
CHAPTER II 

THEORY

2.1 Background

The basis for atoms and molecules is formed by the coulombic attraction 
between a set of positively charged nuclei surrounding by a number of electrons [47, 
48]. The potential between two particles with charges q  1 and q j  separated by a 
distance r i; (in centimeter-gram-second (cgs) unit) is given by

V „  =  V ( r v )  =  ^ -  (2 .1 )

Due to electron displays both wave- and particle-like characteristics thus; it 
cannot be described by classical mechanics. However, it can be described by the 
quantum mechanical equation i . e .  the time dependent Schrôdinger equation.

t n f  =  i h ^ ~  (2 .2 )
d t

H  is the Hamiltonian operator; h  is Planks constant divided by 271 and i  is the 
imaginary number. The simpler version of Equation (2.2) is the time-independent (or 
static) Schrodinger equation given by:

7ÂF -  E 'V (2.3)

For a general N  particle system the Hamiltonian operator contains kinetic (T) 
and potential (V) operators for all particles.
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Where V 2 is the Laplacian operator acting on particle/. The potential energy 
operator is the Coulomb potential Equation (2.4). Due to nuclei are 1836 times much 
heavier than electrons, their velocities are much smaller. The Schrôdinger equation can 
be separated into two parts, where one-part describes the electronic wavefunction for a 
fixed nuclear geometry, and another part describes the nuclear wavefunction. The 
energy from the electronic wavefunction plays the role of a potential energy. This 
separation is called Born-Oppenheimer approximation. The Born-Oppenheimer 
approximation is usually a very good approximation. For the hydrogen molecule the 
error is of the order of 10"4 a.u., and for systems with heavier nuclei, the approximation 
becomes better [48].

The Potential Energy Surfaces (PES) is known when a large number of nuclear 
geometries (and possibly also for several electronic states) has been solved by the 
electronic Schrôdinger equation. This can then be used for solving the nuclear part of 
the Schrôdinger equation. If there are TV nuclei, there are 37V coordinates that define 
the geometry. Of these coordinates, three coordinates describe translation and another 
three coordinates describe rotation of the molecule. For a linear molecule, only two 
coordinates are necessary to describe the rotation. Thus, the molecular vibrations could 
be defined by 3TV -  6(5) coordinates. It should be noted that nuclei are heavy enough 
for quantum effect to be almost negligible, they behave to a good approximation as 
classical particles.

The typical molecular Hamiltonian operator [48] consists of the kinetic term for 
electrons (Tc) and nuclei (Tn), the attraction between electrons and nuclei (V n6), 
inter-electronic (V e6) and internuclear (V nn ) repulsions. Casting the Hamiltonian into 
mathematical notation, we have
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H = - z | j - v ? + 1 ^/ 2w< * 2wA I * r lk j $ r y t<r r u

-  T e + T n +  V ne +  V ee +  V nn (2.5)

where j and y run over electrons, /tand /run over nuclei, me is the mass of the 
electron, m k is the mass of nucleus k , e  is the charge on the electron, z is an atomic 
number, and r ab is the distance between particles a  and b  . All are in cgs unit.

Applying the Born-Oppenheimer approximation Equation (2.6) is separated to

H  =  H  m  + H ekc (2.6)

where H „ „  is nuclear Hamiltonian. Thus,

//=-yZL v;+/- - I Z
น 2 m ,  \  A 2 m, A v  "1,

e-z.

- Z ~ v ;  +£,0,( h i )

and H e 1 ecis electronic Hamiltonian

^ - ^ - ? ? ^ ะ:

+ v £ l \  + £ ^ ^ /
i<j rij I *</ r A/

(2.7)

(2 .8)

If the electronic Schrôdinger equation ( / /e1evT/e11. ะะะ £^) is solved, the nuclear 
Schrôdinger equation can also be solved. Even for the simplest molecular system, the 
electronic Schrôdinger equation can still not be solved exactly.
Additional approximation is needed.
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2.2 Spatial Orbitals and Spin Orbitals

We define an orbital as a wavefunction for a single particle, an electron. 
Because we are concerned with electronic structure of a molecular, molecular orbitals 
will be used for the wavefunctions of the electrons in a molecule. A spatial orbital ( r ) , 
is a function of the position vector r and describes the spatial distribution of an electron 
such that \ y  1( x ) ^  d r  is the probability of finding the electron in the small volume element 
d r  surrounding r. Spatial molecular orbitals will usually be assumed to form an 
orthonormal set

If the set of spatial orbitals \ [ f /1)  is complete, then any arbitrary function 
/ (r) could be exactly expanded as

where a  1 is a coefficient. The finite set of orbitals{^  u = span a certain
region of the complete space.

An electron is necessary to specify its spin. The wavefunction for an electron that 
describes both its spatial distribution and its spin is a spin orbital, j ( x ) , where X  

indicates both space (r) and spin ((ซ) coordinates [49].

(2.9)

/  (r) = x < w , ( r ) (2 .10)

y /  (r) a ( a > )

j ( x ) H or
y / ( r ) j 3 ( c o )

(2 .1 1 )
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2.3 Slater Determinants

The wavefunction for an N  -electron system, is a function o fx ,,x 2,. 1. ,X j, . A 
many electron wavefunction must be antisymmetric with respect to the interchange of 
the coordinate xo f any two electrons. This requirement is also called the Pauli Exclusion 
Principle.

^ (x ,, . . . , X I , . . . , X  1, . . . ,  X A. )  = - T ( x 1, . . . ,x i, . . . ,x J, . . . ,x A,) (2.12)

Slater determinant can be used to represent the antisymmetric wavefunction.

x , - ( x  1) X j ( * i )  - - Xk  ( X i )

v F ( x ] , x 2 , . . . , x N )  =  ( A r ! ) ' 1 / 2
X i ( x 2) x M l )  • - X k M

X i M x M n ) - - X k M

(2.13)

The factor (AH)'l/2is a normalization factor. The Slater determinant has N  electrons 
[Slater determinants formed from orthonormal spin orbitals are normalized.] It is 
convenient to introduce a short-hand notation for a normalizes Slater determinant, which 
includes the normalization constant and only shows the diagonal elements of the 
determinant,

vF ( x 1, x 2 , . . . , x w )  =  | ^ ( x 1) j ; ( x 2 ) - - - ^ ( x ^ ) }  (2.14)

2.4 The Hartree-Fock Approximation

เท the Hartee-Fock method, the electron-electron interaction is treated within the 
model of independent electrons, i . e . each electron moves in the average potential of 
other electrons. The advantage of the model of independent electrons is that it allows 
searching for a wavefunction in the form of the product of one-electron functions
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(orbitals). The Hartree-Fock approximation constitutes the first step towards more 
accurate approximations [49].The simplest antisymmetric wavefunction is a single Slater 
determinant [50]. [As a consequence, there is a non-zero probability that two electrons 
are located at the same point in the space.] It can be used to describe to ground state 
of an N  -electron system. The variation principle could be applied to obtain the lowest 
possible energy £ 0 of { % , }  orbital space.

TheE 0 = ( ^ J0 H ' ¥ 0 y  expressed in terms spin orbitals[ x , \ i  = 1,2,. ,.,,/v}, is given 
by Equation (2.16),

* 0 = *0 (2.15)

E o =  ร  [ # ] + (2.16)

For a closed-shell system, which contains N / 2  orbitals with a  spin and N / 2  

with /? spin Equation (2.16) can be written as

E o = 2 E ( # ) + ร 2ฺ (”Vy)-(y'b>'
i ab

(2.17)

The first term is called the one-electron integral

(#■)=K  = 1 drV; (r,)(-4 v;- i
1  k = 1 r Ik

(2.18)

Thus h n is the average kinetic and nuclear attraction energy of an electron 
described by the wavefunction y/.( r ,  ) . The -second term in Equation (2.18) is the two- 
electron integral

J , j  = (ท ่] j j ) =  I  d r  1d r 2 ^ , ( r  1 )|2 ^-|(//7(r2)|2 (2.19)
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which is the classical coulomb repulsion between the charge clouds เ^1.(r1)เ2 and 
|(//; (r2)! . Thus, this integral is called a coulomb integral, J ÿ  .

The -third term is

K ,J  =  ( & \ j i ) =  J d r xd x 2\ j / *  ( r ,  ) y / j  ( r ,  )  y -  ( / / *  ( r 2  ) y / t ( r 2  )  ( 2 . 2 0 )

and does not have any classical interpretation. It is called an exchange integral, K y  .

Rewrite the Hartree-Fock energy for a closed-shell system using notations of 
coulomb and exchange integrals, we obtained

£» = 2 l * » + I X - K s (2 -2 1 )

The variation flexibility in the wavefunction is in the choice of spin orbitals. By 
minimizing £'0with respect to the choice of spin orbitals, one can derive an equation, 
called the Hartree-Fock equation, which determines the optimal spin orbitals. The 
Hartree-Fock equation is an equation of the form

/ (0 x*(x1) = ^ (xi) (2 .2 2 )

where f ( i )  is an effective one-electron operator, called the Fock operator. The Fock 
operator has the form

/ (0 = - | v ? - i ^ + vHF(0 ( 2 . 2 3 )

where vIIF(/)is  the average potential experienced by the / ,h electron due to the 
presence of the other electrons. The essence of the Hartree-Fock approximation is to 
replace the complicated many electron problem by a one-electron problem in which
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electron-electron repulsion is treated in an average way. The procedure for solving the 
Hartree-Fock equation is called the self-consistent field (SCF) method [49],

The basic idea of the SCF method is simple. By making an initial guess at the 
spin orbitals, one can calculate the average field (/.e.,vHF) seen by each electron and 
then solve the eigenvalue equation in Equation (2.22) for a new set of spin orbitals. 
Using these new spin orbitals, one can obtain new fields and repeat the procedure until 
self-consistency is reached (.i . e .1 until the fields no longer change and the spin orbitals 
used to construct the Fock operator are the same as its eigenfunctions), as in Figure 2.1.

Figure 2.1 Flow chart of the HF SCF procedure [48]. Note data for an
unoptimized geometry is referred to as deriving from a so-called single-point calculation.
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The solution of the Hartree-Fock eigenvalue problem Equation (2.22) yields a set 
[ X k ] of orthonormal Flartree-Fock spin orbitals with orbital energies{^ } . The N  spin 
orbitals with the lowest energies are called the occupied or hole spin orbitals. The Slater 
determinant formed from these orbitals is the Flartree-Fock ground state wavefunction 
and is the best variation approximation to the ground state of the system, of the single 
determinant form.

The Flartree-Fock equation can also be solved by introducing a finite set of 
spatial basis functions{ ^ ( r ) \ j u  = 1,2,...,K } . Using a basis set of K  spatial 
functions {^ ) , leads to a set of 2 A) spin orbitals ( K  with «spin K  and with j3  spin) 
can be obtained.

(2.24)

2.4.1 The Restricted and Unrestricted Hartree-Fock Models

The Hartree-Fock solution is usually characterized by having doubly 
occupied spatial orbitals, i . e .  1 two spin orbitals X p  and Xc, share the same spatial 
orbital y / 1 (r) connected with an a  and a p  spin function, respectively and have the 
same orbital energy. If we impose this double occupancy right from the start, we arrive 
at the restricted Hartree-Fock (RHF) approximation. Situations where the RHF picture is 
inadequate are provided by any system containing unpair electron or open shell. There 
are two possibilities for how one can treat such species within the Hartree-Fock 
approximation. Either we stay as closely as possible to the RHF picture and doubly 
occupy all spatial orbitals with paired electrons and singly occupy all spatial orbitals 
with unpaired electron or allow each spin orbital to have its own spatial part. The former 
is the restricted open shell HF scheme (ROHF) while the latter is unrestricted Hartree- 
Fock variant (UHF). เท UHF the a  and p  orbitals do not share the same effective 
potential but experience different potentials, vHFa and VHFp .  As a consequence, the a
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and p  orbitals differ in their spatial characteristics and have different orbital energies, as 
in Figure 2.2.

