
C h a p t e r  2

T r a n s p o r t  E q u a t i o n

2 . 1  T h e o r e t i c a l  I n v e s t i g a t i o n :  T h e  F o k k e r - P l a n c k  

E q u a t i o n

Here, ou r a tte n tio n  is focused on the theo ry  o f charged pa rtic le  m o tio n  in  a 

random  m agnetic  fie ld  in  wh ich a charged pa rtic le  undergoes sca tte ring  from  the  

m agne tic  irre gu la ritie s , in c lu d in g  the effects o f a m ov ing  m ed ium , the average 

m agne tic  fie ld  geom etry and some energy loss processes (R u ffo lo , 1995). However, 

i t  can be shown th a t under ce rta in  cond itions  th is  type  o f k in e tic  theo re tica l 

approach is equ iva len t to  the B row n ian  m o tio n  approach (E in s te in , 1906; T a jim a ,  

1989), in  w h ich a test p a rtic le  feels a f lu c tu a tin g  d is tu rbance  and executes a 

random  re la xa tion  process. The B row n ian  m o tio n  may be described by a Fokker- 

P lanck equation (C handrasekhar 1943). The  de ta ils  o f these tw o approaches and
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Heliosphere

F igu re  2.1: Schematic d iag ram  o f an (idea l) tra ve lin g  in te rp la n e ta ry  (spherica l) 

shock in  the heliosphere (no t to  scale). T h is  shock may be d riven  by a coronal 

mass e jec tion (C M E ).

th e ir  re la tio n sh ip  maybe found in  Rosenb lu th  et al. (1957).

A  s tanda rd  approach to  fo rm u la tin g  the tra n sp o rt p rob lem  is the  Fokker- 

P lanck equation , w h ich  is solved in  o rde r to  fin d  the phase space d is tr ib u t io n  

or a re la ted  quan tity . S k illin g  (1975) p rov ided a general tra n s p o rt equa tion (his  

E qua tio n  (4 )) describ ing the behav io r o f charged pa rtic le s under the above c ir 

cumstances, va lid  fo r a w in d  speed much lower th an  the  speed o f lig h t. O u r 

s itu a tio n  o f in te re s t is a special case. F igu re  (2.1) dep ic ts the  (idea l) spherica l 

shock geometry, poss ib ly  d riven  by a C M E  p ropaga ting  ou tw a rd  from  the รนท.
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The  m agne tic  fie ld  con fig u ra tio n  is shown more c lea rly  in  F igu re  (2.2).

F igu re  2.2: Average m agnetic  fie ld  lines near a spherica l shock. Here the  f lu id  

ins ide a m ov ing  shock bounda ry  is compressed (dow nstream ), changing the  (av

erage) m agne tic  fie ld  con figu ra tion .
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The  equa tion  o f S k illin g  (1975) can be w r it te n  as (C huycha i 1999):
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where, F(t,n,r,p) = d3N/ (d /r dr dp) , is a d is tr ib u t io n  fu n c tio n  re la ted  to  the  

phase space density, f(t,x,p), by F  =  27rr2p2/ .  We use F  (fo llow ing  Ng &  W ong  

1979) because we can easily design the  num erica l f in ite  d ifference m e thod  to  

s t r ic t ly  conserve th is  q u a n tity  (correspond ing to  conservation o f pa rtic le s) du rin g  

s tream ing  and convection (firs t te rm  o f the  r ig h t hand-side o f E qua tion  (2.1)). 

A lso , p is the  p itc h  angle cosine o f a m ov ing  pa rtic le  re la tive  to  the  average 

m agne tic  fie ld , V is the p a rtic le  speed, Ü  is the flu id  ve loc ity , c  is the  speed o f

lig h t, t  is tim e , t  is a u n it vector a long the mean m agnetic  fie ld  line , p  is the  

pa rtic le  m om en tum  (m agn itude ), 2 is a spa tia l coo rd ina te  and <p(p) is the p itch  

angle sca tte rin g  coeffic ient. A c tu a lly , fo llow ing  R u ffo lo  (1995) P, p and V are 

defined in  the  loca l so lar w ind  fram e w h ile  the o the r variab les are in  the solar 

fixed fram e fo r convenience.

