
C H A PT E R  II
B A S I C  D E F I N I T I O N S  A N D  R E S U L T S

In this chapter, we collect definitions and results, mainly without proofs, to be used 
throughout the entire thesis. The first section deals with valuations and related con
cepts. Details and proofs can be found in McCarthy [22], The second section deals with 
continued fractions and their properties. Details and proofs can be found in Lorentzen 
and Waadeland [20] for the classical case, and in Ruban [28], Schneider [30], Bundschuh 
[6], Laohakosol [13], de Weger [10], and Lianxiang [17] for the p-adic case.

2 .1  V a l u a t i o n

D e f in i t i o n  2 .1 . A v a lu a tio n  on a field K  is a real-valued function a  !->• |a| defined on 
K  which satisfies the following conditions:
(i) V a G K ,  |a| >  0 and |a| =  0 o  a  =  0
(ii) V a, b E K ,  \ab\ =  |a||6|
(iii) V a , b G K ,  |a  +  b\ <  |a | +  |6|.

There is always at least one valuation on K ,  namely, that given by setting |a| =  1 if 
a  G AT\{0} and |0| =  0. This valuation is called the tr iv ia l  v a lu a tio n  on K .

D e f in i t i o n  2 .2 . A valuation I - I on K  is called n o n -A r c h im e d e a n  if the condition (iii), 
called the tr ia n g le  in e q u a li ty , is replaced by a stronger condition, called the s tro n g  tr ia n g le  
in e q u a lity
( m y  V a ,b  G K ,  \a +  b\ < max {|a|, |6|} .
Any other valuation on K  is called A rc h im e d e a n .

A v a lu a te d  f ie ld  (K , I • I) is a field K  together with a prescribed valuation I • |. If the 
valuation is non-Archimedean, then K  is called a n o n -A r c h im e d e a n  v a lu a te d  fie ld . 
E x a m p le s  1) For K  — Q, the ordinary absolute value I • I is an Archimedean valuation 
on K .
2) For K  =  Q and p  be a prime number. Each a  G Q\{0} can be written uniquely in
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the form

where น, G Z, V G N, (น, น) =  1, n G Z, p \  น and P  \  V. Define

a|p =  p ~ n a n d  |0|p =  0.

Then I • Ip is a non-Archimedean valuation on Q called the p - a d i c  va lua t i on .
3) Consider the field Fq{x)  of rational fonctions over a finite field Fg of q elements. Let 
f ( x ) / g ( x )  G F9(z ) \{ 0}. Define

M  = ? d e g / - d e g S a n d | 0 | o o  =  0 _

Then I ■ loo is a non-Archimedean valuation on F9(x).
4) Let n { x )  be an irreducible polynomial in F9[a:]. If f { x ) / g ( x )  G Fg(x)\{0}, we can 
write uniquely as

g ( x )  [ ’ v ( x ) '
where น(x) and v(x) are relatively prime elements of ¥(j [x], neither of which is divisible 
by 7r(x). Define

I  =  q ~ n a n d  IOItt =  0.
s ( x ) *

Then I - 171- is a non-Archimedean valuation on Fg(x). We will consider mostly the case 
where tt(x ) — x ,  and write I • \x instead of I • Itt-

Since a valuation gives rise to a metric on any valuated field (if, I • I), the usual 
completion process is applicable. The valuation of K  naturally extends to its completion 
and is still denoted by I -1. In the case of Q, with the usual absolute value, its completion 
is the field R of real numbers and in the case of (Q, I ■ Ip), its completion is the p-adic 
number field (Qp, I - Ip), while in the cases of (F9(x), I - loo) and (Fg(x), I - Itt) the 
completions are (F9((x“ 1)), I - loo) and (F9((7r(x))), I - Itt) the fields of formal Laurent 
series in 1 / x  and 7r(x),  respectively.

D efin ition  2.3. i) Let (if, I • I) be a valuated field. The set

fo =  { |a |;a G if \{ 0 } }

is easily checked to be a subgroup of the multiplicative group of nonzero real numbers 
and is called the va lu e  gr ou p  of (if, I • I).
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ii) If  V  is a n  in fin ite  cyclic g rou p , th e n  ( K ,  I • I) is ca lled  a  d i s c r e t e  v a lu a ted  field.
iii) A lo c a l  f i e l d  is a  com p le te , d isc re te  no n -A rch im ed ean  v a lu a te d  field.
iv) T h e  se t O  =  { a  E  K  : |a | < 1} is a  ring , called  th e  v a l u a t i o n  r i n g  of ( K ,  I - I).
v) T h e  se t p  =  { a  E  K  : |a | <  1} is th e  un ique  m ax im al id ea l o f o.
vi) T h e  field o / p  is ca lled  th e  r e s i d u e  c l a s s  f i e l d  of (K , I • I).
Exam ples 1) (Qp, I - Ip) is a  local field w ith  {0, 1, 2 , . . . ,  p — 1} as a  se t o f rep resen ta tiv es  
o f its  residu e  class field.
2 ) ( F ^ - 1)), I-loo) is a  local field w ith  F q as a  se t of rep re sen ta tiv e s  o f its  residue  class 
field.
3) (F 9 ((x )), I - II) is a  local field w ith  F q as a  se t of rep re sen ta tiv e s  o f its  residue  class 
field.

In  a  local field ( K ,  I • I) w ith  R  b e ing  th e  se t o f rep re sen ta tiv e s  o f its  residu e  class
field, each  e lem en t a  E  K  can  b e  un iquely  rep re sen ted  as

0๐
a  =  a n TTn , a r  ^  0

n = r
w here a n E  R ,  r  E  z , a n d  7T E  K  is ca lled  a  p rim e  e lem en t w hich  is u su a lly  no rm alized  
so th a t  17TI =  g - 1 . T h u s  |a |  =  |7r|r =  q ~ r for any  a  E  K \  {0} . S om etim es, it is convenien t 
to  use th e  o r d i n a l  f u n c t i o n  w hich  is defined by o r d n ( a ) =  r ,  a n d  so o r d n ( ท )  =  1 .
Exam ples 1) E very  e lem en t a  E  Qp can  be  un iquely  w r it te n  as th e  form

๐0
a  =  y :  a n p n , a r /  0

ท—r
w here a n E  {0, 1, 2 , . . . ,  p  — 1} an d  so |a |p  =  p ~ r . T h e  se t o f a  G Qp such  th a t  |cü|p <  1 
is d en o ted  by  Zp, th a t  is

Z p = ( ] T  a n p n  \ a n  E  {0, 1, 2 , . . . ,  p  -  1} 
ln=0

2) E very  e lem en t £ E  F 9 ((ร;- '1)) can  b e  un iquely  w r it te n  as th e  form
๐0

£ =  , a r  0
ท= r

w here a n E  F 9 a n d  so |£|oo =  q ~ r .
3) E very  e lem en t £ E  Fç((æ )) can  be  un iq uely  w r it te n  as th e  form

oo
£ =  "j O-nX , a r  0  

ท= r
where a n E  F9  and so |£|æ =  q ~ r .
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2.2 Classical continued fractions
T h e  ex p an sio n

b o  +

is called a  c o n tin u e d  fr a c t io n .
I t  is m ore  con ven ien t to  use th e  n o ta tio n

[&o; « 1 , &i; CL2 , 6 2 ; . . . ;  a n , b n - . . . ] (2.1)

for th e  above co n tin u ed  frac tion s. T h e  e lem en ts 0 1 , 0 2 , 0 3 , . . .  a re  called  its  p a r tia l n u 
m e r a to r s ; b o ,  b i ,  6 2 , . . .  its  p a r tia l  d e n o m in a to r s .  W e assum e th a t  a ll p a r t ia l  d en o m in a to rs  
are  n o t eq u a l to  zero.

