
THEORY OF RISK AND GARCH MODEL

CHAPTER 4

4.1 T h e  T h e o ry  o f R is k

E x p e c t e d  R a te  o f  R e tu rn  (E (r)): is  t h e  r e tu r n  th a t  i n v e s to r s  e x p e c t  f ro m  th e i r  i n v e s tm e n t .  

E x p e c t e d  r a t e  o f  r e tu r n ,  ( o r  r e q u i r e d  r e tu r n )  d e p e n d  u p o n  t h e  le v e l o f  t h e  r i s k - f r e e  r a t e  a n d  th e  

p e r c e i v e d  r isk  in th e  in d u s t r y  o r  t h e  e c o n o m y .  I n v e s to r s  w o u ld  d e m a n d  h i g h e r  r e tu r n  to  c o v e r  s o m e  

r isk . T h e  in v e s to r s  f a c e  t h e  in h e r e n t  r i s k  o f  n o t  b e in g  a b l e  to  p r e c i s e l y  p r e d i c t  t h e  m a r k e t  i n t e r e s t  

r a t e .  T h is  r isk  a c tu a l ly  is  r e l a t e d  to  f u n d a m e n t a l  v a r i a b l e s ,  a s  t h e  u n d e r ly in g  c o m p a n y ’s  f in a n c ia l  

c o n d i t io n ,  its  p o te n t ia l  e a r n i n g  p o w e r ,  a n d  s o  fo r th . T h e s e  f a c t o r s  a r e  u n i q u e  to  e a c h  c o m p a n y .

R isk  is  t h e  o p p o r tu n i ty  t h a t  t h e  in v e s to r s  w o u ld  n o t  g e t  t h e  r e tu r n  fro m  th e i r  e x p e c t a t i o n .  W e  

c a n  s e p a r a t e  th e  r isk  to  b e  tw o  t y p e s .  O n e  is  c a ll  s y s t e m a t i c  r isk  a n d  th e  a n o t h e r  is  u n s y s t e m a t i c  

r isk .

4 .1 .1  S y s t e m a t i c  R isk : is  t h e  r is k  t h a t  h a p p e n s  fo r  t h e  c h a n g i n g  o f  p o l i t ic a l  e c o n o m y  a n d  

s o c i a l  e c o n o m y .  T h is  r isk  will b e  e f f e c t e d  to  th e  p r i c e  o f  s t o c k  a n d  it is  n o n d i v e r s i f i a b le  o r  

u n a v o i d a b l e .  S y s t e m a t i c  r isk , fo r  e x a m p l e ,  p u r c h a s i n g  p o w e r  r isk , m a r k e t  r isk , p o l i t ic a l  r isk .

4 .1 .1 .1  P u r c h a s in g  P o w e r  R isk : is  t h e  r is k  th a t  c a m e  fro m  d e c l in in g  o f  p u r c h a s i n g  

p o w e r  a s  a  r e s u l t  o f  v a lu e  o f  m o n e y  is  d i s t o r t e d  d u r in g  t h e  in fla tio n  o r  h y p e r - in f la t io n  p e r i o d .  T h e  risk  

f ro m  th is  in v e s tm e n t  is  h ig h  fo r  f ix e d  in c o m e  s e c u r i t i e s .

4 .1 .1 .2  M a rk e t  R isk : is t h e  c h a n g i n g  o f  e c o n o m y ,  p o l i t ic a l ,  w a r  a n d  will m a k e  e f f e c t  

to  th e  p r i c e  o f  s to c k .  I n v e s to r s  s o m e t i m e s  f in d  t h e  m a r k e t  is  il liq u id , s o  th e y  l a c k  o f  t h e  a b i l i ty  to  

d i s p o s e  o f  t h e  in v e s tm e n t  q u ic k ly ,  a t  lo w  c o s t ,  a n d  w i th o u t  h a v in g  to  g iv e  m u c h  o f  p r i c e  c o n c e s s i o n .