Here we m od ify  E qua tion  (2.1) (as a p ro to type  to  be ad justed) to  su it the  

spherica l shock case. Hence, fo r ou r shock geom etry and m agnetic  fie ld  configura-
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t io n , we have to  derive the te rm s Ü■ £, V-£, V-Ü and diijdUj/dxi- However, before  

go ing deeper in  de ta il, the nex t tw o sections w i l l  present some basic in fo rm a tio n  

unde rly in g  the ca lcu la tio n  o f these quan tities .

2 .1 .1  S o la r  W in d

O u r s im u la tions  shou ld be app licab le , no t on ly  fo r a specific astrophys ica l s itu a 

tio n , b u t also fo r spherica l shocks in  general. Since we w an t to  s tudy  the effects 

o f ad iaba tic  deceleration and ad iaba tic  focusing, i t  is necessary to  specify some 

param eters in  order to  pe rfo rm  our s im u la tions . In  th is  case, we assume th a t  

the p lasm a does no t flow  along m agnetic  fie ld  lines b u t flows ra d ia lly  (o r a lm ost 

ra d ia lly )  ou tw a rd  from  the รนท (o r a s ta r), as is ty p ic a l fo r a solar or s te lla r w ind . 

Furthe rm o re , the so lar w ind  (or s te lla r w in d ) speed is a lm ost constant ou ts ide the  

source surface, w ith  most o f its  acce lera tion hav ing  taken place closer to  the  รนท. 

B y  th is  p o in t o f v iew , we decided to  use the  f lu id  flow  ve lo c ity  as a vector wh ich  

has a cons tan t m agn itude , ra d ia lly  flow ing  ou t from  the center o f the sphere as 

fo llows:

Ü(r , 6, </>) =  Usw êr (2.2)

where Usw is the so lar w in d  speed and êr is the ra d ia l u n it vector.
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2 .1 .2  A r c h im e d e a n  S p i r a l  M a g n e t ic  F ie ld

In te rp la n e ta ry  m agne tic  fie ld  ( IM F ) lines have the  shape o f an A rch im edean sp ira l 

(o ften  ca lled the P a r k e r  s p i r a l  a fte r E. Parker, who was the  f irs t to  exp la in  the  

average IM F  s tru c tu re ; Parker, 1958) when we look  tow a rd  the  so lar equa to ria l 

plane from  the so lar N o rth  pole. The A rch im edean sp ira l fie ld  in  a spherica l 

coo rd ina te  system  can be w r it te n  as:

B =  B o  { ๅ +  — (2.3)

and the m agn itude  o f the m agnetic  fie ld  is

( IH Â (2.4)

where B o  is a constan t and R  =  U s w / ( f l  s in # ), is a cha rac te ris tic  w in d in g  rad ius  

o f the A rch im edean sp ira l.

N ext, we define i  =  B  เ  IB  I, to  be a u n it vector ou tw a rd  a long the  m agnetic  

fie ld  line . C learly , by Equa tions (2.3) and (2.4) we ob ta in

u  'ïv+rV (2.5)

and (see also F igu re  (2 .3))

i  = ê r  +
y / R 2 +  r 2 ' V R 2 +  r 2

=  c o s t /) ê r  +  s in ใ/) ê ÿ , (2.6)

where ใ/) is the “ garden hose” angle between l  and f . A no th e r cha rac te ris tic  scale



2.1 Theoretical Investigation: The Fokker-Planck Equation 23

le ng th  is the  focus ing leng th , L — —B/(dB/dz), where z is the  spa tia l d istance  

a long the  fie ld  line . I t  can be shown th a t

r ( r 2 +  R2f ' 2L R{r2 +  2R2) ’
(2.7)

2 .1 .3  S p e c i fy in g  T e r m s  in  t h e  F o k k e r - P la n c k  E q u a t io n  f o r  

a  S p h e r ic a l  S h o c k

In  the nex t step, we w il l p rov ide  some expressions fo r te rm s in  E qua tion  (2.1) as 

fo llows:

•  V  -1 t e rm

The divergence o f l  can be expressed as

O ' - O - Î
B V - Ê - B - V B

B2
=  0 — B ■ (since V  - B = 0); 7 e 7

B dz

= T  (2-8)