A-------- V|/2s
A------ \\I 2 s (a )

A
1' บุ/ 1 s บุ/ 1 ร(tx) t บุ/า ร(P)

RHF UHF

Figure 2.2 Relaxation of a restricted single determinant to an unrestricted 
single determinant [49].

The UHF scheme affords equations that are much simpler than their 
ROHF counterparts. Particularly, the ROHF wavefunction is usually composed not of a 
single Slater determinant, but corresponds to a limited linear combination of a few 
determinants where the expansion coefficients are determined by the symmetry of the 
state. On the other hand, in the UHF scheme we are always dealing with single
determinants wavefunctions. However, the major disadvantage of the UHF technique is 
the UHF wavefunctions is notan eigenfunction of the total spin operator, S'2.

2.4.2 Electron Correlation

The difference between Hartree-Fock energy (£ 0) and the exact energy 
( £6xac 1 ), is called the correlation energy [51].

E ‘ " = E t x x , - £ 0 (2.25)

Electron correlation ( E corr ) is a negative or zero quantity because E 0 

and E exac 1 < 0 and |£exact| > I£'01. The E con  value indicates the error introduced through 
the HF scheme. First, E corr is mainly caused by the instantaneous repulsion of the 
electrons, which is not covered by the effective HF potential. The electrons often get too 
close to each other in the Hartree-Fock scheme because the electrostatic interaction is
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treated in only an average manner. Consequently, the electron-electron repulsion term is 
too large. As a result, E 0 is above E exM  . This term of the correlation energy is related to 
\ / r u  term, which controls the electron-electron repulsion in the Hamitonian. When the 
distance r12 between electrons 1 and 2 (>•12) is the short, the correlation energy 
becomes larger. This correlation is known as dynamical electron correlation since it 
involves the actual movements of the individual electrons เท a short range effect. The 
second main contribution to E corr is the non-dynamical or static correlation. เท fact, the 
ground state Slater determinant in a certain condition is not exactly correct for the true 
ground state. For example เท a hydrogen molecule (H2), the correlation energy is small 
only 0.04 Eh and almost negligible. เท contrast, when the bond between FI atoms 
stretches, the correlation energy gets larger to 0.25 Eh. Figure 2.3 shows the limit of very 
large distance convergence computed (RHF and UHF), compared with the exact 
potential curves for the ground state of the hydrogen molecule [52],

At this point the dynamical correlation is so small because when the two 
FI atoms become completely separated with infinite distance ( R H _H  —>00), there is no 
electron-electron repulsion due to (1/ R H_ H —>0 ).

Figure 2.3 Potential curves for FI2[52]
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Unlike the dynamical correlation discussed before, these non-dynamical 
contributions are a long range effect and the more important it becomes the more the 
bond is stretched (Cook and Karplus, 1987) [53]. However, we also see from Figure 2.3 
that using the unrestricted (UHF) scheme rather than RHF cures the problem. At H-H 
distance of some 1.24Â an unrestricted solution lower than the RHF one appears and 
develops into a reasonable potential curve. However, resulting UHF wavefunction no 
longer resembles the H2 singlet ground state. At large internuclear distances it actually 
converges to a physically unreasonable 1:1 mixture between a singlet (S=0, hence 
ร ( ร  +  1) = 0 ) and a triplet (5  = 1 1hence ร ( ร  + 1) = 2 ) as indicate by the expectation 
value of the 5 2operator, ^52̂  = 1. The correct energy emerges because the UHF 
wavefunction breaks the inversion symmetry inherent to a homonuclear diatomic such 
as H2 and localizes one electron with spin down at one nucleus and the second one with 
opposite spin at the other nucleus [49].

Finally, we want to point out that E corr is not restricted to the direct 
contributions connected to the electron-electron interaction. As this quantity measures 
the difference between the expectation value of H  with a Slater determinant 

T̂ |T  + V ne + v j ^ )  and the correct energy obtained from the exact wavefunction ¥ 01 it 
should come as no surprise that there are also correlation contributions due to the 
kinetic energy or even the nuclear-electron term. For example, if the average distance 
between the electrons is too small at the Hartree-Fock level, this automatically will lead 
to a kinetic energy that is too large and nuclear-electron attraction which is too strong.

The error resulting from HF approximation is known as correlation 
energy. The reliability (and applicability) of HF is rather limited. While the method gives 
reasonable structures, calculated reaction energies show large errors. However, the 
electron correlation can be somehow estimated by methods such as perturbation 
theory.
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2.5 Perturbation Theory

Perturbation theory leads to an expression for the desired solution in terms of a 
power series in some "small" parameters that quantify the deviation from the exactly 
solvable problem. Perturbation methods can be used in quantum mechanics for adding 
corrections to solutions that employ an independent-particle approximation, and the 
theoretical framework is then called Many-Body Perturbation Theory (MBPT). It is 
possible to determine the eigenfunctions and eigenvalues of the more complete 
operator from using exact eigenfunctions and eigenvalues of the basic operator. 
Rayleigh-Schrôdinger perturbation theory is used for achieving this purpose. The 
Hamiltonian operator H  of this theory can be written as

H  =  H { 0 ) + A H '  (2.26)

Where H {0) is an operator for which we can find eigenfunctions, H '  is a perturbing 
operator, and A  is a dimensionless parameter that, as it varies from 0 to 1 , maps H {0) 

into H . The ground-state eigenfunctions and eigenvalues can be expanded as Taylor 
series in powers of the perturbation parameter A  .

y 0 = A X (0) + A 1
( น )M L

Ô A / 1=0 +  - A 2
d M  1(น) 3น/(ข)

2 ! Ô A /1=0 + I Æ3! Ô A 3
_0+... (2.27)A=o

*  = w Ç u + i พ ^ น . - -  < ^ )

a„0) is the eigenvalue for ^ Q 0 ) , which is the appropriate normalized ground-state 
eigenfunction for H [ 0 ) . Equation (2.27) and (2.28) are usually written as

%  = A ° ^ 0) + A 'T0(I) + 12%(2) + /13%(3) + ... (2.29)
and

a 0 =  A ° a [ f  ’ + A ' a {0u  +  A 2a (02> +  A 3a (3) + . (2.30)
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where the superscripts (ท) term are referred to ‘ «th-order corrections’ to the zeroth 
order term and are defined by comparison to Equation (2.27) and (2.28).
Thus, the equations can be written as

( H w  + A H ' ) \ ' i '0 )  =  a |¥ 0) (2.31)

( H (0) + A H ’) /  ¥ 0(0) + A1¥ (ร1) + A2vF(S2) + A3¥  0( 3) + ...

(A°ai)0) + Ala i;) + A2a ^ + Ai a ^ + . . . ) A°¥0(0) + A1 ¥ 0๓ + A2¥ 0(2) + /L3¥<f1 + .
(2.32)

For Equation (2.32) using the terms with the same power/l, the left and right sides of 
this equation can be paired as followed

/ : ¥ 0(0)'> = ^ % (0) (2.33)

A1: H {0) X " ) + f r x n )

o—
- o 
«II X " ) +«ร1, 1X 0') (2.34)

A2: H w X 2')) + H ’ X " ) II a o
 —

' o X T K * ; 1’ X " ) + ^ 2) 'ท 1” ) (2.35)

A3: X ๆ) + H ’ X 2') = a(0) u0 X».> + ^ 'ท,2';} + <42) + a<3) ¥ 0( 
(2.36)

The goal of this theory is to determine the various ท th-order corrections. The zeroth- 
order in Equation (2.33) is an unperturbed solution (power of A =0 anda0 = £'0), whereas 
there are two unknowns first-order corrections (the wavefunction and eigenvalue) in 
Equation (2.34).

To solve Equation (2.34) to (2.36) '-p0(0) is multiplied on the left followed by 
integrating to normalize ¥  . เท case of Equation (2.34), the result is
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(2.37)

which is the first-order correction to the eigenvalue. It is the expectation value of the 
perturbation operator over the unperturbed wavefunction. The ̂ 0(1) term can be 
expressed as a linear combination of the complete set of eigenfunctions O ^ H ('0 ) , i .e .

(2.38)

To determine the coefficients c, in Equation (2.38), Equation (2.34) is multiplied on the 
left by VF]0) and integrates to obtain

u/(0)
J

r ( 0 ) %๓ ') + ( y y(0) | / / j% (0)) = 1%๓ ) + | %(0))
(2.39)

Using Equation (2.38), the expansion of Equation (2.39) is Equation (2.40)

( p ]0) | / / (0) X ๗^ ° ’) + ( ^ (0) |^'|^o(0)} = ^ 0)(^,(0) X ๘^ ° }) + flo1)(xïy 0) |%(0))
(2.40)

Because Equation (2.40) is in the form of the orthonormality of the eigenfunctions, the 
equation can be simplified to

c . a {0)C j U J (2.41)

(2.42)

Using the first-order eigenvalue and wavefunction corrections, the second-order 
correction can be determined
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The third-order can be obtained from the first- and second-order corrections. The results 
for the eigenvalue correction are

and

^ 2) = Z J
j> 0

(¥<0) |f |¥ 0(0))
JO) (2.43)

J3) -
?j>0,k>0

{ X 0) V X
( 0 ) f e r

o
F | T (0)

<°) - a  0 u

( 0 ) V / (0) ) K < *
’ )( « r - a D

V v|/(0)'

(2.44)

The example of the application of perturbation theory is M0ller-Plesset perturbation.

2.5.1 Moller-Plesset Perturbation Theory

The application proposed by Moller and Plesset [54] (1934) is now 
known as the acronym MP ท  where ท  is the order of corrections in the perturbation 
theory is truncated, e.g., MP2, MP3, etc. The MP approach used / / (0) to be the sum of 
the one-electron Fock operators, known as the non-interacting Hamiltonian

H ( 0 ) = Ÿ f  1 (2.45)

where ท  is the number of basis functions and f  1 is defined in the usual way according 
to Equation (2.23). เท addition, ^ (0) is assigned to be the HF wavefunction, which is a 
Slater determinant formed from the occupied orbitals. The eigenvalue of H (0) is the sum 
of the occupied orbital energies.

/ / (0)¥ (0) = 2 ^ ¥ (0) = a {0 ) (2.46)
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The ‘error’ in Equation (2.46) is caused from counting twice of electron- 
electron repulsion. So, the correction term H '  that is difference between counting 
electron repulsion once and twice is added to improve the HF wavefunction and 
eigenvalues.

occ. occ. 1 occ. occ. 1
V  =  11- \ k ,1 ) (2.47)

Next, the first-order correction to the zeroth-order eigenvalue is 
defined by Equation (2.46) and Equation (2.37).

a (0) + a (D= WO)^ v jy ( O )  ^ y - (O )  v p ( 0 ) ^  _|_ y v p ( 0 ) ^

_ v̂j/(0) ^(°) _|_ y  vp(°)^

_  ^vj/(0) 0) _|_ y  vp(0 )^

_ /m (  0) /(0)

= E HF
(2.48)

The Hartree-Fock energy ( i iHF ) is the energy corrected through first-order in MP theory. 
The a(l)ทานรt be negative to deduce the overcounted electron-electron repulsion 
in a {0) term.