4 .1 .1 .3  C o u n tr y  risk : w h ic h  is  t h e  r isk  t h a t  a  g o v e r n m e n t  m ig h t  i m p o s e  r e s t r i c t io n s  

o n  th e  a b il i ty  o f  t h e  in v e s to r  to  r e c e i v e  t h e  full b e n e f i t s  o f  e q u i ty  o w n e r s h ip ,  ( e .g .  t h e  e x p r o p r i a t io n  o f 

c o m p a n y  a s s e t s ,  c u r r e n c y  r e s t r i c t io n s  t h a t  p r e v e n t  t h e  r e c e i p t  o f  d iv id e n d ,  o r  c a p i t a l  c o n t r o l s  t h a t  

lim it t h e  a b il i ty  to  o b t a in  f u n d s  fro m  th e  s a l e  o f  t h e  in v e s tm e n t ) .
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4 .1 .1 .4  C u r r e n c y  risk : ( fo r  fo r e ig n  in v e s to r s ) ,  w h ic h  is  t h e  r isk  t h a t  t h e  c u r r e n c y  in 

w h ic h  th e  s e c u r i t y  is  d e n o m i n a t e d  m a y  fail r e la t iv e  to  th e  in v e s t o r ’s  h o m e  c u r r e n c y .

4 .1 .2  U n s y s te m a t i c  R is k : is  t h e  a v o i d a b l e  r isk  s i n c e  t h e s e  r is k  f a c t o r s  a r e  u n i q u e  to  e a c h  

c o m p a n y .  E a c h  c o m p a n y  h a s  d i f f e r e n c e  f u n d a m e n t a l  f a c t o r s  s u c h  a s  f in a n c ia l  s t r e n g t h ,  m a r k e t  

p o w e r ,  a n d  s o  fo r th . S o m e  r i s k s  a r e  d e s c r i b e d  a s  fo l lo w e d :

4 .1 .2 .1  I n t e r e s t  R a t e  R is k : is  t h e  r isk  t h a t  c a m e  fro m  t h e  c h a n g e d  o f  i n t e r e s t  r a te .  

S t o c k s ,  o r  in d e x  n o r m a lly  d e c r e a s e  w h e n  t h e  i n t e r e s t  r a t e  i n c r e a s e  ( R e v e r s e  r e l a t io n s h ip )  d u e  m a in ly  

to  in v e s to r  w o u ld  r e q u i r e  t h e  h i g h e r  r e tu r n  a s  w ell a s  t h e  r isk  p r e m i u m .  I n v e s to r s  d e m a n d s  e x t r a  

p r e m iu m  a b o v e  th e  r isk  f r e e  r a t e  a s  c o m p e n s a t i o n  fo r  a s s u m i n g  t h e  r isk  o f  e q u i ty  o w n e r s h ip .

4 .1 .2 .2  F in a n c ia l  R isk : w h ic h  is  r e l a t e d  to  th e  w a y  in w h ic h  th e  c o m p a n y  is  f i n a n c e d  

a n d  th e  i m p a c t  o f  f ix e d  f i n a n c in g  c o s t s  o n  th e  to ta l  l e v e r a g e  o f  t h e  firm . It c a n  b e  c a s h  flo w , 

o p p o r tu n i ty  lo s t ,  l iq u id ity  o f  f in a n c ia l ,  lo w  d iv id e n d  p a y m e n t  a n d  s o  o n .  T h o s e  will m a k e  th e  p r i c e  o f  

s t o c k  to  g o  d o w n .

4 .1 .2 .3  M a n a g e m e n t  R is k  ( o r  B u s i n e s s  R isk ) : is  t h e  i n h e r e n t  u n c e r t a i n t y  a s s o c i a t e d  

w ith  th e  e c o n o m i c s  o f  o p e r a t i n g  t h e  b u s i n e s s  in w h ic h  a  p a r t i c u l a r  c o m p a n y  is  e n g a g e d ,  

i n d e p e n d e n t  o f  t h e  w a y  it is f i n a n c e d .  S o m e  e x a m p l e  o f  m a n a g e m e n t  r isk  is  b u s i n e s s  o p e r a t i n g  risk .