T h e  te r m in a t in g  o r f i n i t e  co n tin u ed  frac tio n

is called  th e  ท th c o n v e rg e n t  o f th e  co n tin u ed  frac tio n  (2 .1 ).
In  R, it is know n th a t  any  rea l n u m b er can  be  rep re sen ted  as a  co n tin u ed  frac tio n  of 

th e  form

w here b o  €  Z , b i G N {i >  1). T h is  is called  a  s im p le  co n tin u ed  fra c tio n  an d  th e  b i are 
called  its  p a r tia l  q u o tie n ts .  Such rep re se n ta tio n  is u n iq u e  for rea l ir ra tio n a ls , b u t  for real 
ra tio n a ls , we have th e  follow ing ch a rac te riza tio n .

T heorem  2.4. A n y  f i n i t e  s im p le  c o n tin u e d  fr a c t io n  r e p re se n ts  a r a t io n a l n u m b e r . C o n 
verse ly , a n y  r a t io n a l  n u m b e r  can  be e x p ressed  as a f i n i t e  s im p le  c o n tin u e d  fr a c t io n , a n d  
in  e x a c tly  tw o  w a ys ,

[6 0 , 6 1 , &2 j ■ • • ) b n ] =  [ b o , b i ,  6 2 , . . . ,  b n - i , b n  — 1 , 1 ] i f  b n  >  2 ,
ะ= [6 0 , fol, bn —i +  1 ] i f  bn  =  1 .

A n in fin ite  s im ple  co n tin u ed  frac tio n

[fooi I 7 ^1 i 1 ) b ‘2 5 ■ ■ ■ i 1 , b n 5 ■ •.] '. [^0; b i ,  b*2, . . . ,  b n , . . . ]■ 1Uท 1 •

[6 o, b i ,  6 2 , . . . ]
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is sa id  to  be  p e r io d ic  if  th e re  is a n  in teg er r  such th a t  bn =  bn+T for a ll sufficien tly  large 
in tegers ท. A  well know n th eo rem  of L ag rang e  ch a rac te riz in g  in fin ite , pe rio d ic , sim ple 
con tinued  frac tio n s  s ta te s  th a t:

Theorem  2.5. A n  in f in i te ,  p e r io d ic , s im p le  c o n tin u e d  f r a c t io n  is  a q u a d ra tic  ir ra tio n a l  
n u m b e r , a n d  c o n v e rse ly .

2.3 Continued fractions in the field Qp
T h ere  a re  m an y  k in d s o f p -ad ic  con tinued  frac tion s c o n s tru c te d  by  various au th o rs . 

W e sha ll consider on ly  tw o ty pes, nam ely, R u b a n  c o n tin u e d  fr a c t io n  firs t developed  by 
R u b a n  [28] a n d  S c h n e id e r  c o n tin u e d  fr a c t io n  firs t developed  by  S chneider [30].

T h e  process for th e  ex p an sio n  of th e  p -ad ic  R u b a n  co n tin u ed  frac tio n , d en o ted  by 
p -ad ic  RCF, is as follows:

Since £ G Qp can  b e  rep re sen ted  un iq uely  as

w here r  G Z, a r -fi 0, ai G {0, 1 , . . . ,  P  — l} := F p  (i >  r ), define

[£] :=  aipi G Fp [p-1] ’ ( 0  := ^ 2  a'Pl

an d  we call [£] a n d  (£) th e  h ea d  p a r t  an d  th e  ta il  p a r t  of £, respectively . T h e  h ead  an d  ta il 
p a r ts  o f £ a re  u n iq u e ly  d e te rm in ed , a n d  so un iq uely  £ =  [£] +  (£). L et bo  =  [£] G Fp[p- 1 ]. 
H ence |&o| =  p ~ r >  L

If  (£) =  0, th e  p rocess s tops. O therw ise , w rite  £ in  th e  form  £ =  b o  +  £ f 1, w here 
£j_1  =  (£) w ith  |£ i|p  >  1. As above, we can  un iq uely  w rite  £i =  [£i] +  (£ i). L et b \  — [£i] G
F p b ^ i u o } .

I f  (£1) =  0, th e  p rocess s to ps. O therw ise , w rite  £i in  th e  fo rm  £ 1 =  b \  +  £ ^ ,  
w here £^"x =  (£ i) w ith  1̂ 2 Ip >  1- As above, we can  un iq u e ly  w rite  £ 2  =  [£2 ] +  (£2 )- L et 
h  =  [£2 ] G F p tp -^ U O } .

A gain , if (£2 ) =  0, th e  p rocess s tops. O th erw ise  p roceed  in  th e  sam e m an n er. 
T h ere fo re  £ h as  a  u n iq u e  p -ad ic  RCF of th e  form  [6 0 , 6 1 , f>2 5 • • ■ ] w here all b i G 

Fp [p_ 1] \{ 0 } (* > 1 ).
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It is quite trivial that a finite p-adic RCF always represents a rational number. How
ever, there exist infinitely many rational numbers with infinite periodic p-adic R C F ’s. 
Laohakosol [16] gave a characterization of rational numbers via p-adic R CF as follows:

Theorem  2.6. L e t  £ G Qp\{0}. T h e n  £ i s  a  r a t i o n a l  n u m b e r  i f  a n d  o n l y  i f  i t s  p - a d i c  

R C F  i s  e i t h e r  f i n i t e  o r  p e r i o d i c  f r o m  a  c e r t a i n  f r a c t i o n  o n w a r d s  w i t h  t h e  s h a p e

[(p -  l)p _ 1  +  (p -  1 ), (p -  l)p _ 1  +  (p -  1 ) ,.. .] .