The set of all possible excited-state eigenfunctions and eigenvalues of 
the operator H {0) were used to estimate the second-order correction by treating a finite 
basis approximation in Equation (2.43).

X  (% (0) \ H ' \ ^ 0 ) )  = £ ( ^ (0) IH  -  (0)|% (0))
j > 0  j > 0
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= £  [ ( ช ุ0) \h \ V 0(0)) -  (t ]0) (0)| ¥ 0{0)y
;>0

57>0

v̂p(O) H
_

ï ' D - g ^ ^ ’ K )

£ ( 4 f> | f f | 'p 0<°>)
j > 0 '

(2.49)

a<0)for each doubly excited determinant includes in the sum of the energies of the 
virtual orbitals and excludes the energies of the two orbitals from which excitation has 
taken place. Therefore, the second-order energy correction can be expressed as

a ( 2 ) _ ^ j \ a b ] - [ i a \ j b ]f

i p i a h ,  £ 1 + S j - S a - ^ b
(2.50)

The sum of a (U) , a (l) ,and a (2) determine the MP2 energy.

MP2 calculations can be carried out and are rapidly converged because 
the scaling behavior of the MP2 method in Equation (2.50) is roughly A/5, where N  is the 
number of basis functions. MP theory for all ท  orders is size-consistent. Due to basis set 
limitations, the MP2 calculations always underestimating the correlation energy. The 
increasing of ท  orders, leads to unsuccessfully converge, even though the basis set size 
is limited [55], MP3 calculation is much more expensive than MP2, but obtained result 
gives only little improvement over MP2. เท addition, the MP4 level is much more 
expensive than MP2 and MP4 since the MP4 scales is A/7, so it is difficult to converge. 
Figure 2.4 shows ideal calculation using HF (MP1), MP2, MP3 and MP4. The MP« 
results are oscillatory. MP2 is perfectly suited to use, but cannot be applied with 
periodic boundary conditions and large unit cells. Possible solutions are MP2 cluster 
calculations, but MP2 calculations are computationally demanding and large clusters 
may be needed to reach convergence.
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Property

Figure 2.4 Typical oscillating behavior of results obtained with the MP
method [55]

For reduce computational costs, a linear combination of atom-centered 
auxiliary basis functions p  was used to approximate representation of products of 
virtual and occupied orbitals basis function v , / u  or products of molecular orbitals.

p w i r )  = v ( r ) p ( r )  *  p Vfi ( r  ) = (2.51)

The advantage of Equation (2.51), data is reduced by minimizing the Coulomb self
interaction of the residual densityp - p  1 the four-center integrals

( p v \k A )  « X  ( M r m 1 f e M  (2-52)

The right-hand side of Equation (2.52) consist only three center integrals ( p v \ p )  ■ 

Equation (2.52) is called ri approximation [56] due to it similar an insertion of a resolution 
of identity.

For the system composed of more than hundred atoms, the resolution of 
identity (ri) approximation [56] together with corresponding auxiliary basis set is 
included in the MP2 calculation (ri-MP2). The ri-MP2 method uses four-center-two-



36

electron integrals with linear combinations of three-center integrals. This technique 
allows ri-MP2 calculate to use only about 10% of the time required by conventional MP2.

The ri-MP2 energy,

E n-M?2 = X  z
CT 15 G2 /.fleer I j,be(J2

(2.53)

Using the ri approximation in the Coulomb metric

[ ฬ ,

i , a  € a  1, j ,  b e  a 2 , a n d  B fa = X N ^ f c l 73]"12

(2.54)
where <71 and ฮ•2 run over the spins and the t  -amplitudes in the ri approximation are 
defined by inserting Equation (2.54) into Equation (2.55).

[ i a \ j b ] - [ i b \ j a ]
i f  <7, =  er2

e i + £ j - e à - £ b

[ i a \ j b ]
(2.55)

i f  <7j ^  cr2
£ i + £ J - £ a - £ b

Four-center-two-electron integral is [ ia \ jè ]-[zè |ja ] by i , j  refer to spin dependent in 
occupied and a , b  in virtual molecular orbitals. ร  denote the corresponding orbital 
energies.

Density functional theory method is the major approximations favorable 
over the perturbation theory methods, considering the fact that DFT does not require the 
use of such large flexible basis sets as is usually required for the perturbation theory 
calculations. MP2 and CCSD(T) methods are significantly more computer time 
consuming, scaling formally as N 5 and A/7, respectively. Figure 2.5 summarized 
traditional a b  in i t io  methods, MP2, CCSD(T) methods, and DFT methods.
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Stationary Schroedinger equation

Figure 2.5 Traditional a b  in i t io  and DFT methods [57]

2.6 Density Functional Theory

Since the late 1980s and 1990s, density functional theory (DFT) has enjoyed an 
increase suddenly of interest that is an approach to the electronic structure of atoms 
and molecules. เท 1964, Flohenberg and Kohn [58] who showed that the ground-state 
energy and other properties of a system are uniquely determined by the electron density 
based on one-electron orbitals [48, 52, 58-60]. เท Hartree-Fock theory the ทาany-electron 
wavefunction is expressed as a Slater determinant [50] which is constructed from a set
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of N  single-electron wavefunction ( N  being the number of electrons เท the molecule). 
DFT also considers single-electron functions. However, whereas Hartree-Fock theory 
does indeed calculate the full N -  electron wavefunction, density functional theory only 
attempts to calculate the total electronic energy and the overall electronic density 
distribution. The central idea underpinning DFT is that there is a relationship between 
the total electronic energy and the overall electronic density. This is not a particularly 
new idea; indeed an approximate model developed in the late 1920s (the Thomas-Fermi 
model) [61] contains some of the basic elements.

2.6.1 Density Functions

For one-electron wavefunction, เ^(r5«ซ)!2 d r d c o  gives the chance of 
finding the electron in the spatial volume element d r  with spin coordinate between CO 

and co +  d c o .

For a many-electron system with wavefunction ^ (r 1, (ซ 1, โ 2 , (O2 , . . . , T „c o „ )

then
^ ( r , ,Û ),, โ2, û )2 , . . . , X 11, con)|2dTldco]d r2da>2 ...dTndcon (2.56)

gives the probability of finding simultaneously electron 1 in d T xd c o x , electron 2 เท
d r2dco2.....electron ท เท d rndcon . The probability that electron 1 is in dT^da> \ with other
electrons anywhere is found by averaging over the remaining electrons.

j ’ (---J |'î'(r1, 0 I,r2,©2, . . . , r n , 0) n f d T 2d a >2 . . . d T  11d ( 0n ) d r xd (0 { (2.57)

and, because electrons are indistinguishable, the probability must be the same for all 
electrons. We therefore define the one-electron density function as

p f a , a > x)  =  n ( \  —  \ \ ¥ i j x, a ) ^ T 1 , a > i , . . . , x n(o n f d r 2d a ) 1 - - d T nd ( o H)  (2.58)

The two-electron density function is
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P i(ri,©15h ,©2) = n(n - !)(j • ■ -J เ^(ri5®1 »r25®2»■ •■ »พ )|2d r3dû>3 ■ ■ ■ drndû)„)
(2.59)

which is related to the probability that any two electrons will be found simultaneously at 
point r,, (ซ, and r2, (ซ2.

For every electron wavefunction that is an eigenfunction of the electron 
spin operator^2, the one-electron density function always comprises an a 2spin part 
and a /?2spin part, with no cross-term involvinga p  .

A  (r, , ( * 2 )  =  P a (r, ) a 2 (©1 ) + / )/J(r, ) /?2 (®, ) (2.60)

The electron densities for or and for p  spin electrons are always equal 
เท a singlet spin state, but in non-singlet spin states the densities may be different, 
giving a resultant spin density. If we evaluate the spin density function at the position of 
certain nuclei, it gives a value proportional to the isotropic hyperfine coupling constant 
that can be measured from electron spin resonance experiments.

2.6.2 The Hohenberg-Kohn Theorem

Flohenberg and Kohn’s 1964 paper [58] was widely regarded by 
physicists, but its true importance in chemistry has only become apparent during the 
last decade or so. Density functional theory has become an increasingly important topic 
in chemistry. This culminated in the award of a half-part of the 1998 Chemistry Nobel 
Prize to Walter Kohn [62],

Theorem 1

The electron density p { r) determines the external potential. Suppose 
there are two external potentials v,(r) and v2(r)arising from the same electron
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density yO(r). There will be two Hamiltonians H 1 and H 2 with the same electron density 
with different wavefunctions T 1 and T 2 . If £ 1 and £ 2 are the ground-state energies for 
// ,  and H  2 respectively, then

£ 1 <  J T 2*H xŸ 2d T  (2.61)

that can rearrange the right-hand side as follows:

J +>1d โ = J ^ 2 H 2% d T  +  J -  H 2 y ¥ 2!d r (2.62)

which gives £ 1 < £ 2 + j  p ( r )K ( r )  -  v2(r ) ] d r (2.63)

The above argument can be repeated with subscripts interchanged to give

£ 2 <  £ 1 + Jp(r)[v2( r ) -v ,( r ) ]d r  (2.64)

Addition of these two in equalities, Equation (2.63) and Equation (2.64), gives

£ 1 + £ 2 < £ 2 +  £ 1 (2.65)

which is a contradiction.

Thus v(r) is ล unique function of the electron density; since v(r) fixes 
the Hamiltonian we see that the full many-particle ground state is a unique functional of 
the electron density. Note that the theorem is restricted to electronic ground states. 
Therefore, the energy functional is given by

E (p (  r ) )  =  j  v { r ) p ( r ) d r  +  E H K [ p ( r ) ] d T  ( 2 . 6 6 )

=  K A p ]  +  F h k [ p ]

where FHK is Hohenberg-Kohn function.
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Theorem 2

The second theorem proves by Hohenberg and Kohn in their 1964 
contribution [58]. เท plain words, this theorem states that FHK[/?(r)], the functional that 
delivers the ground state energy of the system, delivers the lowest energy if and only if 
the input density is the true ground state density, p . Thus,

E [ p ]  <  E [ p ] = T [ p ]  + V [ p ]  +  บ [ p ] (2.67)
= T \ f i \  +  V J f i \  +  V J p \

E ( p ( r)) assumes its minimum value for the correct p { r) 1 if the admissible functions 
p(x) satisfies the condition

J p ( j ) d r  =  n  (2 .68)

where n  is the number of electrons. Any approximate density p ( x ) 1 by theorem 1, 
determines the Hamiltonian and wavefunction T . Using this wavefunction in the 
variational expression we obtain

E [ p (  r)] = J p{r)p(r)dT + FHK[p] (2.69)
=  J T ’ / T W r  >  £ [ p ( r ) ]

The main problem relating to practical applications of the Hohenberg 
and Kohn theorems are existence theorem and do not give us any clues as to 
calculation of the quantities involved.

2.6.3 The Kohn-Sham Equations

Kohn-Sham [60] provided a way to calculation Equation (2.69). For non
interacting system,
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E [ p ]  =  F iik [ p ]  +  J p ( r ) v ( r ) d r  
=  T%[ p ]  +  \p { x ) v { j ) d x

A p p l y i n g  n o n - i n t e r a c t i n g  w a v e f u n c t i o n  1/ / S =
7=1

Ts[ p ]  = ( 2 . 7 1 )

F o r  in t e r a c t in g  s y s t e m ,

E [p ]  =  Ts[ p ] +  V J p ]  +  J [ p ]  +  ( T [ p ] +  V J p ]  -  Ts[ p ]  -  J [ p ]  ( 2 .7 2 )

= Ts[ p ]  +  V J p ]  +  A p ]  +  E x c [p ]

is  K o h n - S h a m  o r b ita l  w h ic h  c a n  b e  o b t a i n e d  fr o m  t h e  K o h n - S h a m  e q u a t i o n .

