k >  2, th en  
the sequence is also u .d .m o d  k.

Proof. S e e  E x e r c i s e  1 .1  o f  C h a p t e r  5  i n  [8 ]. □
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T h e o r e m  2 . 4 . 6 .  L et (x n)%L1 be a sequence o f  real n um bers such  th a t the sequence  
( x n /m ) ^ L 1 is u .d .m o d  1 fo r  all in tegers m >  2 .  T h en  the sequence  ([a;n ] ) £ L 1 o f integral 
p a rts  is u .d . in  z.
Proof. S e e  T h e o r e m  1 .4  o f  C h a p t e r  5  i n  [8 ]. □

T h e o r e m  2 . 4 . 7 .  L et f ( x )  =  ctkXk +  +  . . .  +  Oi\x +  cto be a p o lyno m ia l over
R  w ith  a t least one o f  the coeffic ien ts a i, i  >  1 ,  being irra tiona l. T h en  the sequence

([/(n)])£°=i i s  u - d - i n  z -
Proof. S e e  E x a m p l e  1 .1  o f  C h a p t e r  5  i n  [8 ]. □

W e  e n d  t h i s  s e c t i o n  b y  p r e s e n t i n g  t h e  c l o s e  r e l a t i o n  b e t w e e n  u . d . m o d  1 a n d  u .d .  

o f  i n t e g e r s .

T h e o r e m  2 . 4 . 8 .  The sequence (x n )^ =1 in  R  is u .d .m o d  1 i f  a n d  only i f  the sequence  
( [ m z n ] ) “ j is u .d .m o d  m  fo r  all in tegers m  >  2 .

Proof. S e e  T h e o r e m  1 .6  o f  C h a p t e r  5  i n  [8 ]. □
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