4 .2  T h e o ry  o f G e n e ra liz e d  A u to re g re s s iv e  C o n d it io n a l H e te ro s c e d a s t ic ity  ( G A R C H )

A  g e n e r a l i z e d  a u t o r e g r e s s i v e  c o n d i t io n a l  h e t e r o s c e d a s t i c i t y  (G A R C H ) m o d e l ,  r e tu r n s  a r e  

a s s u m e d  to  b e  g e n e r a t e d  b y  s t o c h a s t i c  p r o c e s s  w ith  t im e - v a r y in g  v o la ti lity . I n s t e a d  o f  m o d e l in g  th e  

d a t a  a f t e r  t h e y  h a v e  b e e n  c o l l a p s e d  in to  a  s in g le  u n c o n d i t io n a l  d i s t r ib u t io n ,  a  G A R C H  m o d e l  

i n t r o d u c e s  m o r e  d e t a i l e d  a s s u m p t i o n  a b o u t  t h e  c o n d i t io n a l  d i s t r ib u t io n s  o f  r e tu r n s .  T h e s e  c o n d i t io n a l  

d i s t r ib u t io n s  c h a n g e  o v e r t i m e  in a n  a u t o r e g r e s s i v e  p r o c e s s .

4 .2 .1  V o la tility  C lu s te r in g :

M a n y  f in a n c ia l  t im e  s e r i e s  d i s p l a y  v o la tility  c l u s t e r in g ,  t h a t  is , a u t o r e g e s s i v e  c o n d i t io n a l  

h e t e r o s c e d a s t i c i t y .  E q u ity , c o m m o d i ty  a n d  fo r e ig n  e x c h a n g e  m a r k e t  o f te n  e x h ib i t  v o la ti lity  c l u s t e r i n g  

a t  t h e  d a ily , e v e n  th e  w e e k ly ,  f r e q u e n c y ,  a n d  v o la ti lity  c l u s t e r in g  b e c o m e s  v e r y  p r o n o u n c e d  in in t r a 

d a y  d a t a .  N o te  t h a t  tw o  t y p e s  o f  n e w s  e v e n t s  a r e  a p p a r e n t .  T h e  s e c o n d  v o la ti lity  c l u s t e r i n g  s h o w s  a n  

a n t i c i p a t e d  a n n o u n c e m e n t ,  w itc h  tu r n e d  o u t  to  b e  g o o d  n e w s ;  t h e  M a r k e t  w a s  i n c r e a s in g ly  tu r b u le n t
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b e f o r e  th e  a n n o u n c e m e n t ,  b u t  t h e  l a r g e  p o s i t i v e  r e tu r n  a t  t h a t  t im e  s h o w s  t h a t  p u n t e r s  w e r e  p l e a s e d ,  

a n d  th e  v o la ti lity  s o o n  d e c r e a s e d .  T h e  f i rs t  c l u s t e r  o f  v o la ti lity  in d i c a t e d  t h a t  t h e r e  is  t u r b u l e n c e  in th e  

m a r k e t  fo llo w in g  a n d  u n a n t i c i p a t e d  p i e c e  o f  b a d  n e w s .

S o  v o la ti lity  c l u s t e r in g  im p lie s  a  s t r o n g  a u to c o r r e l a t i o n  in s q u a r e d  r e t u r n s ,  s o  a  s im p l e  

m e t h o d  fo r  d e t e c t i n g  v o la ti lity  c l u s t e r in g  is  to  c a l c u l a t e  th e  f i r s t - o r d e r  a u to c o r r e l a t i o n  c o e f f i c i e n t  in 

s q u a r e d  re tu rn :

V o la tility  c l u s t e r in g
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4 .2 .2  T h e  L e v e r a g e  E ffe c t:

เท e q u i ty  m a r k e t s  it is  c o m m o n ly  o b s e r v e d  th a t  v o la ti lity  is  h i g h e r  in a  fa ll in g  m a r k e t  t h a n  it is  

in a  r i s in g  m a r k e t .  T h e  v o la ti lity  r e s p o n s e  to  a  l a r g e  n e g a t i v e  r e tu r n  is  o f te n  f a r  g r e a t e r  t h a n  it is  to  a  

l a r g e  p o s i t i v e  r e tu r n  o f  t h e  s a m e  m a g n i t u d e .  T h e  r e a s o n  fo r  th is  m a y  b e  th a t  w h e n  th e  e q u i ty  p r i c e  

