
CHAPTER IV

TRANSFORMATION SEMIGROUPS

The notation P x , T x , l x , M x , Ex  and Gx  where A' is a set and the notation 
C/ and D i  where /  is any interval on R  with|/|> 1 are recalled from Chapter I , page 
6 . Again, since P x ,T x ,  lx  and Gx  are regular for any set X ,  we deduce from 
Theorem 1.1 that they are members o f B Q  for any set X. We know that M x  = E x  — 

G x  i f  and only i f  X  is finite. Then for any finite set X , M x  and E x  belong to B Q .  

We show in this chapter that M x  £ B Q  and E x €  B Q  i f  X  is infinite. This is the 
first purpose. Consequently, by Theorem 1.1 and Theorem 1.2, both M x  and E x  are 
not regular, not left simple and not right simple i f  A' is infinite. In fact, these can 
be proved directly. The second purpose is to show that C/ €  B Q  and D i €  B Q  for 
any nonempty interval /  with I / 1 > 1. Observe that all o f these semigroups have an 
identity.

First, we shall introduce a direct proof that both M x  and E x  are not regular 
for the case that A ' is an infinite set. Since X  is infinite, X  contains a countably 
infinite subset {a1, Ü 2 , «3, ...} where a, *  Oj i f  i  *  j  . Define a ,  p  ะ X - >  X  by

Then a  e  M x  and p  € E x . Suppose there exists A e  M x  such that a  =  a X a .  Then 
for ท e  N ,  a n a  = a „ a A a  = ( a 2 „ A ) a .  Since a  is one-to-one, Ü2„ A  =  a „  for every ท e

N . Thus { ü 2 , ฝิ4, <36, •■ ■ }A= {<3i, 0 2 , a 3, ...}. I f x e X -  { a \ ,  a 2, <33, ... }, thenxa =

a 2n i f *  = a n for some ท e N ,  
X otherwise,

i f *  = a n for some even integer ท e N ,

x ( 3  = <3, i f *  = < 3 „ for some odd integer ท e N ,
X otherwise .

X 4 A A  bGZ) 6
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x a A a  =  ( x A ) a ,  so x A  =  x . This proves that ( X -  {ai, Û3, a s , . . . } ) A  =  X .  

Consequently, A  is not one-to-one, a contradiction. Hence M x  is not regular.
Next, suppose that there exists /V 6 E x  such that /3 =  P /u p . Then for every 

odd integer ท e  N ,  a \  -  a „ p  =  a nP / u p ~ ( a \ / t ) P  which implies that a \ (น e  {02} น 
{ a \ ,  a i ,  a s , .. .} . I f  w e TV- {1}, a „  =  a 2np  =  a 2„ P /u P  = { a „ / u ) P , so by the definition 
of/?, a „ /u  =  <32/1 . I f *  e X -  { a \ ,  a 2, a 2, ...} , thenX = x P  =  x f i / u f i = (x /u ) P  which 
implies that x /u  = X . This proves that X /u  = { a \ f i )  น {<34, a s , a 8, ... } น ( X -  

{ฝิ1, a 2, Û3, ...}). Since a \H  is only one value in { a 2 } น { a \ ,  <33, <35,...}, it follows 
that X /u  *  X ,  a contradiction. Hence E x  is not regular.

I f  X  is an infinite set, it can be easily proved that both M x  and E x  are 
neither left simple nor right simple because M x  -  G x  and E x  -  G x  are ideals o f M x  

and E x , respectively . To prove these , let a  e  M x , /? e E x , y  e M x  -  G x  and A  e 
E x  -  G x . Then a y ,  y a  e  M x  and (3A , A p  6 E x  . Since ImQ7 <= Im y * x , a y  e 
M x  -  G x . I f  y a  e G x , then Im a ะว Im y a  = X , so a  e  G x  which implies that y -  

( y a ) a A e  G x , a contradiction . Thus y a  e M x  -  G x  • Since A  is not one-to-one , 
A j3  is not one-to-one , so A p  e  E x  -  G x . I f  f iA  e G x , then /? is one-to-one , so /? 
e  G x  which implies that A  =  P ' X(J3A) e  G x , a contradiction . Hence P A  e E x -  G x

Theorem 4.1. F o r  a  s e t  X ,  M x  £  B Q  i f  a n d  o n ly  i f  X  is  f i n i t e .