Schneider [30] constructed another type of p-adic continued fraction, denoted hence
forth by p-adic SCF, as follows:

Let £ G Qp\{0}. It can be assumed without loss of generality that |£|p =  1. Then £ 
can be represented uniquely as

* =  £ > <

where Cj G Fp ( i  >  0), Co ^  0. Let 6 o =  Co and write £ in the form £ =  bo +  d i£ f 1 with 
|£i|p =  1 =  \ b o \ p ,a i  ะ= p a i  (a iG N ). Let

*i =  i ;  < ๙

where d i  G Fp ( i  > 0), do 7  ̂ 0. Let b \ =  ๘0 and write £i in the form £i =  b \  + d 2 £ j x with 
I£2 Ip =  1 =  I&1 Ip, Ü2 =  p“ 2 ( « 2  G N). Continuing in the same manner, we have generally

£ท =  fr„ +  ^  (ท > 0 )sn+l
where bn G Fp\{0}, a n + 1 =  pQ n + 1  with |6„|p =  1 =  |£n+i|p. Therefore £ has a unique 
p-adic SCF of the form

£ =  [fro; <H, 6 1 ; 0 2 , fr2 ; • • • ; an, fr„;...]

where a n =  pQn, a n G N, b n G Fp\{0}. The expansion into p-adic SCF is unique. The 
following theorem contains a necessary and sufficient condition for rationality of p-adic 
numbers.

Theorem  2.7. L e t  £ G Qp\{0}. T h e n  £ i s  r a t i o n a l  i f  a n d  o n l y  i f  i t s  p - a d i c  S C F  i s  e i t h e r  

f i n i t e  o r  p e r i o d i c  w i t h  p e r i o d  l e n g t h  1 a n d  a n =  p, bn =  p — 1 f o r  a l l  s u f f i c i e n t l y  l a r g e  ท .
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2.4 Ruban continued fractions in the field Fç((æ-1))
In this section, our universe is the field Fq((x“ 1)) of formal series over a finite field Fq. 
It is well-known that elements of F9 ((x-1 )) are formal series (in x )  uniquely written as

£ = amx m +  am-iX m~l +  am- 2x m~2 +  . . . ,

where the coefficients a m , a m - i , a m - 2, . • • are in ¥ q with a m  ^  0. Thus Fg(x), the quotient 
field of Fg[a;], is a subfield of Fç((a;-1 )). A valuation ICI in Fg((x-1 )) is defined by putting

|0| =  0, ICI =  q m  if £ =  0-m X m  +  am_ 1 x m ~ l  +  a m - 2 x m ~ 2 +  . . . ,  am ^  0.

The construction of the continued fraction for £ runs as follows:
Define £ =  [£] +  (£), where

[£] := a m x m  +  a m - i x m ~ l  +  a m - 2 x m ~ 2 +  . . .  +  a i x  +  a 0 , (£) := a_ ioT 1 +  a - 2 x ~ 2 +  . . . .

We call [£] and (£) the h e a d  and the t a i l  parts of £, respectively. Clearly, the head and 
tail parts of £ are uniquely determined. Let /?0  =  [c] G ¥ q [ x ] ,  so that \P o \ — ICI > 1, 
provided [C] 7  ̂ 0 .

If (C) =  0 , then the process stops. If (C) 7  ̂ 0 , then write c =  Po +  Cf1’ where 
c r 1 =  (C) with |Cil >  1- Next write Cl =  [Cl] +  (Cl)- Let P i  =  [Cl] G Fç[x]\Fg, so that 
|/?i| =  l£ i l> L

If (Cl) =  then the process stops. If (Cl) 7  ̂ 0 , then write Cl =  P i  +  c^1) where 
£ 2" 1 =  (£1) with |£2| > 1 . Let /?2  =  [C2] G F9 [x]\Fg, then \ p 2 \ -  IC2I > 1-

Again, if (£2 ) =  0, then the process stops. If (£2 ) /  0 , then continue in the same 
manner. By so doing, we obtain the unique representation

c =  [Po, Pi, /h ,  - - - , P n - 1 , £n] :=  P o +  7 7 7 7  - - - 7 —7 7 โพ ’Ml-! P2 I f in —IT Çn
where P i G Fç[æ]\F9  (j > 1), £n G Fg((a:_1)), |c„| > 1 if exists, and £n is referred to 
as the ท th  c o m p l e t e  q u o t i e n t .  The sequence {P n )  is uniquely determined and the P n  are 
called the p a r t i a l  q u o t i e n t s  of £.

In order to establish convergence, we define two sequences (Cn), (D n) as follows:

C - 1 — 1, Co — Po, c n + 1 =  p n + \ C n +  c n - 1 (ท  >  0 )
D - 1 =  0, D o =  1 , D n + 1 =  /?n+i-Dn +  D n - 1 (ท >  0).
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T h e  re su lts  in  th e  follow ing lem m a are  easily  verified by  in d u c tio n .

L e m m a  2 .8 . F o r  a n y  ท >  0, a  €  F 9 ( (x - 1 ) ) \{ 0 } , w e ha ve
i) ท =  A , A , ■ ■ ■ , A ,  a],
i l)  C n D n - î - C n - x D n =  ( - l ) n ~ \
III) \ D n \ >  l-Dn—ll,
wj |A ih =  IA A  • • • A l (ท > 1),

D n  A i(£n+ 1  D n  +  D n - \ )

F rom  L em m a 2.8 (i), we have

C n   A A l—1 +  C n—2
D n  (3n D n —\ +  D n — 2

[A, A , A ,- - - ,  A ] (ท >  1),

an d  so C n / D n is ca lled  th e  ทth c o n v e rg e n t o f th e  R C F  of £. I f  (A )  — 0 for som e ท, 
th e n  £ =  [A) A ) A A - i ] >  i-e. th e  R C F  o f £ te rm in a te s . O therw ise , (£71) ^  0  

for a ll ท a n d  th e  R C F  is in fin ite  an d  th is  is th e  case o f in te re s t from  now  on. Since 
I£711 ะ= \/3n \ >  q, L em m a 2.8 (iii) an d  (iv) give

\D n  (£71+!A 1 +  A - l ) |  =  | A | 2|A + l| > q2n+1-

U sing L em m a 2.8 (v), we get th e  ap p ro x im a tio n

<
72n+ l -» 0 (ท —>• oo),

w hich im m ed ia te ly  im plies th a t  C n / D n —> £, a n d  enab les U S  to  w rite  £ =  [A> A )  A l  A )  - - -]î 
w here th e  r ig h t h a n d  side is re fe rred  to  as th e  R C F  o f £.

As in  th e  c lassical case, th e  follow ing ch a ra c te r iz a tio n  o f ra tio n a l e lem en ts  in  Fq((x-1 )) 
v ia  th e ir  R C F  is w ell-know n, see e.g. [29].

T h e o r e m  2 .9 . L e t  £ G F 9 ((æ- 1 )). T h e n  £ is  ra t io n a l i f  a n d  o n ly  i f  i ts  c o n tin u e d  fr a c t io n  
is  f in i te .

