
C H A P T E R  IV  
E X A M P L E S

Our first example shows the case where the growth in equality condition in Corollary
3.5 is equalities with linearly independent continued fractions of simple shape.

E xam ple  1. 1) Consider the continued fractions in F, «1 ะะะ [a:1,®3,» 5,®7, ...] , 0เ2 =  
[x2 , X4 , Xe , X 8 ...]. Corollary 3.5 shows that « 1, 0.2 and 1 are linearly independent over 
F q(x ) .
2) Consider the N  continued fractions in F, a i  =  £ ^ 2+1, x n 3 + 1 , ...] , 012 =
[x n +2, x n 2+2, x n 3 + 2 , , ajv =  [x2N , x n 2+n  , x n 3+n  , . . .] .  We see that |anj+ i | =
q N n+l+ i+ 1 _  q \a n j \ .  Let £ > 1. Choose N o E N such that for all n  >  N o , we get 
n lo g n  >  £. Then we have (3.16) of Corollary 3.4. To verify (3.17) of Corollary 3.4, 
choose N i  >  N o  such that for all ท > N i ,  q N n+ N+1 > 2q N 2 . Then

=  k +i,il9 - ' v " + ‘ + " ! - A ' - 1 ( l  +  i )

By Corollary 3.4, Oil, Q!2, . . . ,  ar\- and 1 are linearly independent over Fq(x').

Our next example is quite interesting. In the case of real numbers, it involves several 
earlier works, see e.g. [3] and [7], where certain real series are shown to have explicit 
continued fraction expansions.

Let /3 >  1 be a real irrational number and g E F9[x]\Fç. Define

< * ,m  ■ ■ = f  >  -  1 )ร - W ] =  f  > 9 - "  e  F . (4.1)

where c„ =  0 if there is no j  E N with [jP] =  น, and c „  =  g  — 1 if there is j  E N with 
[jP] =  น. The following auxiliary result is Lemma 1 of [7].
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Lem m a 4.1. L e t  [ b o , b \ ,  6 2 ,. •.] b e  th e  s i m p l e  c o n t i n u e d  f r a c t i o n  o f  1 / ( 5  a n d  P n / q n i t s  n t h  

c o n v e r g e n t .  T h e n  t h e  d u1 ร i n t r o d u c e d  a b o v e  a r e  d e t e r m i n e d  a s  f o l l o w s :

1 . Cfcbj — g  — l  f o r  k  =  1, 2 , . . . ,  &2 ; a n d  c„ =  0 f o r  a l l  o t h e r  V  < 6 i & 2 +  1 =  ฐ2 -
2 .  I f  ท  >  2 a n d  q n <  V <  q n + 1, t h e n  Cj, =  Cr 11{น),  where r n { v )  d e n o t e s  t h e  s m a l l e s t  

p o s i t i v e  r e s i d u e  o f  V  ( m o d  q n ) .

Just as in the case of real continued fractions, [7], the continued fraction expansion 
of the lacunary series a g ((3) in F can also be found explicitly as in the following theorem.

Theorem  4.2. L e t  /3 >  1 b e  a  r e a l  i r r a t i o n a l  n u m b e r .  L e t  [ b o , b i , b 2, ■ ■ ■ ] b e  t h e  s i m p l e  

c o n t i n u e d  f r a c t i o n  o f  1 / ( 3 ,  P n / q n i t s  n t h  c o n v e r g e n t  a n d  l e t  g  6  Fg[æ]\Fq . I f

A 0 := g b o ,  A n  : =  ฐ*"-2 ฐ'*"-1 (ท > 1), (4.2)

t h e n  a g (/3 ) =  [ A 0 , A i , A 2 , .  . . } .