fa l ls  t h e  d e b t  r e m a i n s  c o n s t a n t  in t h e  s h o r t  t e r m , s o  t h e  d e b t / e q u i t y  ra tio  i n c r e a s e s .  T h e  firm  

b e c o m e s  m o r e  h ig h ly  l e v e r a g e d  a n d  s o  t h e  f u tu re  o f  t h e  firm  b e c o m e s  m o r e  u n c e r t a i n .  T h e  e q u i ty  

p r i c e  t h e r e f o r e  b e c o m e s  m o r e  v o la ti le . T h e  l e v e r a g e  e f f e c t  a s  a  s e c o n d a r y  c a u s e  o f  t h e  im p lie d  

v o la ti lity  s k e w  in e q u i ty  m a r k e t s .  It a l s o  im p l ie s  a n  a s y m m e t r y  in v o la ti lity  c l u s t e r in g  in e q u i t y  m a r k e t s ;  

if v o la ti lity  is  h i g h e r  fo llo w in g  a  n e g a t i v e  r e tu r n  t h a n  it is  fo llo w in g  a  p o s i t i v e  r e tu r n  t h e n  th e  

a u to c o r r e l a t i o n  b e t w e e n  y e s t e r d a y ’s  r e tu r n  a n d  t o d a y ’s  s q u a r e d  r e tu r n  will b e  l a r g e  a n d  n e g a t i v e .

4 .2 .3  T h e  C o n d i t io n a l  M e a n  a n d  C o n d i t io n a l  V a r i a n c e  E q u a t io n s :
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A  s im p l e  l in e a r  r e g r e s s i o n  c a n  p r o v i d e  a  m o d e l  fo r  t h e  c o n d i t io n a l  m e a n  o f a  r e tu rn  p r o c e s s .  

F o r  e x a m p l e ,  in a  f a c t o r  m o d e l  r e g r e s s i o n  th e  e x p e c t e d  v a lu e  o f a  s t o c k  r e tu rn  will c h a n g e  o v e r  t im e , 

a s  s p e c i f i e d  b y  its  r e la t io n s h ip  w ith  th e  m a r k e t  r e tu r n  a n d  a n y  o t h e r  e x p l a n a t o r y  v a r i a b l e s .  T h is  

e x p e c t a t i o n  is  t h e  c o n d i t io n a l  m e a n .  T h e  c l a s s i c a l  l i n e a r  r e g r e s s i o n  m o d e l  a s s u m e s  th a t  th e  

u n e x p e c t e d  r e tu rn  £ 1 , t h a t  is , t h e  e r r o r  p r o c e s s  in th e  m o d e l ,  is  h o m o s c e d a s t i c .  เท o t h e r  w o r d s ,  th e  

e r r o r  p r o c e s s  h a s  a  c o n s t a n t  v a r i a n c e  V (e) = G 2 w h a t e v e r  th e  v a lu e  o f  t h e  d e p e n d e n t  v a r i a b le .  T h e  

f u n d a m e n t a l  i d e a  in G A R C H  is  to  a d d  a  s e c o n d  e q u a t i o n  to  th e  s t a n d a r d  r e g r e s s i o n  m o d e l ;  th e  

c o n d i t io n a l  v a r i a n c e  e q u a t i o n .  T h is  e q u a t i o n  will d e s c r i b e  th e  e v o lu t io n  o f  t h e  c o n d i t io n a l  v a r i a n c e  o f 

t h e  u n e x p e c t e d  r e tu rn  p r o c e s s ,  1/(8,) =  a 2,.