A n in fin ite  co n tin u ed  frac tio n  of th e  sh ap e  [A) A ) A ) • • •] is ร9'id  1° be p e r io d ic  if 
th e re  are  p o s itiv e  in teg e rs  k , N  such  th a t  /3r1 = A+fc for all ท >  N  a n d  is d en o ted  by

[A) A ,- " ,A v - i ,  Avj Av+1> ■ ■ ■ > Av+fc-i]-
T h e  follow ing th eo rem  is easily  checked an d  we o m it th e  proof.
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Theorem  2.10. L e t  £ G F g ((x - 1 )). I f  th e  c o n tin u e d  fr a c t io n  o f  £ is p e r io d ic , th e n  £ is  
a n  ir r a tio n a l ro o t o f  a q u a d ra tic  e q u a tio n  o f  th e  fo r m  a t 2 +  b t +  c =  0 w/jere a ,b ,c  G 
Fg[:r], f l ^ O .

For th e  converse o f T h eo rem  2.10 we have:

Theorem  2.11. L e t  £ G F 9 ( (x - 1 )). / / £  is  a n  ir r a tio n a l ro o t o f  a q u a d ra tic  e q u a tio n  o f  
th e  fo r m  a t 2 +  b t +  c =  0 w h ere  a , b ,c  G F g[x], a ะfะ. 0, th e n  th e  c o n tin u e d  f r a c t io n  o f  £ is  
p erio d ic .

2.5 Schneider continued fractions in the field Fg((x-1))
Since every  e lem en t £ G F g( (x _ 1 ) ) \{ 0 }  can  b e  un iq uely  w r it te n  in  th e  form

£ = ^ 2 c nx~n,

0
th e  c o n s tru c tio n  o f SCF for £ ru n s  as follows: D efine bo =  'Y , cn x ~ n ( r  < 0), so th a t

ท= r
|6 o| >  1 , p ro v id ed  bo 7  ̂ 0 . 0๐

I f  £ =  6 o, th e  p rocess s tops. O therw ise , w rite  £ — bo — Y ^  cn x ~ n w here  a \  >  1,
ท =0.1

ca 1 G F g\ { 0 }. D efine ท1 =  x ~ a i , £ 1“ 1 =  Y ,  cn x n ~ a i . T h e n  |a i | =  q ~ a i , |£ 1”1| =  1, an d
n=o 1

£ =  bo +  -^- :— [bo] Oi, £i].

W rite  £i =  c g x ~ n , e g  g F g\{ 0 } . L et b\ =  e g ,  so th a t  b \ G F g\{ 0 }  a n d  |6 i | =  1.
71=0 0๐

If  £i =  &1 , th e  p rocess s tops. O therw ise , w rite  £i — bi =  Y j  c g æ - ” w here  0 2  >  1 ,
ท = 0 2

e g  G F g\{ 0 } . D efine a 2 =  x ~ a \  £ 2- 1 =  Y  c g x ” - “ 2. T h e n  M  =  q ~ a \  |£2_ 1 | =  1, an d
ท = 0 2

£ =  fro +  T—7 7 -̂ :=  [^o; Oi, bi] 0 2 , £2 ]- 
01 + 6

W rite  £ 2  =  ^ c g a ; _ n , e g  G F ç \{ 0 } . L et 62  =  e g ,  so th a t  62  G F ç \{ 0 }  a n d  I&2 1 =  L
ท= 0



13

I f  £ 2  =  &2 ) th e  process s to ps. O therw ise , w rite  £ 2  — ^2 =  ] ^  cn ^ x ~ n w here a z  >  1, 

e g  6 Fq\{0}.
In  gen era l if  £fc =  bk, th e  p rocess s tops. O therw ise , w rite  £yfc — bk =  ^  cท', x ~ n

Tl= fc + 1
w here a k+ i >  1, c g +1 G F 9 \{ 0 } . D efine a k+ 1 =  aTa*+i, £ * + 1 =  ^  

T h e n  |a fe+i | =  q ~ ak+1, ICfc+il =  1, an d

C(k)x n-C*k+1 _

£ =  &0 + Oi a  2 Ofc 1

&1 +  &2 +  fr/c +  £fc+l : =  [fro; o 1) fri; 02 , fr2 ; . . .  ; Ofc, b k ; O fc_! i ,  £fc+i],

w here 60  e  F9[x], bk G IFg\{0}, a fc =  æ~afc, a/c G N (fc >  1).
W e call th e  u n iq u e ly  c o n s tru c te d  bn , a n a n d  £ 71 th e  ทth p a r tia l  d e n o m in a to r ,  th e  ท 01 

p a r tia l n u m e r a to r s  a n d  th e  ทth c o m p le te  q u o t ie n t  of th e  S C F  o f £, respectively .
N ex t we define tw o sequences (A n ), ( B n ).

A —I — 1, A q =  bo, A j1-)_x =  frn+i-Ar1 +  071-)-! Ay1—! (ท >  0) 
B —1 =  0, B q =  1, B n jr \ =  bn+ \ B n +  a ท-!!-รท—! {ท ^  0).

T h e  re su lts  in  th e  follow ing lem m a are  easily  verified by in d u c tio n .

Lem m a 2.12. F o r  a n y  ท  > 0, a  G Fg((x_ 1 ))\{0}, w e h a ve  
(i) ^ t n ^  a n + 1 ^ ~ l =  [6 0 ; 0 ! ,  f r i ;  « 2 , &2 ; - - - ; a n ,  f r« ;  0 ท + น  a ] ,  

( ท ) 0A nnB n - 1n- A n I Ï B n  =  ( - l ) " - 1 a 1 a 2 ••■ 0ท (ท >  1),
fm j เรทเ =  |frn | =  |£71! =  1 , |0„ | =  < r an (ท >  1 ),
( iv )  |£ท-!1รท  +  071-)-!B 71_ 1 1 =  |£71- ! ! 5 711 =  1 ,
(y ) (  _  —  =  ( - l ) n 0 i 0 2 ••■ 0 ท+! , >  1X

รท รท(£ท+1รท +  0ท-!!รท-!)
F rom  L em m a 2.12 (i), we have

A n
B n

b n A n —\  -f- a  71-T 71—2 

bn B n  — ! +  a  71B ท—2
=  [£>o; « 1 , fri; 0 2 , b 2 ; . . .  ; O n ,  frn] (ra > 1),

an d  so A n / B n is ca lled  th e  ท4'h c o n v e rg e n t o f S C F . I f  th e  S C F  o f £ is fin ite , i.e. £ 71 =  bn 
for som e ท, th e n  th e  S C F  o f £ te rm in a te s  an d  is equ al to  [6 0 ; Oi, 6 1 ; 0 2 , b2 \ . . .  ; 071, &71]. 

A ssum e th a t  £ 71 /  bn for a ll ท. B y L em m a 2.12 (iii), (iv), (v), we have

=  g _ (a i+ Q ^  Han+ i)  _ ^  Q (n  _ !  00) ,
A 7)
Bn
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so A n / B n converges to £ enabling US to write £ =  [&o; Oi, &i; 0 2 , 6 2 ; ...] , and the 
right-hand expression is referred to as the SCF of £.

