Chapter 3
The Quantum-Classical Boundary

3.1 The Classical Limit for a Heavy Mass

In 1961. Aharonov and Bohm [2] considered the time-energy uncertainty
relation. They discussed the nature of time in quantum mechanics and cleaned
up many misconceptions on the time-energy uncertainty relation by using the
variables determining the time of measurement, called the quantum-mechanical
side of the cut which now we call the quantum-classical boundary. Aharonov and
Bohm introduced these variables into the wave function, so that they are in this
way led to a many-body SE. It implies that an additional observing apparatus
on the classical side of the cut, with the aid of the many-body system under
discussion can he observed. The probabilities for the result of such observations
are determined by the wave function, which takes the form

T=T(XY 21 (3.)

where 2 represents the apparatus variable on the quantum-mechanical side of the
cut (which includes those describing the time of measurement), . represents the
coordinate of the observed particle, and y that of the test particle. Aharonov and
Bohm stated that:

1) The time of measurement  determined by an interaction between the
test particle and the observed particle which was assumed to last for some interval
At

2) Ifthere is  time-dependent interaction between apparatus and observed
system which last for an interval At. then the SE will have to have a corresponding
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potential, which represents this interaction. The form of this potential will depend
on where we place “the cut”, 2.

3) If the apparatus determining the time of interaction is taken to be on the
classical side, then the potential will be a certain well defined function of time,
which is nonzero only in the specified interval of length At. We may write this
potential as

V(x,y,z) =PV (x,y, 2(t)) = V(x.y.1). (32)

4) If. on the other hand, the variable determining the time of interaction
are placed on the quantum mechanical side of the cut then we cannot regard the
potential as a well-defined function of time. Instead, we must write v = v (X.y. ).

b) If the particles determining (or the apparatus) the time of interaction
are heavy enough, then they will move in an essentially classical way. very nearly
following a definite orbit. 2 = z{1).

To the extent that, this happens, we obtain, as a good approximation.

V{ny,2) & V{y.(1). (33)

To treat this problem mathematically. Aharonov and Bohm started with the SE
for the whole system.

ITAT(X, Y, 2.0 = [HO+H vt H e+ VG YD) (. ) (34)

where Ho represents the Hamiltonian of the observed particle. H,, that of the
test particle. 4 that of the time determining variable, 2 (or the apparatus) and
V(x.y. ) represents the interaction potential.

They simplify this problem by letting the time determining variable be rep-
resented by a heavy free particle mass M . for which we have
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and suppose that the initial state of the time-determining variable can be rep-
resented by a wave packet narrow enough 11 2 space, so that At = A2/12 can
be made as small as necessary. This procedure is similar to those developed bv
Armstrong in 1957 [39]. The wave packet is

So(z,t) = Jp2> ZeXp P2 %t (3.6)
where Pz is the momentum of the apparatus system. Because m is very large,
the wave packet will spread very slowly, and to a good approximation. The wave

packet becomes

Pa2t) = PR- vajexpl +|zp. - T (3.7)

where v2 = is the mean velocity, p2 is the mean momentum and $(2 —v21) is
just a form factor for the wave packet which is. in general, a fairly regular function
which varies slowly in comparison with the wavelength of the apparatus system.

A= hip2. (38)
If the interaction. v (¢, y 12) is neglected, a solution for the whole problem will be
{xy-2,1) = 4>0(2.4)%(:cy.) (39

where t>0(x. . t) is a solution of the equation

INA-pQX. J. 1) = (Ho+Hy) bofx, ), 1), (3.10)

When this interaction is taken into account, the general solution will, take the
form
T(ry. ) =y Gn(2.tJw, (1. y.t) (311)

where ¢, is the coefficients of the expansion. The sum is taken over the respective
eigenfunctions. <r(2.t) and <, [c.y. t) of H .4 and (Ho0--H,y) respectively.
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0) If the mass m, of the time determining particle is great enough, so that
the potential v (x,y.z) does not significant variation in the wave-length. A =
h/p2Lthen, as is well known, the adiabatic approximation will be applied. In this
case, one can obtain a simple solution, consisting of a single product, even when
interaction is taken into account. Aharonov and Bohm obtain the solution in the
form

Mx,y,z,t) = $0(z, Y, Z,1). (3.12)

When this function is substituted into the SE, Eq.(3.4), the result is
inA(x, Y,Zt)= (Ho+Hyt V(x,Y,2) - % » - 1) v(x,y. 2,0
(3.13)

If m is large and if the potential dose not vary very rapidly as a function of
2. the last term on the right-hand side of Eg.(3.13) in the above equation can
be neglected, if v (x.y.z) varies very rapidly, then .mg~ip.(x,y,z,t) will not be
negligible, even when m s large. Moreover,

A ndd=1 pr+pd M$(z —vzt) (3.14)

Because $z—vzt) does not vary significantly in a wave-length, this term also can
be neglected in the above equation, and we obtains

ru xp{xly. z.t) = fHo+Hy tV(X.y.2) —ihv,—o \J li>(x. Y, Z.1). (3.15)

Aharonov and Bohm then make the substitution. vzt = and

Y )= My ) = TGy vt (3.16)
With the relation
du:'  Ov dw
- = ~dt+  dz' 3.

we have

A0 Y. ) = HOSHY HVec Y A WTEGY +et). e
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Note that this equation does not contain derivatives of , so that, can he given
a definite value in it

The complete wave function is. of course, obtained by multiplyings 1x, y. .1

by sz —vzt) = (). Now. this was assumed to be a narrow packet centering at

= (), such that, the spread of can be neglected. As a result, we can write = 0
in the above equation. The result is

ihnxjj'(x,y, = 0,f) = [HOEHy+v (x,y,vat) ik(x,y,1). (3.19)

In this way. we have obtained the SE for .. y, with the appropriate time-dependent
potential V (x.y,v1,t), the relationship between the time parameter t and the time
determining variable 2 being, in this case, t - z/v1.,

Above is a discussion as the same what Mandelstamm and Tamm had done
in 1945 [40] who had formulated for the justification of the time-energy uncertainty
relationship. Mandelstamm and Tamm considered an arbitrary operator A. which
is a function of the time (e.g., the location of the needle on a clock dial or the
position of a free particle in motion) and which can therefore be used to indicate
time. Ifaa=y((A —ZA))Z) Is the uncertainty in A, then the uncertainty in
time is

AA

LN 320

At A (3.20)

provided that A does not change significantly during the time period. At. and
that AA]j is negligible. From the relation

AAAE > (A H)[ = n|(A)]. (321)

where H represents the Hamiltonian of the isolated system and A€ = \3((H —(H))")
is the uncertainty in energy of the system. We obtain the time-energy uncertainty

relation
’Al IWE = AtAE >h (3.22)
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