/ KS( 0 * ( X i )  =  ^ ( X i )  ( 2 .7 3 )

w h ic h  t h e  o n e - e l e c t r o n  K o h n  a n d  S h a m  o p e r a t o r  f KS d e f i n e d  a s

vxc i s  a  s o - c a l l e d  f u n c t i o n a l  d e r iv a t iv e .

T h e  K o h n - S h a m  e q u a t i o n s  v e r y  s im ila r  to  s t a n d a r d  H F  e q u a t i o n s  b o t h  

i n c l u d e  t e r m s  fo r  t h e  k in e t ic  e n e r g y  o f  e l e c t r o n s ,  e l e c t r o n - n u c l e i  in t e r a c t io n ,  a n d  

c l a s s i c a l  C o u l o m b  in t e r a c t io n  b e t w e e n  e l e c t r o n  d e n s i t i e s  [ 4 7 ,  4 8 ,  5 2 ,  6 2 ] ,  T h e  K o h n -  

S h a m  e q u a t i o n s  d i f f e r  fr o m  Fl F e q u a t i o n s  in t h a t  t h e  e x c h a n g e  t e r m  is  r e p l a c e d  w ith  a n  

e x c h a n g e - c o r r e l a t i o n  p o t e n t ia l  ( E xc ) its  fo r m  is  n o t  k n o w n .  เท m o s t  c a s e s ,  e x c h a n g e  

c o r r e la t io n  f u n c t i o n a l s ,  i s  r e p r e s e n t e d  a s  a  s u m  o f  e x c h a n g e  a n d  c o r r e l a t io n  p a r t s .
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Notations for the majority of functional is derived from the initials of functional authors in
some cases supplemented by the year of its publication. The combinations of
exchange-correlation functional are divided into three groups.

2.6.4 The Local Density and Local Spin-Density Approximations

T h e r e  i s  n o  s y s t e m a t i c  w a y  in w h ic h  t h e  e x c h a n g e  c o r r e la t io n  f u n c t io n a l  

Vxc[p ]  c a n  b e  s y s t e m a t i c a l l y  i m p r o v e d ,  s t a r t i n g  fr o m  a  m o d e l  f o r  w h i c h  t h e r e  is  a n  

e x a c t  s o lu t io n ,  t h e  u n ifo r m  e l e c t r o n  g a s ,  E xc c a n  b e  w r it te n  in t h e  f o l lo w in g  fo r m

£xLcDA [ p ]  =  \  p ( r ) £ x c ( p ( r ) ) d r  ( 2 .7 5 )

H e r e ,  ร xc( p { r ) )  i s  t h e  e x c h a n g e - c o r r e l a t i o n  e n e r g y  p e r  p a r t ic le  o f  a  

u n ifo r m  e l e c t r o n  g a s  o f  d e n s i t y  p { x ) . T h is  e n e r g y  p e r  p a r t i c l e  is  w e i g h e d  w ith  t h e  

p r o b a b i l i t y  t h a t  t h e r e  is  in f a c t  a n  e l e c t r o n  a t  t h is  p o s i t i o n  in s p a c e .  W r it in g  E xc  in th is  

w a y  d e f i n e s  t h e  l o c a l  d e n s i t y  a p p r o x im a t io n ,  L D A  f o r  s h o r t  [ 5 2 ] ,  T h e  q u a n t i t y  

£ x c ( p ( r ) ) c a n  b e  f u r th e r  s p l i t  in to  e x c h a n g e  a n d  c o r r e la t io n  c o n t r ib u t io n s ,

* x c  (M r ) )  =  £x(p( r)) + £c(p(r)) ( 2 .7 6 )

T h e  e x c h a n g e  p a r t , £ x , w h ic h  r e p r e s e n t s  t h e  e x c h a n g e  e n e r g y  o f  a n  

e l e c t r o n  in a  u n ifo r m  e l e c t r o n  g a s  o f  a  p a r t ic u la r  d e n s i t y  is ,  a p a r t  fr o m  t h e  p r e - f a c t o r ,  

e q u a l  to  t h e  fo r m  f o u n d  b y  S l a t e r  in h i s  a p p r o x im a t io n  o f  t h e  H a r t r e e - F o c k  e x c h a n g e  a n d  

w a s  o r ig in a l ly  d e r i v e d  b y  B lo c h  [ 6 3 ]  a n d  D ir a c  [ 6 4 ]  in t h e  l a t e  1 9 2 0 ’s

= ( 2 .7 7 )

O n  t h e  b a s i s  o f  t h e s e  r e s u l t s  v a r io u s  a u t h o r s  h a v e  p r e s e n t e d  a n a ly t ic a l  

e x p r e s s i o n s  o f  £c b a s e d  o n  s o p h i s t i c a t e d  in t e r p o la t io n  s c h e m e s .  T h e  m o s t  w i d e l y  u s e d  

r e p r e s e n t a t i o n s  o f  £ c a r e  t h e  o n e s  d e v e l o p e d  b y  V o s k o ,  W ilk , a n d  N u s a ir  [ 6 5 ] ,  1 9 8 0 ,
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w h i le  t h e  m o s t  r e c e n t  a n d  p r o b a b l y  a l s o  m o s t  a c c u r a t e  o n e  h a s  b e e n  g i v e n  b y  P e r d e w  

a n d  W a n g  [ 6 6 ] ,  1 9 9 2 .  T h e  c o m m o n  s h o r t  h a n d  n o t a t io n  fo r  t h e  f o r m e r  i m p l e m e n t a t i o n s  

o f  t h e  c o r r e l a t io n  f u n c t i o n a l  is  V W N . H e n c e ,  i n s t e a d  o f  t h e  a b b r e v i a t i o n  L D A , w h ic h  

d e f i n e s  t h e  m o d e l  o f  t h e  l o c a l  d e n s i t y  a p p r o x im a t io n ,  o n e  f r e q u e n t ly  f in d s  t h e  a c r o n y m  

S V W N  to  id e n t i f y  t h e  p a r t ic u la r  f u n c t i o n a l .  F o r  o p e n - s h e l l  s i t u a t i o n s  w ith  a n  u n e q u a l  

n u m b e r  o f  a  a n d  p  e l e c t r o n s ,  f u n c t i o n a l s  o f  t h e  t w o  s p in  d e n s i t i e s  c o n s i s t e n t l y  l e a d  to  

m o r e  a c c u r a t e  r e s u l t s .  B u t  a l s o  fo r  c e r t a in  s i t u a t io n s  w ith  a n  e v e n  n u m b e r  o f  e l e c t r o n s ,  

s u c h  a s  t h e  H 2 m o l e c u l e  a t  l a r g e r  s e p a r a t i o n ,  t h e  u n r e s t r i c t e d  f u n c t i o n a l s  p e r f o r m  

s ig n i f i c a n t ly  b e t t e r  b e c a u s e  t h e y  a l lo w  s y m m e t r y  b r e a k i n g .  U p  to  t h is  p o i n t  t h e  lo c a l  

d e n s i t y  a p p r o x im a t io n  w a s  i n t r o d u c e d  a s  a  f u n c t io n a l  d e p e n d i n g  s o l e l y  o n  p { x ) . If w e  

e x t e n d  t h e  L D A  to  t h e  u n r e s t r i c t e d  c a s e ,  w e  a r r iv e  a t  t h e  l o c a l  s p i n - d e n s i t y  

a p p r o x im a t io n ,  o r  L S D A .

E x ^ i P a ’ P p ]  =  j p ( ï ) £ x c ( p a ( ï ) p / } ( * ) ) &  ( 2 . 7 8 )

J u s t  a s  fo r  t h e  s i m p l e ,  s p i n  c o m p e n s a t e d  s i t u a t io n  w h e r e  p cx ( r )  =  P p { r )  =  l / 2 / ? ( r )  1 t h e r e  

a r e  r e l a t e d  e x p r e s s i o n s  fo r  t h e  e x c h a n g e  a n d  c o r r e l a t io n  e n e r g i e s  p e r  p a r t i c l e  o f  t h e  

u n ifo r m  e l e c t r o n  g a s  c h a r a c t e r i z e d  b y  p a ( r )  A  p  1g ( r )  t h e  s o - c a l l e d  s p i n  p o l a r i z e d  c a s e .  

T h e  d e g r e e  o f  s p i n  p o la r iz a t io n  is  o f t e n  m e a s u r e d  t h r o u g h  t h e  s p in - p o la r i z a t io n  

p a r a m e t e r

£  =  P a ^  ~ P p ^  ( 2 .7 9 )
P i r)

£  a t t a in s  v a l u e s  f r o m  0  ( s p in  c o m p e n s a t e d )  to  1 (fu lly  s p in  p o l a r i z e d ,  i.e., a ll e l e c t r o n s  

h a v e  o n ly  o n e  k in d  o f  s p i n ) .  เท t h e  f o l lo w in g  w e  d o  n o t  d i f f e r e n t ia t e  b e t w e e n  t h e  lo c a l  

a n d  t h e  l o c a l  s p i n - d e n s i t y  a p p r o x im a t io n  a n d  u s e  t h e  a b b r e v i a t i o n  L D A  fo r  b o t h ,  u n l e s s  

o t h e r w i s e  n o t e d .

เท general case of an open-shell atom or molecule. At a certain position
r in this system we have the corresponding spin densities pa( r) and Pp{r). เท the
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l o c a l  s p i n - d e n s i t y  a p p r o x im a t io n  w e  n o w  t a k e  t h e s e  d e n s i t i e s  a n d  in s e r t  t h e m  in to  

E q u a t io n  ( 2 . 7 9 )  o b t a i n i n g  E x c ( r ) . T h u s ,  w e  a s s o c i a t e  w ith  t h e  d e n s i t i e s p a ( r )  a n d  

P p ( x ) \ h e  e x c h a n g e  a n d  c o r r e la t io n  e n e r g i e s  a n d  p o t e n t i a l s  t h a t  a  h o m o g e n e o u s  

e l e c t r o n  g a s  o f  e q u a l ,  b u t  c o n s t a n t  d e n s i t y  a n d  t h e  s a m e  s p in  p o la r iz a t io n  ร ุ w o u ld  

h a v e .  T h is  is  n o w  r e p e a t e d  fo r  e a c h  p o in t  in s p a c e  a n d  t h e  in d iv id u a l  c o n t r ib u t io n s  a r e  

i n t e g r a t e d  a s  s c h e m a t i c a l l y  i n d i c a t e d  in Figure 2.6. O b v i o u s l y ,  t h i s  a p p r o x im a t io n  

h i n g e s  o n  t h e  a s s u m p t i o n  t h a t  t h e  e x c h a n g e - c o r r e l a t i o n  p o t e n t i a l s  d e p e n d  o n ly  o n  t h e  

lo c a l  v a l u e s  o f  p a ( r )  a n d  P p ( r ) .