Observe from above that [6 0 ; O i ,  6 1 ; . . .  ; a n , b71] ะ= A n / B n (ท >  1), so another way 
of representing a continued fraction is based on the following matrix representation, see 
e.g. van der Poorten [26],

----
-1 o- 0 ___

1

1 0

1
0- 1— * ___

1
1 0 bn 1 4̂-n

1-----7ร่

1 0 0 0 1 1 0 0 dji 1 0 B n B n - 1

over the field F9((æ_1)) is said to have an a d m i s s i b l e  

d e c o m p o s i t i o n  if it can be written as

น  V

1

1-H0-0
1 __________

I

t—
1

0
___

___
___

_1

b i  1

1---------------

OT—
1

1__________ bn  1

พ  Z

1

h
-1 0

1__
___

___
__

---------------1
t—1
ë0__________1

---------------1

O

__________1

0  df i 1 0

where the Oj’s and bi ร are of the form mentioned in the construction of SCF. Such 
Oj’s and b i ' s  are referred to as a d m i s s i b l e  p a r t i a l  n u m e r a t o r s  and d e n o m i n a t o r s ,  respec
tively.

The following lemma summarizes their major identities, the proof of which is easily 
done by induction.

Any 2 x 2  matrix น  V  

พ  Z

P roposition  2.13. W i t h  th e  a b o v e  n o t a t i o n ,  w e  h a v e

bo 1 1 0 b i 1 1 0 bn 1 1 4̂ ท
1 0 0 ai 1 0 0 O’n 1 0 0 B n

(ii)

(iii)

bn 1 1  0 b i 1

1-----OH1 ___ bo 1 -4ท B n

1
0T—1

-----1 0  Qjfi 1 1—1 O 1 ___ 0  ai 1

-----1
O 7 ta 1

1___

bn 1

1
I—

1

0
___

___
___

___
_1 1-----T—

1

-o'

1-----OT—
i

1____________

1-----T—
1

1_____________

1----
-

1
H-1 0

1__
___

___
___

_ 0 O j j i

1 1 
^ 1 0 il___ 1 1 
0

 

0

1__
___

___
___

_ -----
1

O____________1

-4-71 B n 7
. 1 1 -4.JI

1-----O1___ B n

7 B n - 1 1 1 0
-

0
1___ 1

0
1 7 B n - 1 1 B n - 1

Theorem  2.14. L e t  £ E Fg((x-1 )). T h e n  £ i s  r a t i o n a l  i f  a n d  o n l y  i f  i t s  S C F  i s  f i n i t e .
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D efin ition  2 .1 5 . A n  in fin ite  S C F  o f th e  sh ap e  [&o; ท1 , &i; a 2,b 2 \ ■ . •] is sa id  to  b e  p er io d ic  
if  th e re  is a  p o sitiv e  in teg er r  such th a t  a m =  (Irn+r a n d  bm — brn+r for a ll sufficiently 
large in teg er m  a n d  such  S C F  is d en o ted  by

£  =  [6 0 ; a \  1 bi't ■ - • j a m — 1 ) bm —1 ; a m , bm \ . . .  ; น 77! - ! 7.—!, bm -1- 7.— i ] .

If  th e  in teg ers  m  a n d  r  a re  th e  least am ong all possib le  such  values, th e n  we call 
[6 0 ; a i , 6 x ;. . .  &771- ! ]  its  p re p e r io d  of len g th  m ,  a n d  [am ,b m ] . . .  ; a m + 7. - ! ,  bm +7.- ! ]  its
p e r io d  of le n g th  r .

T h e  follow ing th eo rem  is easily  checked a n d  we o m it th e  proof.

Theorem  2 .1 6 . I f  th e  S C F  o f  £ G F g((x - 1 )) is  p e r io d ic , th e n  £ is  a ro o t o f  a q u a d ra tic  
e q u a tio n  o f  th e  fo r m  a t 2 +  bt +  c =  0 w h ere  a ,b ,c  G F q [x], a / 0 .

W h e th e r  th e  converse o f T h eo rem  2.16 ho lds gen era lly  is s till n o t know n, we first 
give exam p les o f q u a d ra tic  irra tio n a ls  w ith  perio d ic  S C F ’s.
Exam ple L et th e  S C F  o f £ 6  F 9 ( (x - 1 )) b e  o f th e  form

[6 0 ; 0,1 , b i\ Ü2 , b2\ . . . ]

w here ai =  x ~ a% a n d  le t th e  sequence of p o sitive  in tegers (7 i) b e  defined by 7 1  =
« 1 , 7 2  =  « 2  -  « 1 , . .  •, 7 i =  a* -  a 7_ ! + ----- h ( - l ) i+1a i  (i >  1). A ssu m e ๆi >  0 (i >  1).
If  £ is a n  ir ra t io n a l ro o t o f a  q u a d ra tic  e q u a tio n  o f th e  form  a t 2 +  bt +  c =  0  w here 
a ,b ,c  6  Fç[x], a  /  0, th e n  its  S C F  is period ic .

Since £ =  [6 0 ; x ~ a i , 6 1 ; x ~ a2 , 6 2 ; ■ ■ ■ ], th e n  in v e rtin g  th e  x ~ a v ร, we see th a t

£=[60; 1, h x ai; oT(“ 2- a i ) 1 fe2; aTû3, 63;...]
=  [6 0 ; 1 , 6 i x a i ; l ,  b2x a 2- a i ; 2. - («3 - (« 3 - a i) )? 63.

_  1 1 1

0 b\x^l + b2x^2 + ' ' ' biX^i +
w hich is ju s t  th e  R C F  £ a n d  so m u st be  perio d ic , see e.g. M k ao u ar [23], say 

£ =  [6 0 , b i x 111. . . ,  b ix '1i, bi+i x ^ + l , bi+2x ^ + 2, .  . . , b i+rX ^+ r],

In v e rtin g  th is  co n tin u ed  frac tio n , we get
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£ =  [&o;z~7 l ,&i;z- 7 l ,fr2 £72; 1 , 6  3 æ73; . . .  ; l^i+iæ 'N +i;... ; 1 , 6 j+ra:^+’-]

=  [6 0 ;o:_7 l , 6 i;:ir 7 l ~7 2 , 6 2 ;a r 7 2 , 6 3  £73; 1 , 6 4 a;74; . . .  ; l , 6 i+ia;'i'i+1; . . .  ; 1 , b i + r afN+r]

=  [60; CL\, 61 ; . . .  ; û j + r , 6747-; 0747.4 1 , 624. 7-4.1 ; ô _|_r42 , 6747-4-2; - . - ! a î+ 2r> 6i+ 2r],
where

, 1 1 1
a i + r + l  —  x ๆ i + T + ๆ i + 1 > a i + r + 2  —  2 , 7 i + 1 + 7 ; + 2 > • • • ’ i + 2 r  —  x 7 i + 1. _  1 + 7 , 4 r

which is a periodic SCF.
Exam ple. Another class of quadratic irrationals with periodic S C F ’s is provided by the 
following observation: if £ € F9 ((a;_1)) satisfies a£ 2  +  6 £ +  c =  0, where a, 6  G F9 \{0}, 
and c =  ciÆ_a, Cl G Fg\{0}, then

and so its SCF is periodic of the form

Our analysis of periodic SC F ’s follows the ideas given in van der Poorten [26]. If £ 
is quadratic, and £' its conjugate, its discriminant is defined as d i s c  £ =  (£ — £')2.