•  V  - Ü t e r m

The divergence o f so lar w ind  is
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2 บ  ,

= (2-9)

• Ü • l  t e rm

F rom  Equa tions  (2.2) and (2.6) we w i l l  d ire c tly  get

Ü • £ — U êr ■ (cos Ip êr + sin Ip ê f f , )

= บ cos Ip (2-10)

•  £i£j dUj jdxi t e r m

In  the  same way as expressed above we also get

£ i£ j-^ -= sin2 xp—. (2-11)

S ub s titu te  Equa tions (2.2), (2 .6), (2 .8), (2 .9), (2.10), and (2.11) back in to  Equa

tio n  (2.1) and us ing the assum ption th a t the  loca l so lar w in d  speed and £ do no t

depend on tim e  (du/dt ะ= 0, dl/dt =  0), we ob ta in  our f in a l tra n s p o rt equation .

In  sum m ary, the desired Fokker-P lanck equa tion  th a t describes the  pa r

tic le  tra n s p o rt is:

OF
dt
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where de riva tio n  o f a ll te rm s to  the r ig h t is im p lie d , and



2.1 Theoretical Investigation: The Fokker-Planck Equation 25

F ( t , p , r , p )

t

r

p

V

น

L(r)

P

=  d3 N/  (dpdpdr) is the dens ity  o f pa rtic le s  in  a given  

m agne tic  flu x  tube , 

is the tim e  in  the fixed frame, 

is the rad ius,

is the  p itch  angle cosine in  the  f lu id  frame, 

is the p a rtic le  speed in  the f lu id  frame, 

is the so lar w ind  speed in  the  fixed frame, 

is the “ garden-hose” angle between B and f ,

=  —B/(dB/ds) is the  focus ing leng th , 

w h ich  ร  as the a rc leng th  a long B ,

is the  p itch  angle sca tte ring  coeffic ient, and  

is the p a rtic le  m om entum  in  the  f lu id  frame.

However, from  E qua tion  (2.1) a more general fo rm  o f the  Fokker-P lanck  

equa tion  can also be w r it te n  as (R u ffo lo , 1995)

d F d <Ar> J d J d ฬ ฬ  d

d t d r . J d p L A t  J d p 2 d p l c  J  }

JL [ IM  F
d p  . A t

(2.13)

C om pa rin g  th is  equa tion  w ith  E qua tion  (2.12) te rm  by te rm , we found th a t

(2.14)(A  r )  P ? V 2 U  cos2 xjj
PLV cos ip +  น-------------—-------- ,

A t
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where th is  equa tion  represents r  and the so-called Fokke r-P lanck coeffic ien t w h ich  

is the desc rip tion  o f the  spa tia l tra n sp o rt ve lo c ity  o f charged pa rtic le s  we are 

concerned w ith . The  f irs t te rm  on the r ig h t hand-side is p a rtic le  s tream ing  speed 

w h ile  the  second te rm  is the convection speed due to  f lu id  flow  and the las t one 

is the  re la t iv is t ic  co rrec tion  te rm . Hence, th is  te rm  is the  overa ll speed o f the  

pa rtic le s  we are considering in  a m agnetic  f lu x  tube . The  nex t te rm  is the  effect 

o f

where th is  is the  /Ï te rm , wh ich is the p itch  angle chang ing ra te  due to  the  

bo th  effects o f ad iaba tic  focusing (the  f irs t te rm  o f the r ig h t hand-side) and the  

divergence o f the so lar w ind  ve lo c ity  com ponent a long Ï  (second te rm ). The  last 

te rm  is

T h is  te rm  is p, w h ich  is the m om entum  chang ing ra te  due to  the  divergence o f

(A /r )  V

A  t 2 L • ( 1 - V ) ,  (2.15)

the so la r w ind .
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R

F igu re  2.3: Schematic illu s tra t io n  o f the “garden hose” angle Ip, w h ich  is the angle  

between the m agnetic  fie ld  line  (a long the u n it vector i) and the  rad ia l vector r, 
where R — บรพเ(โ! sin 6) is the cha rac te ris tic  w in d in g  rad ius o f the A rch im edean

sp ira l.
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