Figure 2.6 T h e  lo c a l  d e n s i t y  a p p r o x im a t io n  [ 5 2 ]

2.6.5 The Generalized Gradient Approximation

T h e  s i t u a t io n  c h a n g e d  s ig n i f i c a n t ly  in t h e  e a r ly  e i g h t i e s  w h e n  t h e  f ir st  

s u c c e s s f u l  e x t e n s i o n s  to  t h e  p u r e ly  l o c a l  a p p r o x im a t io n  w e r e  d e v e l o p e d .  T h e  l o g i c a l  f ir s t  

s t e p  in t h a t  d i r e c t io n  w a s  t h e  s u g g e s t i o n  o f  u s i n g  n o t  o n ly  t h e  in fo r m a t io n  a b o u t  t h e  

d e n s i t y  p (โ )  a t  a  p a r t ic u la r  p o in t  r ,  b u t  to  s u p p l e m e n t  t h e  d e n s i t y  w ith  in fo r m a t io n  

a b o u t  t h e  g r a d i e n t  o f  t h e  c h a r g e  d e n s i t y ,  V / ? ( r ) i n  o r d e r  to  a c c o u n t  fo r  t h e  n o n 

h o m o g e n e i t y  o f  t h e  t r u e  e l e c t r o n  d e n s i t y .  เท o t h e r  w o r d s ,  w e  in t e r p r e t  t h e  l o c a l  d e n s i t y
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a p p r o x im a t io n  a s  t h e  f ir s t  t e r m  o f  ล T a y lo r  e x p a n s i o n  o f  t h e  u n ifo r m  d e n s i t y  a n d  e x p e c t  

to  o b t a in  b e t t e r  a p p r o x i m a t i o n s  o f  t h e  e x c h a n g e - c o r r e l a t i o n  f u n c t i o n a l  b y  e x t e n d i n g  t h e  

s e r i e s  w ith  t h e  n e x t  l o w e s t  t e r m . T h u s  w e  a r r iv e  a t  (w ith  <7 a n d  cr' i n d ic a t in g  a  o r  

p  s p in )

E x T [ P a > P f i ]  =  j  p ^ x c  ( P a  : P p  ) d x  + ร ฺ  j C x c  ( P a ’ P f i ) ~ p ? iï
dx + ...

( 2 .8 0 )

T h is  fo r m  o f  f u n c t i o n a l  is  t e r m e d  t h e  g r a d i e n t  e x p a n s i o n  a p p r o x im a t io n  

(G E A )  a n d  it c a n  b e  s h o w n  t h a t  it a p p l i e s  to  a  m o d e l  s y s t e m  w h e r e  t h e  d e n s i t y  i s  n o t  

u n ifo r m  b u t  v e r y  s lo w ly  v a r y in g .  F u n c t io n a l s  i n c l u d e  t h e  g r a d i e n t s  o f  t h e  c h a r g e  d e n s i t y  

a n d  w h e r e  t h e  h o l e  c o n s t r a i n t s  h a v e  b e e n  r e s t o r e d  in t h e  a b o v e  m a n n e r  a r e  c o l l e c t i v e l y  

k n o w n  a s  g e n e r a l i z e d  g r a d i e n t  a p p r o x im a t io n s  ( G G A )  [ 5 2 ] ,  T h e s e  f u n c t i o n a l s  a r e  t h e  

w o r k h o r s e s  o f  c u r r e n t  d e n s i t y  f u n c t io n a l  t h e o r y  a n d  c a n  b e  g e n e r i c a l l y  w r it te n  a s

E T [ P . , P „ ^ \ i ( p . , p f y p ^ p t )dx( 2 . 8 1 )  

เท p r a c t i c e ,  E ^ A \ร  u s u a l ly  s p l i t  in to  its  e x c h a n g e  a n d  c o r r e l a t io n  c o n t r ib u t io n s

E XCA =  E X GA +  E C GA ( 2 .8 2 )

a n d  a p p r o x i m a t i o n s  fo r  t h e  t w o  t e r m s  a r e  s o u g h t  in d iv id u a l ly .  เท f a c t ,  s o m e  o f  t h e s e  

f u n c t i o n a l s  a r e  n o t  e v e n  b a s e d  o n  a n y  p h y s i c a l  m o d e l .  เท o t h e r  w o r d s ,  t h e  a c t u a l  fo r m  o f  

E ^ ga a n d  E GGA u s u a l l y  d o e s  n o t  a s s i s t  t h e  u n d e r s t a n d i n g  o f  t h e  p h y s i c s  t h e s e  

f u n c t i o n a l s  try  to  d e s c r i b e .  T h is  u n d e r l i n e s  t h e  p r a g m a t i c  c h a r a c t e r  s o  t y p ic a l  fo r  

a p p r o x i m a t e  d e n s i t y  f u n c t i o n a l  t h e o r y  in g e n e r a l .  W e  r e w r ite  t h e  e x c h a n g e  p a r t  o f  E GGA 

a s

= ^ DA- Ç j  F(sa ) p ^ ( r ) d r  ( 2 . 8 3 )

T h e  a r g u m e n t  o f  t h e  f u n c t i o n  F is  t h e  r e d u c e d  d e n s i t y  g r a d i e n t  fo r  s p in  cr
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ร, (r) = \VpM
P a ( r)

( 2 .8 4 )

ร 0. i s  to  b e  u n d e r s t o o d  a s  ล l o c a l  i n h o m o g e n e i t y  p a r a m e t e r .  It a s s u m e s  l a r g e  v a l u e s  n o t  

o n ly  fo r  l a r g e  g r a d i e n t s ,  b u t  a l s o  in r e g i o n s  o f  s m a l l  d e n s i t i e s ,  s u c h  a s  t h e  e x p o n e n t i a l  

ta i ls  fa r  fr o m  t h e  n u c l e i .  L ik e w is e ,  s m a l l  v a l u e s  o f  ร 0. o c c u r  f o r  s m a l l  g r a d i e n t s ,  t y p ic a l  fo r  

b o n d i n g  r e g i o n s ,  b u t  a l s o  fo r  r e g i o n s  o f  l a r g e  d e n s i t y .  F o r  e x a m p l e ,  t h e  c o m b i n a t i o n  o f  

l a r g e  d e n s i t y  g r a d i e n t s  a n d  la r g e  d e n s i t i e s  c l o s e  to  t h e  n u c l e i  t y p ic a l ly  l e a d s  to  v a l u e s  o f  

ร 0. in t h is  r e g i o n  w h i c h  a r e  in  b e t w e e n  t h e  r e d u c e d  d e n s i t y  g r a d i e n t s  in  t h e  b o n d i n g  a n d  

ta il r e g i o n s ,  r e s p e c t i v e l y .  O f  c o u r s e ,  t h e  h o m o g e n e o u s  e l e c t r o n  g a s  i s  c h a r a c t e r i z e d  b y  

ร 0 =  0  e v e r y w h e r e .  F in a lly , a  w o r d  o n  w h y  w e  d i v i d e  b y  t h e  4 / 3  p o w e r  o f  p  a n d  n o t  j u s t  

b y  p  i t s e l f .  T h is  is  n e e d e d  to  m a k e  ร 0. a  d i m e n s i o n l e s s  q u a n t it y :  t h e  d i m e n s i o n  o f  t h e  

d e n s i t y  i s  t h e  i n v e r s e  d i m e n s i o n  o f  v o l u m e  a n d  h e n c e  [ r ]~ 3 . Its  g r a d i e n t  h a s  t h e r e f o r e  

d i m e n s i o n s  o f  [ r ] “4 . B u t  t h is  is  j u s t  t h e  s a m e  d i m e n s i o n  t h a t  p m h a s ,  b e c a u s e  o f  

( [ r ] “3 ) 4/3 =  [ r ] -4 a n d  w e  a r r iv e  a t  t h e  d e s i r e d  d i m e n s i o n l e s s  r e d u c e d  g r a d i e n t .

F o r  t h e  f u n c t i o n  F t w o  m a in  c l a s s e s  o f  r e a l i z a t i o n s ,  t h e  f ir s t  o n e  i s  b a s e d  

o n  a  G G A  e x c h a n g e  f u n c t i o n a l  d e v e l o p e d  b y  B e c k e  [ 6 7 ] ,  1 9 8 8 b .  A s  o u t l in e d  a b o v e ,  t h is  

f u n c t io n a l  i s  a b b r e v i a t e d  s im p ly  a s  B ( s o m e t i m e s  o n e  a l s o  f in d s  B 8 8 )

F = 1 + 6/?s 0. siinh-1 scr (2'85)

p  is  a n  e m p ir i c a l  p a r a m e t e r  t h a t  w a s  d e t e r m i n e d  to  0 . 0 0 4 2  b y  a  l e a s t - s q u a r e s  fit to  t h e  

e x a c t l y  k n o w n  e x c h a n g e  e n e r g i e s  o f  t h e  r a r e  g a s  a t o m s  F ie  t h r o u g h  R n . เท a d d i t io n  to  

t h e  s u m  r u le s ,  t h is  f u n c t i o n a l  w a s  d e s i g n e d  to  r e c o v e r  t h e  e x c h a n g e  e n e r g y  d e n s i t y  

a s y m p t o t i c a l l y  fa r  fr o m  a  f in it e  s y s t e m .

T h e  s e c o n d  c l a s s  o f  G G A  e x c h a n g e  f u n c t i o n a l s  u s e  fo r  F a  r a t io n a l  

f u n c t io n  o f  t h e  r e d u c e d  d e n s i t y  g r a d ie n t .  P r o m in e n t  r e p r e s e n t a t i v e s  a r e  t h e  e a r ly  

f u n c t i o n a l s  b y  B e c k e  [ 6 8 ] ,  1 9 8 6  ( B 8 6 )  a n d  P e r d e w  [ 6 9 ] ,  1 9 8 6  ( P ) ,  t h e  f u n c t i o n a l  b y  

L a c k s  a n d  G o r d o n ,  1 9 9 3  (L G ) o r  t h e  r e c e n t  im p le m e n t a t io n  o f  P e r d e w ,  B u r k e , a n d
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E r n z e r h o f ,  1 9 9 6  ( P B E )  [ 7 0 ] .  A s  a n  e x a m p l e ,  w e  e x p l ic i t ly  w r it e  d o w n  F o f  P e r d e w ' s  1 9 8 6  

e x c h a n g e  f u n c t i o n a l ,  w h i c h ,  j u s t  a s  fo r  t h e  m o r e  r e c e n t  P B E  f u n c t i o n a l ,  is  f r e e  o f  

s e m i e m p i r i c a l  p a r a m e t e r s :

p P 8 6  _ 1 + 1.296 (2 4 02x1/3
\ 2 (  

+ 14
V( 2 4 02 X 1/3

V  7
+ 0.2

)  \

, 6 V /15

( 2 4 02 X1/3

(2 .86)

A m o n g  t h e  m o s t  w i d e l y  u s e d  c h o i c e s  i s  t h e  c o r r e l a t io n  c o u n t e r p a r t  o f  t h e  

1 9 8 6  P e r d e w  e x c h a n g e  f u n c t i o n a l ,  u s u a l ly  t e r m e d  p  o r  P 8 6 .  T h is  f u n c t i o n a l  e m p l o y s  a n  

e m p ir i c a l  p a r a m e t e r ,  w h i c h  w a s  f i t t e d  to  t h e  c o r r e la t io n  e n e r g y  o f  t h e  n e o n  a t o m .  A  f e w  

y e a r s  la t e r  P e r d e w  a n d  W a n g  [ 6 9 ] ,  1 9 9 1 ,  r e f in e d  t h e ir  c o r r e l a t io n  f u n c t i o n a l ,  l e a d i n g  to  

t h e  p a r a m e t e r  f r e e  P W 9 1 .  A n o t h e r ,  n o w a d a y s  e v e n  m o r e  p o p u l a r  c o r r e l a t io n  f u n c t io n a l  

is  d u e  to  L e e ,  Y a n g ,  a n d  P a rr  [ 7 1 ] ,  1 9 8 8  (L Y P ). U n lik e  a ll t h e  o t h e r  f u n c t i o n a l s  m e n t i o n e d  

s o  far , L Y P  is  n o t  b a s e d  o n  t h e  u n ifo r m  e l e c t r o n  g a s  b u t  i s  d e r i v e d  fr o m  a n  e x p r e s s i o n  

fo r  t h e  c o r r e l a t io n  e n e r g y  o f  t h e  h e l iu m  a t o m  b a s e d  o n  a n  a c c u r a t e ,  c o r r e l a t e d  

w a v e f u n c t i o n  p r e s e n t e d  in t h e  c o n t e x t  o f  w a v e f u n c t i o n  b a s e d  t h e o r y  b y  C o l ie  a n d  

S a lv e t t i  [ 7 2 ] ,  1 9 7 5 .  T h e  L Y P  f u n c t i o n a l  c o n t a i n s  o n e  e m p ir i c a l  p a r a m e t e r .  It d i f f e r s  fr o m  

t h e  o t h e r  G G A  f u n c t i o n a l s  in t h a t  it c o n t a i n s  s o m e  lo c a l  c o m p o n e n t s .