Theorem  2.17. Let £ G Fg((a;_1)) h a v e  p e r i o d i c  S C F .  I f  \ d i s c  £1 > 1, t h e n  i t s  p r e p e r i o d  

i s  o f  l e n g t h  a t  m o s t  2 .

P r o o f . Since £ has periodic SCF, then by Theorem 2.16 it is quadratic over Fq ( x ) .  As
sume that I d i s c  £| >  1. Write £ ะ= [6 0; a i , 6 i ; . . .  ; a„,£ 7i] where £ti =  [6 n;an+i, 6 „+i ; ...]  =  
b n +  ท7241  / £ 7 7 4 1  {ท  > 1)- Now £„ is quadratic, and so conjugating, we get £  ̂ =  bn +  
0 n+l/£n+i’ where ' denotes conjugation.

We now show that for all h  G N บ {0}, if |£[j| <  1, then

l£n+/J < 1 - (2 -2 )
Clearly, this holds for h  =  0. Assume that |£[j+j_ i| < 1 , j  =  1, 2 , . . . ,  h . Consider
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a n + h
£n + h

=  IC+/1 - 1  -  พ - ! !  =  เ พ - ! !  =  1  because | £ ; + h _  1! < 1 ,

be- IC+/J =  \a n+h\ =  q~an+h < 1.
Next, we show that if (£11 > 1, then

I d i s c  £1 < 1 . (2.3)

If [£11 > 1, then
i r - 4 o l  =  f e { < | o i l  =«'■ “ .

Then

I d i s c  £1 =  พ  £ ' | 2  =  |(£ -  b o ) -  (£' -  b o ) I2 < max{|£ -  &o|2, |£' -  &o|2} =  q - 2 a i < 1 .

Prom (2.2), (2.3) and the hypothesis, we deduce that |£^+/l| < 1 for integers h  > 0, ท > 1.
Let [bo] Oi, &1; . . .  ; a m - i ,  b m - i ]  be the preperiod of £ of minimal length m  with period 

of length r .  For each h  =  0,1, 2 , . . . ,  we have
£m+r+/i £m+/i) ^m+r+ft =  b m -\-fii a m -fr4 -/j

Thus

K - 1 -  C - .  = - ^  =  - ^  =  W r - l  -  c + r - l -  (2.4)Sm Sm+r
If m  >  1, then (2.4) is the construction of SCF of - a m/ 4  which is unique. Thus 
b m —1 =  ^m+r— 1 and £m_ 1 =  £m+7. - 1. Consider

a m —l  _ (■ ! _ (■ ! _ a m + r —1
77 _  I. — Sm- 1  ~~ Sm+r- 1  — 77 777 ■Sm- 2  ~  °m- 2  Sm+r- 2  — %+r- 2

If 771 > 3, then |£ m _ 2  — b m —2 เ =  l&m—2 เ =  1 — l^m+r—2 เ =  |£m+r— 2 — b m + 1—2 1- By the 
uniqueness of expansion of £(71_ 1, am_i =  am+r- 1, contradicting the minimality of m .  

Hence m  < 2. □
Prom the proof of Theorem 2.17 we have the following proposition.

Proposition  2.18. L e t  £ G F9 ((æ“ 1)) h a v e  p e r i o d i c  S C F .  I f  |£11 < 1, w h e r e  £ 1 i s  th e  

q u a d r a t i c  c o n j u g a t e  o f  £  1, t h e n  i t s  p r e p e r i o d  i s  o f  l e n g t h  a t  m o s t  2 .
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Proposition  2.19. L e t  £ 6  F9 ((x-1 )) b e  q u a d r a t i c  i r r a t i o n a l  w i t h  |£| =  1 s a t i s f y i n g  

A£ 2  +  B £ +  c =  0 a n d  \A \  <  \ B \ .  I f  £  h a s  p e r i o d i c  S C F ,  t h e n  i t s  p r e p e r i o d  i s  o f  l e n g th  

a t  m o s t  2 .

P r o o f .  For all ท  >  1 , we can write
f. _ f ,n A n — 1 +  a n A n —2

f ,n B n — 1 “I" Ûn B ท—2
Substituting to the quadratic equation A£ 2 +  5 £  +  c =  0. Then 

0 =  A  (£nAn_ J +  2£na71A7i_ iA„_2 +  anA2_2)
' p B { f >nA n —\ B n ^ i  +  Çn a n A n _ i B n _  2 +  f ,n d n B n —i A n —2 +  a ^ A n —2 B n —2)

+C(£n-Src- 1  +  2 £na„.B„_iAn _ 2  +  a ^ B 2 _ 2 ) .
Thus

0 =  £2 ( A A 2n _ 1 +  B A  ท - 1B n _1 +  C 5 2_i)
-b£n (dnAn_ \ B n —2B  +  a n B n —iAn_ 2ร  +  2 anAAn_iA n _ 2  +  2 a n C B  71—1 -Bri,—2 )
+Aa2  A2_ 2  +  B a ^ A n - 2B n-2 +  C a 2 B 2 _  2.

We obtain

leii =  1̂ 1๙1! = Aa?A2  1 +  Sa? A_ 1 ร _ 1  +  Ca? £ 2 1 Aa?
A A 2 +  B A qB q +  C £ 2 A b 2 +  B b o  +  c

Aa? Aa? Aa?
A ( £ - f ^ ) 2 + ร (£ -£ )  + c -2£fW4 - B a \ < 1.