T h e  d e p e n d e n t  v a r i a b le ,  t h e  in p u t  to  G A R C H  v o la ti lity  m o d e l ,  is  a l w a y s  a  r e tu rn  s e r i e s .  T h e n  

a  G A R C H  m o d e l  c o n s i s t s  o f tw o  e q u a t i o n s .  T h e  f irs t is  t h e  c o n d i t io n a l  m e a n  e q u a t i o n .  T h is  c a n  b e  

a n y th in g ,  b u t  s i n c e  th e  f o c u s  o f  G A R C H  is  o n  th e  c o n d i t io n a l  v a r i a n c e  e q u a t i o n .  It is  u s u a l  to  h a v e  a  

v e r y  s im p le  c o n d i t io n a l  m e a n  e q u a t i o n .  M a n y  o f th e  G A R C H  m o d e l s  u s e d  in p r a c t i c e  t a k e  th e  

s i m p l e s t  p o s s i b l e  c o n d i t io n a l  m e a n  e q u a t i o n  rt =  c  +  8 , .  เท th is  c a s e  th e  u n e x p e c t e d  r e tu r n  8 t is  j u s t  

t h e  m e a n  d e v ia t io n  r e tu r n ,  b e c a u s e  t h e  c o n s t a n t  will b e  th e  a v e r a g e  o f  r e tu r n s  o v e r  t h e  d a t a  p e r i o d .  

เท s o m e  c i r c u m s t a n c e s  it is  b e t t e r  to  u s e  a  t im e - v a r y in g  c o n d i t io n a l  m e a n ,  b u t  m u s t  b e  v e r y  c a r e f u l  

n o t  to  u s e  m a n y  p a r a m e t e r s  in t h e  c o n d i t io n a l  m e a n  e q u a t i o n  o th e r w i s e  c o n v e r g e n c e  p r o b l e m s  a r e  

like ly . If t h e r e  is  a  s ig n i f ic a n t  a u to c o r r e l a t i o n  in r e tu r n s  w e  s h o u l d  u s e  a n  a u t o r e g r e s s i v e  c o n d i t io n a l  

m e a n .  If t h e r e  is  a  s t r u c t u r a l  b r e a k ,  w h e r e  t h e  m e a n  r e tu rn  j u m p s  to  n e w  le v e l a l th o u g h  t h e  v o la ti lity  

c h a r a c t e r i s t i c s  o f  t h e  m a r k e t  a r e  u n c h a n g e d ,  t h e n  a  d u m m y  v a r i a b l e  c a n  b e  in c l u d e d  in th e  

c o n d i t io n a l  m e a n .  T h e  s e c o n d  e q u a t i o n  in a  G A R C H  m o d e l  is  t h e  c o n d i t io n a l  v a r i a n c e  e q u a t i o n .

4 .2 .4  A  S u r v e y  o f  U n iv a r ia te  G A R C H  M o d e ls :

T h e r e  a r e  m a n y  d i f f e r e n t  t y p e s  o f  G A R C H  m o d e l s  h a v e  b e e n  p r o p o s e d  in th e  a c a d e m i c  

l i te r a tu r e ,  b u t  n o t  all h a v e  f o u n d  g o o d  p r a c t i c a l  a p p l i c a t i o n s .  T h e  f irs t a u t o r e g r e s s i v e  c o n d i t io n a l  

h e t e r o s c e d a s t i c i t y  (A R C H ) m o d e l ,  in t r o d u c e d  b y  E n g l e 1 2 ( 1 9 8 2 ) ,  w a s  a p p l i e d  to  e c o n o m i c  d a t a .  F o r  

f in a n c ia l  d a t a  it is  m o r e  a p p r o p r i a t e  to  u s e  a  g e n e r a l i z a t io n  o f  th is  m o d e l ,  t h e  s y m m e t r i c  G A R C H  

in t r o d u c e d  b y  B o l l le r s le v 2 (1 9 8 6 ) .  F o llo w in g  th is  v e r y  m a n y  d i f f e r e n t  G A R C H  m o d e l s  h a v e  b e e n

1 R. Engle, “Autoregressive Conditional Heteroskedasticity with Estimates of the Variance of U.K. Inflation,’'
Econometrica 50 (1982), pp. 987-1008.

2 Tim Bollerslev, “Generalized Autoregressive Conditional Heteroskedasticity,” Journal of Econometrics 31
(1986), pp. 307-327.
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d e v e l o p e d ,  n o t a b ly  t h e  e x p o n e n t i a l  IG A R C H  m o d e l ,  o n e  o f  t h e  f irs t a s y m m e t r i c  G A R C H  m o d e l s  to  b e  

i n t r o d u c e d .