P r o o f .  W ith A n  defined above, for ท > 0, let

P —2 =  0, P - 1 =  1, p n =  A n p n - 1 +  p n - 2; Q - 2 =  1) Q - 1 = 0, Q n  — A n Q n - 1 +  (ฐท-2-
(4.3)

We claim that, for ท > 1,

« • “ E y V " - * -' (4.4)

Since the verifications for both p n and Qn are the same, we only provide that of the 
former. When ท =  1, since 6o =  0, Tlo =  0, then -Po =  A qP -  1 +  P -2 =  0, and so 
Pi =  .AlPo +  P -1  =  1. Since ฐ! =  &1ฐ0 +  ฐ-! =  &1, by Lemma 4.1

E  =  E  =  E  j V ‘- '  + y ! 1!  =  0 +  £  =

i.e., the claim holds for ท =  1. When ท =  2, we have ฐ0 =  1, ฐ! =  &1, Po =  0, and Pi =  1. 
By (4.2), (4.3) and Lemma 4.1,

P 2 = J 2  ฐ' * 1+ 1  =  ฐ626 1 + 1 - 6 1  +  g b2b 1+1- 2fcl +  . . .  +  ฐ6 1 + 1 +  ฐ1

i=0
_  _|_ gQ2 - 2b1 _|_ ^ 9 2 - ( & 2 - 1 ) 6 i  _j_ g q 2 - b 2bi _  ^  g q 2- k b i  _  ^  g q2~ u ,

f c = l  I / = 1  5  ~~  1
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which yields (4.4) for ท =  2. Now let ท >  2 and assume (4.4) is true up to ท. Then with 
(4.3), (4.4) and qn+1 =  bn+ xqn +  ฐท-1, we get

ra+1 =  A n + 1p n  +  P n _ !  =  E  J Z Ï 9 {1+x)^ - ^  +  E  - ^ 1 ฐ 6-

=  s f ‘ j V " « - '  +  E
M =1 y  น-= l + b n + i q n  ๖  น= 1  y

-{•lQn~\~Qn—l น bn+lQn

Cl/ gQn+l-jl'+bn+lCIn)

:1qn+ l-ll _|_ ^  _ zn _ g q n + 1-M
=̂1+6ท+19ท ^

and the claim is verified. Observe that

^  _ 4 r _ 9 9 n + l - H A g n )

On the other hand, since

b n + lÇ n
=  V '  C/i ! Vn+l-M

Q n  =  1 +  ฐ +  - - - +  ฐ9n + ฐ

and [0, A l, A2, . . . ,  A n ] ะ= P n / Q n , we have

,<?ท-2 4- ท?ท-1 — ^gn ~  ^
5 -  1

p
a ’ W ) -  Q n —

( - A )  ร - - . £ =  |5_9n| ( ฐ - 1) ฐ-61 -> 0 (ท -)' ๐0 ).

Exam ple 2. Let /3 >  1 be a real irrational number, [&0, b \, &2,. ■ •] and P n / q n  be the 
real simple continued fraction of 1/(3  and its n th  convergent. Let ฐ!,ฐ2 ร F5[x]\F 5 
be such that เฐ! I >  Iฐ21 - Assume that the real simple continued fraction of 1//3 has 
unbounded partial quotients. Let [Ao, A l ,  A2, . . . ,  A n , . . .] and c n (ฐ!)/ D n (ฐ!) be the 
continued fraction of « 51 (/3) and its n th  convergent. Let [Bo, B \ ,  p 2). . . ,  B n, ...] and 
On(ฐ2) / P n  (ฐ2) be the continued fraction of « 52 (/3) and its n th  convergent. By Theorem

4 ,  =  9 1 6 0  _  0 , A ,  =  D n (91) - £ ^  <» >  1)

B o  =  9260 =  0 , ร 0  =  , A , ( 9 2 ) =  ^ = - ^ -  (ท  >  1).
and
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Since the continued fraction of 1 //? has unbounded partial quotients, there is a sequence 
of positive integers (ท*;) such that b n k + 1 —» oo ( k  —> oo). Let ท0  =  0. Choose £ 710 — 