By Proposition 2.18, SCF of £ has its preperiod of length at most 2. □

Theorem  2.20. L e t  £ € F9((a;“ 1)).
(%) / /  £ h a s  a  p e r i o d i c  S C F  o f  t h e  f o r m  [6 0 ; ท1 , &i;. . .  ; ar_ i, 6 r_i; ar, b r +  &o], t h e n  £ is 
q u a d r a t i c  a n d  A r  =  —££'Sr_i, B r — A r - 1 — (£ +  ( f ) B r - i ,  w h e r e  £' is t h e  q u a d r a t i c  

c o n j u g a t e  o f  £. M o r e o v e r ,  w e  h a v e  th e  a d m i s s i b l e  d e c o m p o s i t i o n

-££'J3r_i Ar_i 6 0  1 6 1  1 br 1

Ar- 1  — (£ +  £ , ' ) B r-X S r - 1 1  0 ■ 
1

0Q___
1

-----1
oe

( ท )  I f  £ is q u a d r a t i c  a n d  th e r e  e x i s t s  r  >  1 s u c h  t h a t  A r =  —££'i?r_ 1 , -Br =  Ar_i — 
(£ +  £,)5 J._ 1 , w h e r e  £' is t/ie q u a d r a t i c  c o n j u g a t e  o f  £ 5 t h e n  £ or £' /las 0  p e r i o d i c  S C F
o f  th e  f o r m  [6 0 ; a i, &i;. . .  ; ar_ i, 6 r_i; ar, br +  bo]-
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P r o o f ,  (i) Assume that £ has a periodic SCF of the form

£ =  [&o; ®1 ) frii ■ ■ ■ ; 1 , b r —i; a7, b r +  6 q] =  [&o; Oi, & 1 5 . . .  ; a7—1 , b 1—i; a7, b r +  bo +  (£ ô)].
Then in the matrix representation form

bo 1 1 0 h  1 1 0 K  +  bo +  (£ — bo) 1

1 0 0  ai 1  0 0  a r 1  0

7 ___
1

br 1

- 1

b r  +  bo +  (£ — b o ) 1

13 y J"By_1 1 0 1 0

4̂. y J^.y_^ br 1

- 1

b r 1 1 0

JB y _J 1  0 1  0 J  1

A r +  A7 _ i£ A7 _ 1  

B r +  £ 7-!£  £ 7- - 1

i.e.
7 7  : ทิ 7  =  [&o; Û1 , &1 ! • ■ ■ j Or—1 ) br —i]  a r , br +  &0 +  (£ — &o)] =  £,Jjf I ±Jy—

and so
£ 7. - ! £ 2 — ( A r - 1 — £ 7.)£ — A7 =  0.

So A r =  —££'£7.-!, £ 7. =  A r - 1 — (£+ £ ')£7.-!. Assume that £ is quadratic and there exists 
r  >  1 such that A r =  —££'£7.-!, £ 7. =  Ar_! — (£ +  £ ')£7.-!, where £' is the quadratic 
conjugate of £. Then we have the admissible decomposition

-£ £ '£ 7- !  A7 _ 1

1-----1-HO-O1___ h  1

1

cr -5 t—1 ___
1

A ]— 1 — (£ +  £ ')£7- !  £ 7.-! 1  0 ท! 0 a r 0

(ii) Let £ =  [&o; ai, b \ - , . . .  ; ar_i, 6 r_i; a7, br  +  &o]. By the same reasoning as above, 
£ 7- - ! ( £ 2  — (£ +  £')£ +  ££') =  0. Then £ is a quadratic root of the t 2 — (£ +  £')f +  ££' =  0, 
and so £ == £ (or £'). □
Corollary 2.21. L e t  £ G Fg((æ-1 )). / /£  /las a p e r i o d i c  S C F  o f  t h e  f o r m
[&o; a \ i  &i; ■ • • ; a7 _ i, br - i ; ar, 5 r +  b o ], w h e r e  b r  =  6 r  +  b o , t h e n  w e  h a v e  t h e  a d m i s s i b l e
d e c o m p o s i t i o n

—££'£7.-! A r - 1

4T

br 1

- 1

ô r 1

A 7 - l  -  (£ +  £ , ) £ r — 1 £ y  — 1 ^3 y B y  — 1 1 0 1 0
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Theorem  2.22. L e t  £ G Fç((x-1 )) h a v e  a  p e r i o d i c  S C F  o f  t h e  f o r m
[&o; ax, b \ ; . . .  ; ar_ i, b r - 1 ; a r , b r +  &o], w i t h  £' b e in g  i t s  q u a d r a t i c  c o n j u g a t e .  I f  i  f  +  b r
G Fg\{0}, t h e n  £ -f £' +  b r =  bo a n d  a \ , b \ , . . .  , a r - i , b r - i , a r a r e  p a l i n d r o m e .

P r o o f .  Assume that £ +  £' +  br G Fg\ {0} . By Theorem 2.20, we have the admissible 
decomposition

br 1 

a r 0

4£QVy>11___ &0 1 &1 1
A--1 — (£ +  C )B r-l B r - 1 1 0 ai 0

Multiplying both sides of the equation on the right by the matrix

A r-lfé +  O - f t ' S r - l  A - l
Ar _ 1 B r —1

1 0
£ + £ '  1

, we have

1---rHo-O
1 ------- b i  1 b r —1 1 ----

---
1

1
or-H

____1 1
oT—1ë ------1
o£»ë____1

Then

พ +  (£ +  CO 1
ar 0

r i(C c )  cc—A li ะ= [b0; ai, b 1 ; . . .  ; a7._ 1, br- 1; a7.,br +  (£ +  c0]- (2-5)

The left hand side of (2.5) is

£ +  £ ' - ^ 4 7 7 i =  £ +  £' +  i 7 7  =  ^ +  +  &r;ar,&r-i;.--;ai,&o], (2-6)
noting that A 7’ — [&7.; ar, 6,—1 ; • • • ; a,\, &o] ■
Since £ +  £' +  br G Fç\ {0}, then by the uniqueness of SCF and (2.5) and (2.6), we get 
f + f ' + b r  =  bo,  a \  =  a r , b i  =  br - 1 , . . . ,  a r  =  a \ ,  £+£,+ 6 r =  bo i.e. a \ , b \ , . . . ,  a r - 1 , 6 r- i ,  a r 

are palindrome. □

Proposition  2.23. L e t  £ G F9 ((æ_1)) be a  q u a d r a t i c  i r r a t i o n a l  w i t h  I d i s c  £| > 1 a n d  

bo 7  ̂ 0 a n d  w h o s e  d e f i n i n g  e q u a t i o n  i s  A t 2  +  B t  +  c =  0, w h e r e  A , B , C  G Fq[æ], A ^ o .  
/ /£  h a s  a  p e r i o d i c  S C F  o f  p r e p e r i o d  l e n g t h  1 , t h e n  |££'| < I feo 12 5 and |£ +  £'| < |6 o I - 
M o r e o v e r ,  I f  \bo\ > 1, t h e n  |££'| =  16o12-
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P r o o f .  Assume that £ has its preperiod of length 1. Write

£ =  [&o; a i i  b l i  ■ ■ • ) a r  1 b r] =  [fro! a i ; fri ; . . .  ; a r , b r +  (£ — fro)] •
Then in the matrix representation form

fro 1 1 0 b i 1 1 0

1  0 0 ai 1 0 0 a r

A r— 1 br 1

- 1

b r 1

B r B r - 1 1 0 1 0

-
A r +  Ar_i(£ — &o) A r - 1  

B r  +  f?r_i(£ — bo) B r - 1

br +  (£ — fro) 
1

1 0 
a - b o  1

1
0

pr ~i~ p7̂ 1 /7 — TT =  [fro!ai,fri!.. .;a r_ i , 6 r_ i;a r, 6 r +  bo +  (£ -  fro)] =  £, 
B r  +  .๐7--! (1 £ — bo)

and so
B 1—i £ 2 +  ( B r — b o B r — 1 — A r —i)£ — A r +  b o A r —I =  0.