เท p r in c ip l e ,  e a c h  e x c h a n g e  f u n c t io n a l  c o u l d  b e  c o m b i n e d  w ith  a n y  o f  

t h e  c o r r e la t io n  f u n c t i o n a l s ,  b u t  o n ly  a  f e w  c o m b i n a t i o n s  a r e  c u r r e n t ly  in u s e .  T h e  

e x c h a n g e  p a r t  i s  a l m o s t  e x c l u s i v e l y  c h o s e n  to  b e  B e c k e ’s  f u n c t i o n a l  w h ic h  i s  e i t h e r  

c o m b i n e d  w ith  P e r d e w ’s  1 9 8 6  c o r r e la t io n  f u n c t io n a l  o r  t h e  L e e ,  Y a n g ,  P a r r  u s u a l ly  

a b b r e v i a t e d  a s  B P 8 6  a n d  B L Y P , r e s p e c t i v e l y .  S o m e t i m e s  a l s o  t h e  P W 9 1  c o r r e la t io n  

f u n c t io n a l  i s  e m p l o y e d ,  c o r r e s p o n d i n g  to  B P W 9 1 .  T o  b e  fa ir , a ll t h e s e  f la v o r s  o f  g r a d i e n t -  

c o r r e c t e d  K S - d e n s i t y  f u n c t i o n a l  t h e o r y  d e l i v e r  r e s u l t s  o f  s im i la r  q u a l i t y  a s  d e m o n s t r a t e d  

b y  s e v e r a l  s t u d i e s  w h i c h  a s s e s s  t h e  p e r f o r m a n c e  o f  t h e s e  f u n c t i o n a l .
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2.7 B a s i s  Set

A  b a s i s  s e t  i s  a  s e t  o f  f u n c t i o n s  u s e d  to  d e s c r i b e  t h e  s h a p e  o f  t h e  o r b i t a l s  in a n  

a t o m .  M o le c u la r  o r b i t a l s  a n d  a ll w a v e f u n c t i o n s  a r e  c r e a t e d  b y  t a k in g  l in e a r  c o m b i n a t i o n s  

o f  b a s i s  f u n c t i o n s  a n d  a n g u l a r  f u n c t i o n s  [ 5 2 ] ,  T h e  b a s i s  f u n c t i o n s  s h o u l d  h a v e  l a r g e  

a m p l i t u d e  in r e g i o n s  o f  s p a c e  w h e r e  t h e  e l e c t r o n  p r o b a b i l i t y  d e n s i t y  is  a l s o  l a r g e ,  a n d  

s m a l l  a m p l i t u d e s  w h e r e  t h e  p r o b a b i l i t y  d e n s i t y  is  s m a l l .  T h e r e  a r e  t w o  g u i d e l i n e s  fo r  

c h o o s i n g  t h e  b a s i s  f u n c t i o n s .  O n e  is  t h a t  t h e y  s h o u l d  h a v e  a  b e h a v i o r  w h ic h  a g r e e s  w ith  

t h e  p h y s i c s  o f  t h e  p r o b le m ;  t h is  e n s u r e s  t h a t  c o n v e r g e n c e  a s  m o r e  b a s i s  f u n c t i o n s  a r e  

a d d e d  is  r e a s o n a b l y  r a p id .  T h e  s e c o n d  g u i d e l i n e  i s  p r a c t i c a l :  t h e  c h o s e n  f u n c t i o n s  

s h o u l d  m a k e  it e a s y  to  c a l c u l a t e  a ll t h e  r e q u ir e d  in t e g r a l s .

T h e  o r b i t a l s  X i w h i c h  a r e  e x p r e s s e d  t h r o u g h  t h e  {/7^1 a r e  u s e d  to  c o n s t r u c t  t h e  

a p p r o x i m a t e  w a v e f u n c t i o n .  It h a s  l o n g  b e e n  r e c o g n i z e d  t h a t  v e r y  l a r g e  b a s i s  s e t s  a r e  

n e e d e d  if h ig h  q u a l i t y  w a v e f u n c t i o n s  t h a t  t a k e  a l s o  in to  a c c o u n t  e l e c t r o n  c o r r e la t io n  a r e  

t h e  t a r g e t .  เท p a r t ic u la r ,  b a s i s  f u n c t i o n s  w ith  c o m p l e x  n o d a l  s t r u c t u r e s  ( p o la r i z a t io n  

f u n c t i o n s )  a r e  n e c e s s a r y  a n d  in h ig h ly  c o r r e l a t e d  c a l c u l a t i o n s  t h e  b a s i s  s e t  

r e q u i r e m e n t s  s o o n  l e a d  to  c o m p u t a t io n a l ly  v e r y  d e m a n d i n g  p r o c e d u r e s .  O n  t h e  o t h e r  

h a n d ,  in t h e  K o h n - S h a m  s c h e m e  t h e  o r b i t a l s  p la y  a n  in d ir e c t  r o le  a n d  a r e  in t r o d u c e d  

o n ly  a s  a  t o o l  to  c o n s t r u c t  t h e  c h a r g e  d e n s i t y  a c c o r d i n g  to

p ( r ) = Z M r ) 2 ( 2 . 8 7 )

O n e  s h o u l d  t h e r e f o r e  e x p e c t  t h a t  t h e  b a s i s  s e t  r e q u i r e m e n t s  in K o h n - S h a m  

c a l c u l a t i o n s  a r e  l e s s  s e v e r e  t h a n  in w a v e f u n c t i o n  b a s e d  o n e s .  เท c o n v e n t i o n a l  

w a v e f u n c t i o n  b a s e d  a p p r o a c h e s ,  s u c h  a s  t h e  H a r t r e e - F o c k  o r  c o n f ig u r a t io n - in t e r a c t io n  

s c h e m e s ,  t h e  s e t  j/7 j  is  a l m o s t  u n iv e r s a l ly  c h o s e n  t o  c o n s i s t  o f  s o - c a l l e d  c a r t e s i a n  

G a u s s i a n - t y p e - o r b i t a l s ,  G T O  o f  t h e  g e n e r a l  fo r m

ๆGTO =  'N x 'y mz n e x p [ - o r r 2 ] (2 .88)
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N is  a  n o r m a l iz a t io n  f a c t o r  w h ic h  e n s u r e s  t h a t  =  1 ( b u t  n o t e  t h a t  t h e  ฦ 1J

a r e  n o t  o r t h o g o n a l ,  i.e., (?ๅ 1\ ฤ ^  *  0  fo r  j U ^ v ) .  a  r e p r e s e n t s  t h e  o r b ita l  e x p o n e n t  

w h ic h  d e t e r m i n e s  h o w  c o m p a c t  ( l a r g e  a  ) o r  d i f f u s e  ( s m a l l  a  ) t h e  r e s u l t in g  f u n c t io n  is .  

L  =  l  +  m +  n  i s  u s e d  to  c l a s s i f y  t h e  G T O  a s  s - f u n c t i o n s  (L =  0 ) ,  p - f u n c t i o n s  ( L  =  1 ) 1 d -  

f u n c t io n  (L = 2), etc. N o t e ,  h o w e v e r  t h a t  fo r  L>1 t h e  n u m b e r  o f  c a r t e s i a n  G T O  

f u n c t i o n s  e x c e e d s  t h e  n u m b e r  o f  ( 2 /  +  1) p h y s i c a l  f u n c t i o n s  o f  a n g u l a r  m o m e n t u m  / .  

F o r  e x a m p l e ,  a m o n g  t h e  s i x  c a r t e s i a n  f u n c t i o n s  w ith  L =  2 , o n e  i s  s p h e r i c a l l y  s y m m e t r i c  

a n d  is  t h e r e f o r e  n o t  a  d - t y p e  b u t  a n  s - t y p e  f u n c t i o n s .  S im ila r ly  t h e  t e n  c a r t e s i a n  

L  =  3 f u n c t i o n s  i n c l u d e  a n  u n w a n t e d  s e t  o f  t h r e e  p - t y p e  f u n c t i o n s .

T h e  p r e f e r e n c e  f o r  G T O  b a s i s  f u n c t i o n s  in Fl F a n d  r e l a t e d  m e t h o d s  is  m o t iv a t e d  

b y  t h e  c o m p u t a t i o n a l  a d v a n t a g e s  t h e s e  f u n c t i o n s  o f f e r ,  b e c a u s e  v e r y  e f f i c i e n t  

a lg o r i t h m s  e x i s t  fo r  a n a ly t i c a l ly  c a l c u l a t i n g  t h e  h u g e  n u m b e r  o f  f o u r - c e n t e r - t w o - e l e c t r o n  

in t e g r a l s  o c c u r r i n g  in  t h e  C o u l o m b  a n d  H F - e x c h a n g e  t e r m s .  O n  t h e  o t h e r  h a n d ,  fr o m  a  

p h y s i c a l  p o i n t  o f  v i e w ,  S l a t e r - t y p e - o r b i t a l s  (S T O )  s e e m  to  b e  t h e  n a t u r a l  c h o i c e  fo r  b a s i s  

f u n c t i o n s  [ 4 9 ,  5 2 ] ,  T h e y  a r e  s i m p l e  e x p o n e n t i a l s  t h a t  m im ic  t h e  e x a c t  e i g e n f u n c t i o n s  o f  

t h e  h y d r o g e n  a t o m .  U n lik e  t h e  G T O  f u n c t i o n s ,  S l a t e r - t y p e - o r b i t a l s  e x h ib i t  t h e  c o r r e c t  

c u s p  b e h a v i o r  a t  r —» 0  w ith  a  d i s c o n t i n u o u s  d e r iv a t iv e  ( w h ile  a  G T O  h a s  a  s l o p e  o f  z e r o  

a t  r —» 0  ) a n d  t h e  d e s i r e d  e x p o n e n t i a l  d e c a y  in t h e  ta il r e g i o n s  a s  r —» 00 (G T O  fa ll o f f  

r a p id ly ) .  A  t y p ic a l  S T O  is  e x p r e s s e d  a s

7 7 ร T O  =  N r « - 1  e x p [ _  3 r ] Yim ( 0 J  0 )  ( 2 . 8 9 )

F le r e , ท c o r r e s p o n d s  to  t h e  p r in c ip a l  q u a n t u m  n u m b e r ,  t h e  o r b ita l  e x p o n e n t  i s  t e r m e d  

Ç  a n d  Y lm a r e  t h e  u s u a l  s p h e r i c a l  h a r m o n i c s  t h a t  d e s c r i b e  t h e  a n g u l a r  p a r t  o f  t h e  

f u n c t i o n .  เท f a c t  a s  a  r u le  o f  t h u m b  o n e  u s u a l ly  n e e d s  a b o u t  t h r e e  t i m e s  m o r e  G T O  t h a n  

S T O  f u n c t i o n s  to  a c h i e v e  c e r t a in  a c c u r a c y .  U n f o r t u n a t e ly ,  m a n y - c e n t e r  i n t e g r a l s  a r e  

n o t o r io u s ly  d i f f ic u lt  to  c o m p u t e  w ith  S T O  b a s i s  s e t s  s o  w e  e m p l o y  c o n t r a c t e d  G T O  b a s i s  

s e t s ,  in w h ic h  s e v e r a l  p r im it iv e  G a u s s i a n  F u n c t io n s  ( t y p i c a l ly  b e t w e e n  t h r e e  a n d  s ix  

l in e a r  c o m b i n a t i o n  to  g i v e  o n e  c o n t r a c t e d  G a u s s i a n  f u n c t i o n  (C G F )
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ๆ CGF
T

A
Y a d a r r f a

GTO ( 2 .9 0 )

T h e  o r ig in a l  m o t iv a t io n  fo r  c o n t r a c t i n g  w a s  t h a t  t h e  c o n t r a c t i o n  c o e f f i c i e n t s  

d ST c a n  b e  c h o s e n  in a  w a y  t h a t  t h e  C G F  r e s e m b l e s  a s  m u c h  a s  p o s s i b l e  a  s i n g l e  S T O  

f u n c t io n .