T h e  A R C H  (p )  p r o c e s s  c a p t u r e s  th e  c o n d i t io n a l  h e t e r o s c e d a s t i c i t y  o f  f in a n c ia l  r e tu r n s  b y  

a s s u m i n g  t h a t  t o d a y ’s  c o n d i t io n a l  v a r i a n c e  is  a  w e i g h t e d  a v e r a g e  o f  p a s t  s q u a r e d  u n e x p e c t e d  

r e tu r n :

๙ 1 =  a 0 +  a ,  + ร 2, 1 +  . . .  + a p +  s 2, p

If a  m a jo r  m a r k e t  m o v e m e n t  o c c u r r e d  y e s t e r d a y ,  t h e  d a y  b e f o r e  o r  u p  to  p  d a y s  a g o ,  t h e  

e f f e c t  will b e  to  i n c r e a s e  t o d a y ’s  c o n d i t io n  v a r i a n c e  b e c a u s e  all p a r a m e t e r s  a r e  c o n s t r a i n e d  to  b e  

n o n - n e g a t i v e  ( a n d  a 0 is  c o n s t r a i n e d  to  b e  s t r ic t ly  p o s i t i v e ) .  It m a k e s  n o  d i f f e r e n c e  w h e t h e r  th e  

m a r k e t  m o v e m e n t  is  p o s i t i v e  o r  n e g a t i v e ,  s i n c e  all u n e x p e c t e d  r e t u r n s  a r e  s q u a r e d  o n  t h e  r i g h t - h a n d  

s i d e .

A R C H  m o d e l s  a r e  n o t  o f te n  u s e d  in f in a n c ia l  m a r k e t  b e c a u s e  th e  s im p l e  G A R C H  m o d e l s  

p e r f o r m  s o  m u c h  b e t t e r .  เท f a c t  t h e  A R C H  m o d e l  w ith  e x p o n e n t i a l l y  d e c l in in g  la g  is  e q u i v a l e n t  to  a  

G A R C H  (1 ,1 )  m o d e l ,  s o  th e  G A R C H  p r o c e s s  a c tu a l ly  m o d e l s  a n  in fin ite  A R C H  p r o c e s s ,  w ith  s e n s i b l e  

c o n s t r a i n t s  o n  A R C H  (p )  m o d e l s  to  G A R C H  (1 ,1 )  a s  i n c r e a s e s  is  i l lu s t r a t e d .

A s  t h e  la g  i n c r e a s e s  in a n  A R C H  m o d e l  it b e c o m e s  m o r e  d if f ic u lt  to  e s t i m a t e  p a r a m e t e r s  

b e c a u s e  th e  l ik e lih o o d  fu n c t io n  b e c o m e s  v e r y  fla t. S i n c e  w e  n e e d  v e r y  m a n y  l a g s  to  g e t  c l o s e  to  a  

G A R C H  (1 ,1 )  m o d e l ,  w h ic h  h a s  o n ly  t h r e e  p a r a m e t e r s ,  t h e  u s e  o f  s t a n d a r d  A R C H  m o d e l s  fo r  

f in a n c ia l  v o la ti lity  e s t i m a t i o n  is  n o t  r e c o m m e n d e d .

4 .2 .6  S y m m e tr i c  G A R C H :

T h e  full G A R C H  ( p ,q )  m o d e l  a d d s  q  a u t o r e g r e s s i v e  t e r m s  to  th e  A R C H  (p )  s p e c i f i c a t i o n ,  a n d  

t h e  c o n d i t io n a l  v a r i a n c e  e q u a t i o n  t a k e s  t h e  fo rm

4 .2 .5  A R C H :

«0 + z 2f-1
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a 2, is  t h e  v a r i a n c e  a t  t im e  t. a 0 is  t h e  c o e f f i c ie n t  o f  v a r i a n c e  a t  c o n s t a n t .  0เใ is  t h e  c o e f f i c ie n t  

o f  v a r i a n c e  a t  t im e  1. A n d  ร 2, 1 is  t h e  s q u a r e  o f  e r r o r  t e r m  o f  o n e  la g  t im e . Xj is  t h e  c o e f f i c i e n t  o f 

v a r i a n c e  a t  o n e  la g  o f  v a r i a n c e  itse lf . a 2t.1 is  t h e  o n e  la g  o f  v a r i a n c e  a t  t im e  t. s o m e t i m e  G A R C H  (1 ,1 )  

c a n  w ri te  in t h e  fo rm  o f  G A R C H  ( p ,q ) .