1 , £ 7111 =  q  ( k  >  1) and for all k  >  0, choose c n =  q  (ทk <  n  <  ท*;+1 ). Then we have (3.3) 
and (3.4) of Theorem 3.3. To verify (3.5) and (3.6), choose

=  =  % ¥  ( * > 1 )\A nk\
and for all k  >  0 , ท*: < ท < r i k + 1 , choose

d n  = \B n + i I
" W

Then
k

J^(^7ii+l^rsj+2
t=0

b 2 B n i ■ รท1 + 1 -Bn 1 + 2 B n 2 B n  2 + 1

A 1 A n  1 —1 A n  1 A n  1-)-! A n 2 — 1 ท 2
B n k +  2 B n k+1 B n k + 1+ 1
A n k + 1 A n k + 1 - 1  A n k + 1

B n  k+\ (ฮ2) แ^ทfc+l+11
\ B n k.+ 1 (ฮ!) II-®! I

=  W \

~ W \

=  W \
—> ๐0

9 2
ฮ!
9 2
9 1

£

I n k + 1 - 1
เฮ2เ(5"*+1

'Î’U+I-1
เฮ21(Bnk+1

nk +1+1
9 1

(A: —» 0๐).

+  l - l ) 9 n fc + 1 +  Qnk + 1 - 1  

+  l - l ) ( 9 n f c + 1 - l )

By Theorem 3.3, a g i ( / 3 ) , a g 2 ( 0 )  and 1 are linearly independent over Fg(æ).
Next we show that a g i ( / 3 ) , a g2((3) are algebraically independent over F q (x ) .  Since 

|.D„(ฐ!)! — เฮ! ! 9 " - 1 >  ฮ9" - 1 เฮ2 19" -1) choose / 2 (ท) =  ฐ9 ’1 - 1  —> ๐0  ( ท —» oo). Then 
|-D„ (ฐ!) I >  / 2 (ท)|Z?n(ฐ2 )|. Since the continued fraction of 1//3 has unbounded partial 
quotients, there is a subsequence (ท/t) such that b n k —> oo (A; -> oo). Take f i ( k )  =  

(b n k + 1 — 1) log|5 1 1 เฐ2 |J • Then f i ( k )  -» oo (A; -> oo). Moreover we obtain

|A *  (ฮง |/l(fc) =  เ ฮ ! เ ^ - 1) ^  <  เฐ!I**( ^ + ! - 1) < เฐ ! เ^ + 1- =  | ^  + 1|.

Theorem 3.16 implies that a 5l (/3) and otg2 (f3) are algebraically independent over F q ( x ) .
The last example comes from one of our recent results, Theorem 8  of [27], which 

displays another type of lacunary series having explicit continued fractions.
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T h eo re m  4.3. L e t  I  b e  a  f i x e d  p o s i t i v e  i n t e g e r ,  {&i}j>1 a s e q u e n c e  o f  p o s i t i v e  i n t e g e r s ,  

(aOi>/ a  s e q u e n c e  o f  n o n z e r o  p o l y n o m i a l s  o v e r  F q ,  s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  i f  I  =  1 , 
t h e n  a \  a n d  t h o s e  a i  ( i  > 2) f o r  w h ic h  k i =  2 are n o n - c o n s t a n t  p o l y n o m i a l s  o v e r  Fg. Let 
t h e  s e q u e n c e  {Qi}j> 1 b e  d e f i n e d  b y

Qi =  i, Q 2 , Q3, . . , Q i e ¥ q[x]\Fq-, Qu =  au_ 1Qkf r l1Q t~ 2 ---Qu-~/ ( « > J  + 1),

=  (U 6N ).

A s s u m e  t h a t

1 . i f  I  >  2 , t h e n  <ฐ2 เ <3ร| —I Qj;
2. k i  >  2 ( i  >  I ) .