W e  s h o u l d  a l s o  m e n t io n  t h a t  b a s i s  s e t s  w h ic h  d o  n o t  a c t u a l l y  c o m p l y  w ith  t h e  

L C A O  s c h e m e  a r e  e m p l o y e d  u n d e r  c e r t a in  c i r c u m s t a n c e s  in d e n s i t y  f u n c t io n a l  

c a l c u l a t i o n s ,  i.e., p l a n e  w a v e s .  T h e s e  a r e  t h e  s o l u t i o n s  o f  t h e  S c h r ô d i n g e r  e q u a t i o n  o f  a  

f r e e  p a r t i c l e  a n d  a r e  s i m p l e  e x p o n e n t i a l  f u n c t i o n s  o f  t h e  g e n e r a l  fo r m

77PW =  e x p [ /A x ]  ( 2 .9 1 )

w h e r e  t h e  v e c t o r  k  i s  r e l a t e d  to  t h e  m o m e n t u m  p  o f  t h e  w a v e  t h r o u g h  p  =  hk . P la n e  

w a v e s  a r e  n o t  c e n t e r e d  a t  t h e  n u c le i  b u t  e x t e n d  t h r o u g h o u t  t h e  c o m p l e t e  s p a c e .  T h e y  

e n j o y  g r e a t  p o p u la r i t y  in s o l i d  s t a t e  p h y s i c s  fo r  w h ic h  t h e y  a r e  p a r t ic u la r ly  a d a p t e d  

b e c a u s e  t h e y  im p lic i t ly  in v o lv e  t h e  c o n c e p t  o f  p e r i o d i c  b o u n d a r y  c o n d i t i o n s .  

U n f o r t u n a t e ly ,  t h e  n u m b e r  o f  p l a n e  w a v e s  n e e d e d  to  a r r iv e  a t  a n  a c c e p t a b l e  a c c u r a c y  is  

u s u a l ly  d a u n t i n g  a t  b e s t  a n d  fo r  t h is  a n d  o t h e r  r e a s o n s  a p p l i c a t i o n s  e m p l o y i n g  p l a n e  

w a v e  b a s i s  s e t s  a r e  v e r y  r a r e  in m o l e c u l a r  q u a n t u m  c h e m i s t r y .  I r r e s p e c t i v e  o f  w h e t h e r  

w e  u s e  G a u s s i a n  f u n c t i o n s ,  S l a t e r  t y p e  e x p o n e n t i a l s  o f  n u m e r ic a l  s e t s ,  c e r t a in  

c a t e g o r i e s  o f  f u n c t i o n s  t h a t  c a n  h e l p  to  c h a r a c t e r i z e  t h e  q u a l i t y  o f  a  b a s i s  s e t  h a v e  

b e c o m e  c u s t o m a r y  in q u a n t u m  c h e m is t r y .  T h e  s i m p l e s t  a n d  l e a s t  a c c u r a t e  e x p a n s i o n  o f  

t h e  m o l e c u l a r  o r b i t a l s  u t i l i z e s  o n ly  o n e  b a s i s  f u n c t i o n  (o r  o n e  c o n t r a c t e d  f u n c t i o n  in t h e  

c a s e  o f  C G F  s e t s )  fo r  e a c h  a t o m ic  o r b ita l u p  to  a n d  in c lu d in g  t h e  v a l e n c e  o r b i t a l s .  T h e s e  

b a s i s  s e t  a r e  fo r  o b v i o u s  r e a s o n s  c a l l e d  m in im a l s e t s .  A  t y p ic a l  r e p r e s e n t a t i v e  is  t h e  

S T O - 3 G  b a s i s  s e t .  F o r  c a r b o n ,  t h is  b a s i s  s e t  c o n s i s t s  o f  f iv e  f u n c t i o n s ,  o n e  e a c h  

d e s c r i b i n g  t h e  7 s  a n d  2s  a t o m ic  o r b i t a l s  a n d  t h r e e  f u n c t i o n s  fo r  t h e  2p  s h e l l  (px, p y, a n d  

p z). O n e  s h o u l d  e x p e c t  n o  m o r e  t h a n  o n ly  q u a l i t a t iv e  r e s u l t s  f r o m  m in im a l  s e t s  a n d  

n o w a d a y s  t h e y  a r e  h a r d ly  u s e d  a n y m o r e .  T h e  n e x t  l e v e l  o f  s o p h i s t i c a t i o n  i s  t h e  d o u b l e -
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z e t a  b a s i s  s e t s .  H e r e ,  t h e  s e t  o f  f u n c t i o n s  is  d o u b l e d ,  /’, e . ,  t h e r e  a r e  t w o  f u n c t i o n s  fo r  

e a c h  o r b ita l  ( t h e  g e n e r i c  n a m e  ‘d o u b l e - z e t a ’ fo r  s u c h  b a s i s  s e t  s t ill p o i n t s  to  t h e  

b e g i n n i n g s  o f  c o m p u t a t i o n a l  q u a n t u m  c h e m is t r y ,  w h e n  S T O  f u n c t i o n s  w e r e  in u s e ,  

w h e r e  t h e  o r b ita l  e x p o n e n t  is  c a l l e d  Z e t a  ( c ) . If w e  t a k e  in to  a c c o u n t  t h a t  it is  in t h e  

v a l e n c e  s p a c e  w h e r e  c h a n g e  in t h e  e l e c t r o n i c  w a v e f u n c t i o n  o c c u r  d u r in g  c h e m i c a l  

p r o c e s s e s ,  w e  c a n  lim it t h e  d o u b l e  s e t  o f  f u n c t i o n s  to  t h e  v a l e n c e  o r b i t a l s ,  w h i le  t h e  

c h e m i c a l l y  m o s t ly  in e r t  c o r e  e l e c t r o n s  a r e  s till t r e a t e d  in a  m in im u m  s e t .  T h is  d e f i n e s  t h e  

s p l i t - v a l e n c e  b a s i s  s e t s .  T y p ic a l  e x a m p l e s  a r e  t h e  3 - 2 1 G  o r  6 - 3 1 G  G a u s s i a n  b a s i s  s e t  

d e v e l o p e d  b y  P o p l e  a n d  c o w o r k e r s  [ 7 3 ] .  F o r  e x a m p l e  6 - 3 1 G  h a s  t w o  s i z e s  o f  b a s i s  

f u n c t i o n  fo r  e a c h  v a l e n c e  o r b ita l .  T h e  c o r e  c o n s i s t s  o f  6  G T O s  w h i c h  a r e  n o t  s p l i t ,  w h i le  

t h e  v a l e n c e  o r b i t a l s  a r e  d e s c r i b e d  b y  o n e  o r b ita l  c o n s t r u c t e d  fr o m  3  p r im it iv e  G T O s  a n d  

o n e  s i n g l e  G T O .

เท m o s t  a p p l i c a t i o n s ,  s u c h  b a s i s  s e t s  a r e  a u g m e n t e d  b y  p o la r iz a t io n  f u n c t i o n s ,  

i.e., f u n c t i o n s  o f  h i g h e r  a n g u l a r  m o m e n t u m  t h a n  t h o s e  o c c u p i e d  in  t h e  a t o m ,  e.g., p -  

f u n c t i o n s  fo r  h y d r o g e n  o r  d - f u n c t i o n s  fo r  t h e  f ir s t  r o w  e l e m e n t s .  P o la r iz a t io n  f u n c t i o n s  

h a v e  b y  d e f in i t io n  m o r e  a n g u l a r  n o d a l  p l a n e s  t h a n  t h e  o c c u p i e d  a t o m i c  o r b i t a l s  a n d  t h u s  

e n s u r e  t h a t  t h e  o r b i t a l s  c a n  d i s t o r t  fr o m  th e ir  o r ig in a l  a t o m i c  s y m m e t r y  a n d  b e t t e r  a d a p t  

to  t h e  m o l e c u l a r  e n v ir o n m e n t .  P o la r i z e d  d o u b l e - z e t a  o r  s p l i t  v a l e n c e  b a s i s  s e t  a r e  t h e  

m a i n s t a y  o f  r o u t in e  q u a n t u m  c h e m i c a l  a p p l i c a t i o n s  s i n c e  u s u a l ly  t h e y  o f f e r  a  b a l a n c e d  

c o m p r o m i s e  b e t w e e n  a c c u r a c y  a n d  e f f i c i e n c y .  เท t e r m s  o f  C G F  t y p e  b a s i s  s e t s ,  t y p ic a l  

e x a m p l e s  a r e  t h e  s t a n d a r d  6 - 3 1 G ( d , p )  s e t s  o f  H e h r e ,  D i t c h f ie ld ,  a n d  P o p l e  [ 7 4 ] ,  1 9 7 2 ,  

a n d  H a r ih a r a n  a n d  P o p l e ,  1 9 7 3 ,  o r  t h e  m o r e  r e c e n t  S V P  ( s p l i t - v a l e n c e  p o l a r iz a t io n )  s e t s  

o f  S c h a f e r ,  H o r n , a n d  A h lr ic h s ,  1 9 9 2 .  E q u iv a le n t s  c o n s i s t i n g  o f  t w o  S T O  f u n c t i o n s  p e r  

a t o m ic  o r b ita l  o r  t w o  n u m e r ic a l  f u n c t i o n s  a r e  o f  c o m p a r a b l e  i m p o r t a n c e  in th e ir  

r e s p e c t i v e  d o m a i n s .  เท t h e  la t te r  c a s e  t h e  d o u b i n g  o f  t h e  n u m e r ic a l  f u n c t i o n s  c a n  b e  

a c h i e v e d ,  f o r  e x a m p l e ,  b y  a d d i n g  n u m e r ic a l ly  g e n e r a t e d  a t o m i c  o r b i t a l s  fr o m  

c a l c u l a t i o n s  o n ly  d o u b l y  o r  e v e n  h i g h e r  p o s i t i v e ly  c h a r g e d  i o n s .