T h e  v a r i a n c e  t o d a y  d e p e n d s  u p o n  t h r e e  f a c t o r s :  a  c o n s t a n t ,  y e s t e r d a y ’s  f o r e c a s t  v a r i a n c e  

( t h e  G A R C H  te r m ) ,  a n d  y e s t e r d a y ’s  n e w s  a b o u t  v o la ti lity  w h ic h  is  t a k e n  to  b e  th e  s q u a r e d  r e s i d u a l  

f ro m  y e s t e r d a y  ( th e  A R C H  te r m ) ,  T h e  (1 ,1 )  in G A R C H  (1 ,1 )  r e f e r s  to  o n e  G A R C H  te r m  a n d  o n e  A R C H  

te rm .

T h is  s p e c i f i c a t i o n  m a k e s  s e n s e  in f in a n c ia l  s e t t i n g s  w h e r e  a n  a g e n t  o r  t r a d e r  in fe r s  t o d a y ’s  

v a r i a n c e  b y  fo rm in g  a  w e i g h t e d  a v e r a g e  o f  a  lo n g - te r m  a v e r a g e  o r  c o n s t a n t  v a r i a n c e ,  t h e  f o r e c a s t  

f ro m  y e s t e r d a y ,  a n d  w h a t  w a s  l e a r n e d  y e s t e r d a y .  If t h e  a s s e t  r e tu rn  w a s  l a r g e  in e i t h e r  t h e  u p w a r d  o r  

t h e  d o w n w a r d  d i r e c t io n ,  t h e n  th e  t r a d e r  will i n c r e a s e  t h e  e s t i m a t e  o f  t h e  v a r i a n c e  fo r  t h e  n e x t  d a y .  

T h is  s p e c i f i c a t i o n  o f  t h e  v a r i a n c e  e q u a t i o n  i n c o r p o r a t e s  th e  f a m il ia r  p h e n o m e n o n  o f  v o la ti lity  

c l u s t e r i n g ,  w h ic h  is  e v i d e n t  in f in a n c ia l  r e tu r n  d a t a .  L a r g e  r e tu r n s  a r e  m o r e  lik e ly  to  b e  fo l lo w e d  b y  

l a r g e  r e tu r n s  o f  e i t h e r  s ig n  t h a n  b y  s m a ll  r e tu r n s .

If e q u a t i o n  is  l a g g e d  b y  o n e  p e r i o d  a n d  s u b s t i t u t e d  fo r  t h e  l a g g e d  v a r i a n c e  o n  t h e  r ig h t  

h a n d  s i d e ,  t h e n  a n  e x p r e s s i o n  w ith  tw o  l a g g e d  s q u a r e d  r e tu r n s  a n d  a  tw o  p e r i o d  l a g g e d  v a r i a n c e  is 

o b t a i n e d .  B y  s u c c e s s i v e l y  f o r  t h e  l a g g e d  c o n d i t io n a l  v a r i a n c e ,  a n  i l lu m in a t in g  e x p r e s s i o n  is  f o u n d :

cr 2
t v  +-  /I

oo
I  A'- £ 2

t - i
7=1

A n  o r d in a r y  s a m p l e  v a r i a n c e  w o u ld  g iv e  e a c h  o f  t h e  p a s t  s q u a r e s  a n  e q u a l  w e i g h t  r a t h e r  

t h a n  d e c l in in g  w e i g h t s .  T h u s  t h e  G A R C H  v a r i a n c e  is  lik e  a  s a m p l e  v a r i a n c e  b u t  it e m p h a s i z e s  th e  

m o s t  r e c e n t  o b s e r v a t i o n s .  S in c e  is  th e  f o r e c a s t  v a r i a n c e  o n e  d a y  a h e a d  b a s e d  o n  p a s t  in fo rm a tio n , it 

is  c a l l e d  t h e  c o n d i t io n a l  v a r i a n c e .
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