I f  c (น )  =  [&o; &1 , •••, M  (ฆ >  I  +  1), t h e n  th e r e  e x i s t s  (3 G F g \  {0} s u c h  t h a t

C ( u  +  1) =  [hoi b \ , b n , (3 ร น , b n , bn—1 , h x ] ,

where รน =  tt“ M o r e o v e r ,  i f  (ฐ2 ) Q ’St - ' i Q i  a n d  ai l  p o l y n o m i a l s  Oj (i >  / )  
0"u-iQ u _ j

a r e  m o n i c ,  t h e n  (3 =  (—l ) n {Lc.(hn h„_ i • ■ • h i)} -2  , where l . c . ( p )  d e n o t e s  t h e  l e a d in g  

c o e f f i c i e n t  o f  p ( x )  G Fg[x].

Exam ple 3. Let j =  1 , 2. Let E j e  Fg[a;] be monic with deg-Ej >  1 and |£4| > l-Ê I-
Let 1 = 1 , kjy =  v  + 1  (2,’> ! ) • Let ai j  = and a„j =  1 (2, > 2). Let Q ij =  1. Define
Q u j  = -1 j /^iku—1

' « น ิ- !  J and s« j  = au Q kuu ~ l
^ น — !au—iQ u _ 1 (น  >  2). Then

Q ï , j

Q z , i =  ^ = E p

Q i , j _ 7T>4!=  E j , ร4,i =  E f

Q u ,j =  E j : 1 ‘ . J  =  f i f " - 1».



Define C j {  1) =  1, C j {น) =  E “=1 Ô77 a n d  C j (oo) =  (j =  1>2)-
Here C j(l) =  1 =  [1], C j (2) =  1 +  1 / E j  =  [l,P j]. Thus, by Theorem 4.3, we have
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Let a subsequence (nfc)£L0 be defined by ท0 =  0, ท1 =  1, and ท h =  2nfc_i +  1 [k  >  2.)

We see that gcd(p„ j ,  (ฐ,,, j )  =  1 so that P u j / Q u j  is associated with the n „_ ith  continued 
fraction of Cj(oo). In general, write Ci(oo) =  [ c k o , Oi\, OL2-,. . . ,  a n , ...] , and (72(00) =  
[ / . . .  , |ฮท,...] . Choose £nk =ะ q =  Cn for all k  >  0 and ท,k <  ท <  ทk+ 1- Then 
we have (3.3) and (3.4) of Theorem 3.3. To verify (3.5) and (3.6), for all k  > 0 and 
Uk < ท <  ทk + h  choose

Write
E f  +  E f - 2 ' +  . . .  +  1

E f

รทk =  ± ^  and d n
k I

\Pn+l I

Then
N

J J ( d7i;+ldni+2 ■ ■ • d n i+1-1รท {+1 @2 3 A
CX\ 0เ2  a 3  Q :4 c t5 O îg  a 7

f i n N +2 P u fi+ I  — 1  flr iN + 1
a n^+l t-bijv+l- 1 ^JV+l i=iV

-> OO (At -> 00).

and
1 ( « + ! ) !
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Then
IC'i(oo) — P Uji / Q น ,l E 2

E l
(ช+!)!

0 (น —)- 0).
1̂ 2(0๐) -  P u , 2 / Q u ,2\

To verify (3.30) of Theorem 3.15, let M  >  0. Since (น +  1) —> ๐0 (น 
N o  such tha t for all น >  N o

00), there exists

\E 1\u+ l >  \E 1 \M  and \E 2 \u+v >  \E XE 2 \u + l IM

Then, for all น'.>  N o ,

1B11!1« 1: < and
\E 2 \ ^

7 < \E 1E 2 \M

and so

C l  (๐๐) P u , 1
Q u.l < I Q u ,] IM and C2(oo) ช ,2

Q น ,2
< I Q u ,i  Q น,2\M '

By Theorem 3.15, C l (00), C2(oo) are algebraically independent over F q(x ) .
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