It i s  o b v i o u s  h o w  t h e s e  s c h e m e s  c a n  b e  e x t e n d e d  b y  i n c r e a s i n g  t h e  n u m b e r  o f  

f u n c t i o n s  in t h e  v a r i o u s  c a t e g o r i e s .  T h is  r e s u l t s  in t r ip le t -  o r  q u a d r u p l e - z e t a  b a s i s  s e t s
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w h ic h  a r e  a u g m e n t e d  b y  s e v e r a l  s e t s  o f  p o la r iz a t io n  f u n c t i o n s  in c l u d i n g  f u n c t i o n s  o f  

e v e n  h i g h e r  a n g u l a r  m o m e n t u m .

T h e  e x p o n e n t s  a n d  c o n t r a c t io n  c o e f f i c i e n t  o f  m o s t  G a u s s i a n  b a s i s  s e t s  h a v e  

b e e n  o p t i m i z e d  w ith in  t h e  H a r t r e e - F o c k  o r  c o r r e l a t e d  w a v e f u n c t i o n  b a s e d  s c h e m e s .  เท 

t h e  b e g i n n i n g  it w a s  n o t  a t  a ll c l e a r  w h e t h e r  o n e  c o u l d  in f a c t  u s e  b a s i s  s e t s  t h a t  w e r e  

o p t i m i z e d  fo r  r e p r e s e n t i n g  m o l e c u l a r  o r b i t a l s  in a  Fl F o r  c o n f ig u r a t io n  in t e r a c t io n  c o n t e x t  

to  c o n s t r u c t  t h e  d e n s i t y ,  a s  in t h e  K o h n - S h a m  s c h e m e .  F lo w e v e r ,  it f o r t u n a t e ly  t u r n e d  o u t  

t h a t  t h e  r e s u l t s  a r e  fa ir ly  i n s e n s i t i v e  w ith  r e s p e c t  to  t h e  w a y  t h e  e x p o n e n t s  a n d  

c o n t r a c t io n  c o e f f i c i e n t s  h a v e  b e e n  d e t e r m i n e d ,  in p a r t ic u la r  f o r  t h e  c a l c u l a t i o n  o f  

p r o p e r t i e s  s u c h  a s  e n e r g i e s  o r  e q u i l ib r iu m  g e o m e t r i e s .  F l e n c e ,  in g e n e r a l  it is  p r o b a b ly  

n o t  n e c e s s a r y  to , u s e  b a s i s  s e t s  e x p l ic i t ly  o p t i m i z e d  fo r  a  d e n s i t y  f u n c t i o n a l  a p p r o a c h ,  

e v e n  t h o u g h  t h e r e  a r e  a  n u m b e r  o f  s p e c i a l  c a s e s  w h e r e  t h i s  s t a t e m e n t  is  a n  

o v e r s im p l i f i c a t io n .  N e v e r t h e l e s s ,  m o s t  m o d e r n  a p p l i c a t i o n s  o f  K o h n - S h a m  d e n s i t y  

f u n c t i o n a l  t h e o r y  u s i n g  G a u s s i a n  f u n c t i o n s  s im p ly  e m p l o y  o n e  o f  t h e  m a n y  s t a n d a r d  

b a s i s  s e t s ,  i r r e s p e c t i v e  o f  t h e ir  o r ig in  in w a v e f u n c t i o n  b a s e d  a p p r o a c h e s .  เท m o s t  

c o n t e m p o r a r y  p r o g r a m  p a c k a g e s  t h e  p o p u la r  s e t s  a r e  p r o v i d e d  in  a n  in te r n a l  b a s i s  s e t  

l ib r a r y . S h o u l d  t h e  d e s i r e d  s e t  n o t  b e  i n c l u d e d  in t h a t  in te r n a l  l ib r a r y  o f  t h e  p r o g r a m  

c h o s e n ,  it c a n  u s u a l l y  b e  c o n v e n i e n t l y  d o w n l o a d e d  e v e n  in t h e  a p p r o p r i a t e  in p u t  f o r m a t  

fr o m  h t t p : / / w w w .e m s l .p n l .g o v : 2 0 8 0 / f o r m s / b a s i s f o r m .h t m l  (F e l le r ,  S c h u c h a r d t ,  a n d  J o n e s ,  

1 9 9 8 )  [ 5 2 ] ,

2.8 Zero-Point Energy (ZPE)

T h e  n u c le i  m o t io n  o n  t h e  B o r n - O p p e n h e i m e r  p o t e n t ia l  e n e r g y  s u r f a c e  t h a t  is  

a l s o  a c c o u n t e d  fo r  in a  q u a n t u m  m e c h a n i c a l  w a y ,  e n e r g y  i s  ‘t i e d  u p ’ in  m o l e c u l a r  

v ib r a t io n s .  O n e  c o n s e q u e n c e  o f  t h e  u n p r e d ic t a b i l i t y  p r in c ip l e  i s  t h a t  p o l y a t o m i c  

m o l e c u l e s ,  e v e n  a t  a b s o l u t e  z e r o ,  t h e  m o l e c u l e s  m u s t  a l w a y s  b e  m o v i n g ,  w ith  a  s u m  o f  

p o t e n t ia l  a n d  k in e t ic  e n e r g y  t h a t  e x c e e d s  t h e  e n e r g y  o f  t h e  n e a r e s t  m in im u m  b y  s o m e

http://www.emsl.pnl.gov:2080/forms/basisform.html
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n o n - z e r o  a m o u n t .  W ith in  t h e  h a r m o n ic  o s c i l l a t o r  a p p r o x im a t io n ,  t h e  e n e r g y  o f  t h e  l o w e s t  

v ib r a t io n a l  l e v e l  c a n  b e  d e t e r m i n e d  fr o m

£  = f  1 ไท +  —I 2 J h o (2 .92 )

w h e r e  ท is  t h e  v ib r a t io n a l  q u a n t u m  n u m b e r ,  h  is  P la n c k ' s  c o n s t a n t  (6 .6261X  10 ’34 J ร) 

a n d  ง  is  t h e  v ib r a t io n a l  f r e q u e n c y .

T h e  s u m  o f  a ll o f  t h e  h a r m o n i c - o s c i l l a t o r  g r o u n d  s t a t e  e n e r g i e s  o v e r a l l  m o l e c u l a r  

v ib r a t i o n s  d e f i n e s  t h e  Z e r o - p o i n t  e n e r g y  (Z P E ). T h u s  t h e  in te r n a l  e n e r g y  fo r  a  m o l e c u l e  

a t  0  K w a s  d e f i n e d  b y
m o d e s 1

พ» = K + z  (2.93)

w h e r e  £ '616 is  t h e  e n e r g y  fo r  t h e  s t a t io n a r y  p o in t  o n  t h e  B o r n - O p p e n h e i m e r  P E S . บ 0 is  

a l s o  o f t e n  w r it te n  a s  £ 0 in t h e r m o c h e m i c a l  l i t e r a tu r e . M o d e  is  a  f u n c t i o n  o f  t h e  a t o m ic  

m a s s e s  fo r  t h e  n u c le i  i n v o l v e d  in t h e  m o t io n .

เท o r d e r  t o  p r e d i c t  t h e  s t r e t c h i n g  f r e q u e n c y  w ith in  t h e  h a r m o n ic  o s c i l l a t o r  

e q u a t i o n ,  a ll t h a t  i s  n e e d e d  i s  t h e  s e c o n d  d e r iv a t iv e  o f  t h e  e n e r g y  w ith  r e s p e c t  t o  b o n d  

s t r e t c h i n g  c o m p u t e d  a t  t h e  e q u i l ib r iu m  g e o m e t r y ,  i.e., A: T h e  i m p o r t a n c e  o f  k  h a s  l e d  to  

c o n s i d e r a b l e  e f fo r t  to  d e r i v e  a n a ly t ic a l  e x p r e s s i o n s  fo r  s e c o n d  d e r i v a t i v e s ,  a n d  t h e y  a r e  

n o w  a v a i l a b l e  fo r  H F, M P 2 , D F T , Q C I S D , C C S D ,  M C S C F  a n d  s e l e c t  o t h e r  l e v e l s  o f  

t h e o r y ,  a l t h o u g h  t h e y  c a n  b e  q u i t e  e x p e n s i v e  a t  s o m e  o f  t h e  m o r e  h ig h ly  c o r r e l a t e d  

l e v e l s  o f  t h e o r y .

S c a l i n g  f a c t o r  o f  Z P E  in t h e  r a n g e  o f  0 . 9 - 1 . 0  t h a t  d e p e n d  o n  t h e  c a l c u l a t i o n  

m e t h o d  a n d  b a s i s  s e t  u s e d  [ 7 5 ] .  D u e  to  o v e r e s t i m a t e  f r e q u e n c i e s  o f  t h e  m o s t  

c a l c u l a t i o n  m e t h o d s  w e r e  c o m p a r e d  w ith  t h e  e x p e r i m e n t a l  v a l u e s .  T h is  o v e r e s t i m a t i o n  is  

d u e  p a r t ia l ly  to  t h e  h a r m o n ic  a p p r o x im a t io n  a n d  p a r t ia l ly  t o  e l e c t r o n i c  s t r u c t u r e  

c a l c u l a t i o n s .  T h e  s c a l i n g  f a c t o r s  fo r  t h e  t h e o r e t i c a l  h a r m o n ic  v ib r a t io n a l  f r e q u e n c i e s
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w e r e  d e t e r m i n e d  b y  ล c o m p a r i s o n  w ith  t h e  c o r r e s p o n d i n g  e x p e r i m e n t a l  f u n d a m e n t a l s  

u t il iz in g  a  t o t a l  o f  1 0 6 6  in d iv id u a l  v ib r a t i o n s .  S c a l i n g  f a c t o r s  s u i t a b l e  fo r  l o w - f r e q u e n c y  

v ib r a t i o n s  w e r e  o b t a i n e d  fr o m  l e a s t - s q u a r e s  f its  o f  i n v e r s e  f r e q u e n c i e s .  Z P E  s c a l i n g  

f a c t o r s  w e r e  o b t a i n e d  fr o m  a  c o m p a r i s o n  o f  t h e  c o m p u t e d  Z P V E s  ( d e r i v e d  fr o m  

t h e o r e t i c a l l y  d e t e r m i n e d  h a r m o n ic  v ib r a t io n a l  f r e q u e n c i e s )  w ith  Z P V E s  d e t e r m i n e d  fr o m  

e x p e r i m e n t a l  h a r m o n ic  f r e q u e n c i e s  a n d  a n h a r m o n ic i t y  c o r r e c t i o n s  f o r  a  s e t  o f  3 9  

m o l e c u l e s .  F in a lly , s c a l i n g  f a c t o r s  fo r  t h e o r e t i c a l  f r e q u e n c i e s  t h a t  a r e  a p p l i c a b l e  fo r  t h e  

c o m p u t a t i o n  o f  t h e r m a l  c o n t r ib u t io n s  to  e n t h a l p y  a n d  e n t r o p y  h a v e  b e e n  d e r i v e d .  A  

c o m p l e t e  s e t  o f  r e c o m m e n d e d  s c a l e  f a c t o r s  i s  p r e s e n t e d .  T h e  m o s t  s u c c e s s f u l  

p r o c e d u r e s  o v e r a l l  a r e  B 3 - P W 9 1 / 6 - 3 1 G ( d ) ,  B 3 - L Y P /6 - 3 1 G ( d ) ,  a n d  H F /6 - 3 1 G ( d ) .
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