Clearly, -Br_i 7  ̂ 0. Hence

1๙1 = A r H- boA'f ' — 1 

\Br- i \ < N 2,
and

|{ +  { -I = |Ær~ t°|̂ 1i|~ Ar~l l < W -
□

Lem m a 2.24. L e t  £ £ Fg((a;-1 )) be a  q u a d r a t i c  i r r a t i o n a l  w i t h  I d i s c  £1 > 1 a n d  bo 7  ̂0. 
A s s u m e  £ h a s  a  p e r i o d i c  S C F .
( i )  I f  £  h a s  i t s  p r e p e r i o d  o f  l e n g t h  1 w i t h  p e r i o d  l e n g t h  r ,  t h e n  |ar| =  |(£' — b o ) |.
( ท )  I f  £ h a s  i t s  p r e p e r i o d  o f  l e n g t h  2  w i t h  p e r i o d  l e n g t h  r ,  t h e n  |ar+i| =  |£'1 1.
P r o o f ,  (i) Since

£ =  bo +  เ - ,  £i =  b 1 +  g , • • ■ ) £r— 1 bj—1 T ~7~, £7- =  frr +Sr
ai
๙

£; =  bo +  I P  f [ = b i  +  £ ' _ 1 =  br Or 1 , Ol-1 +  77, Sr -  °r +  77, ••- Sr SI

we have
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By the proof of Theorem 2.17, I d i s c  fl > 1 Ifil < 1 => |f(J < 1 (ท  > 2). Then the 
SCF for — a i / f '1 is of the form

^  =  K  -  f' พ1161'6  c  =  ( i f 1  )>
=  \b r \ On ] =  [̂ r ! d r i ^ r — 1 c —l] where £r_i ( r ) ;
=  [6r; ar, 6r_i; ar_i, £7 -]

=  [6r ; ctr , br-_1 ; a r —1 , b r —2 ', • • ■ ; 0,21 b \  ; fli 5 £/■ ]
=  \ p r ) a r J b r —1 ; Of—1 , b r —2'i ■ ■ ■ ! &2 , ^1 ! > r̂]■

Since

we have

~ ai Lor| = «

ar = - a  1
I T

=  l£l < 1.

= i(6o-Ol = IK'-6o)l-
(ท) Write f  =  [6 o;ai,&i;o2 ,&2 ;---;a 7. , 6 r]. By (i), |ar+i| =  I (Cl — &i)l =  l£ll ร11166 W i\ <  !■

□

Lem m a 2.25. L e t  f  E  Fg((x_1)) be a  q u a d r a t i c  i r r a t i o n a l  w i t h  I d i s c  f  I >  1 a n d  bo ^  0 
a n d  w h o s e  d e f i n i n g  e q u a t i o n  i s  A t 2 +  B t  +  c = 0, w h e r e  A , B , C  E  Fg[x], A  ^  0. T h e n

ici I — \Aa\\/\2bç)A + B \.

P r o o f .  Write f  =  bo +  d i/f i .  Then

0 =  A i 2 +  B i  +  c ะ= A 6̂o +  ^  + B  ( b o  +  ^ J  +  c.
Thus fl is a quadratic irrational satisfying

(A b o  +  B b o  +  C )f 1 +  (2 ai&0-<4 +  <2 i-B)fi +  j4(2i =  0.

Since I d i s c  fl >  1, If il < 1, so that

1 =  ICil =  ICi H-Cil = ท1 ( 2 b o A  +  B ) 
A b o  + B b o  T c

Hence
Ifil =  ICiCil = A a \ A a \

A b o  +  B b o  T C1 2,b()A. +  B
□
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P roposition  2.26. L e t  £ 6  Fç((a;-1 )) be a  q u a d r a t i c  i r r a t i o n a l  w i t h  I d i s c  £1 > 1 a n d  

l>0 ะ / 0 a n d  w h o s e  d e f i n i n g  e q u a t i o n  i s  A t 2 +  B t  +  c = 0, w h e r e  A , B , C  €  Fgfar], A  ะ/ะ 0 .  
I f  £ h a s  a  p e r i o d i c  S C F  o f  p r e p e r i o d  l e n g th  2 , t h e n  |££'| <  maxjl&gl, |&0 แ-8 /ฬ|}.

P r o o f .  Assume £ has its preperiod length 2. Let £ =  [&o; a-1, &i; CL2i 2̂ ; ■ .. ; ar+i, 6 r_|_ij- 
Then £ — [&o; ai, 6 1 ; «2 , &2 ; • • ■ ; ar+i, 6 r+i +  0], where 0 =  ai(£ — &o) _ 1  — &!■  We have

7 7 __
__

1
1 0 A f - / . \  +  A r 0  A r

B r + 1 B r 0 1 B  r  /_1 +  B r 0  B r

Thus Ar + 1 +  Ar0 =  £(jBr_|_i +  B r 9 ) .  Substituting 0 =  ai(£ — 6 o) _ 1  — b i  to the above 
equation, we have
( B r + 1 — b i B r ) 7  +  ( B r a i  — B r + ib o  - \ - B r bfi> i — A r j1.1 +  j4y&i)£+(j4 r-|-i&0 — Arai Ar6 i 6 o) — 0. 
Then

๙  = .Ar+ 1 & 0  — A r a \  — A r b \b f) (2.7)

If b r + i  — b \  ะ / 0, then |5 r+i — b \ B r \ =  I(6 r + 1 — b \ ) B r +  ar+ii3r_i| =  I(6 r + 1  — b \ ) B r \ =  1 
and |Ar_|_i6 o — Arai — A r b \b o \ =  \b o (b r + i  — b i ) A r  +  b o a r + \ A r  — 1 — Arai| =  16 0 12 • 
Substituting it to (2.7),

1๙1 = |-4r+i^0 A r a \  A r b ib o \  
\ B r sr \  b \ B r I =  |&o|2 < max < \b{J0\1 b 0 B

A

If bj-~|U b \  — 0, then — — — |น7-_)_5.|'

We have

Then
la r + l |  =  | £ i l  =

\ A a i \
|2 M  +  B |‘

|น11 |2&0̂ 4 +  B I
|®r+l I พ < max  ̂ |6 0|,H ! | } -

Substituting it to ( 2.7),

1๙1 = A r b \b o
^r+l

,  . a i  ,bf)A.r—\ A.r < max
o -r + l

6 0  (b r - / i  b o ) A r  +  fro v̂+l A f —\  A fQ i\

H “ l t
□
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