Proof. As mentioned above, M x  e B Q  i f  X  is finite.
For the converse, assume that X  is an infinte set. Then X  contains a 

countably infinite subset. Let {a, I i e I V }  e  X  where a, *  ü j i f  i  ะนะ j .
Define a  : X  X  by

x a  =
X

i f x  =<3n for some ท e N ,  
otherwise .
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ifx  =  d n for some ท eTV, 
otherwise

and

x y =
i f  a: =a „ for some ท e N ,  
otherwise .

Then p ,  y  e  M x . For n 6  iV, we have that d na p  = d 2np  = d 2ท+2 -  Û2(n+1) = a n+ \ a  -  

a ny a . I f  JV e  X -  { d \ ,  d 2, d 2, .. .} , thenx a p =  X =  x y a .  This proves that a p -  y a .  

Therefore a p ~  y a  e  a M x  (^  M x a . Let A  = a p . Then A  e  a S ix C ^  M x a  e  B M x  

M XB  since a  e B .  To show that A  <£ B . Suppose that A  e  B . Then A  e  ccMxOc น 
{ o r } .Since (1 \A  =  d \ a p  =  a 2p =  «4 *  a  2 = a \ a , we have A *  a  . Then A  e  cxMxOL, so 
A  = a r / a  for some ฦ  e  M x . It follows that for « 6 TV, a n+1 a  =  a ny a  =  a na p =  a nA  -  

d na q a -  (û2n77) which implies that a 2ทฦ = a„+i for all ท e  TV because a  is one-to- 
one. Consequently,

I f x  e  X -  { a \ ,  a 2, a 2, . . . } ,  then x a  = X =  x a p  = x a  ฦ a  -  ( x r j ) a  which implies that 
X =  XT] since a  is one-to-one. Thus

{ci2, (I4, d(f, ...} 77 {<2 2 , 3̂, <24, •••}• (1)

( X -  { d U d 2, d 2, . . . } ) r j  =  X -  { d \ , d 2, a 2, . . . } .....................(2)

From (1) and (2), we have

( X -  { d \ ,  a 2, d 5, . . . } ) tj =  X -  {a i}
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which is impossible since ฦ  is one-to-one. Hence A  <£ B , so A  e  (B M x  ท M XB )  -  
B . Thus B M x  o  M XB  <2 B . Now we have that B  is a bi-ideal but not a quasi-ideal 
o f M x . Therefore M x  g B Q .

Theorem 4.2. F o r  a  s e t  X ,  E x  e  B Q  i f  a n d  o n ly  i f  X  is  f i n i t e .

Proof. As mentioned previously, E x  e B Q  i f X is a finite set.
Conversely, assume that X  is an infinite set. Let {a, I i e N )  ç  X  where a, 

*  Qj i f  i  *  j .  Define a , /?, y  \ X  —» X  by

Since Im a  =  I m f i - Im y  = X ,  a ,  /?, y  e  E x . Set B  = ( a ) b  , then B  = a E x a  น {« }. 
Next, we shall show that a ( 5 = y a .  Sincex a  =  x ( 3 = x y = x  for all X e X -  

{ a \ ,  น2, ฝิ3, ...}, it follows thatx a / 3  =  X =  x y a  for a ll*  e X -  { a \ ,  น2 , 03, . . . } .  Next, 
to show that a na f =  a ny a  for all n  e  N ,  let ท be given.
Case 1: ท =  1. Then a „ a / 3 - a \ a / 3  =  a \ j 3 =  a \  =  a \ a  =  a \ y a  =  a „ y a  .

Case 2: ท -  2 . Then a na f - a 2 a / 3 =  a \ / 3 =  O] = a \ a  =  a 2y a  =  a ny a  .

Case 3: ท — 3. Then a na / 3 =  a T ,a j3 =  a \ P =  a \  =  a \ a  =  a i y a  =  a ny a .

Hence the theorem is completely proved.

i f *  = a n and ท is even ,

x a  =  a, i f *  - a  11 and ท is odd , 
X otherwise ,

and
o„_2 i f *  —a 11 for « e N  -  {1,2} ,

x y  = • a, i f *  =o, or X = o 2 ,
X otherwise .
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Case 4: ท >  4 and ท is even. Then 7 6 A , - { l l , n - 2 6 i V  and ท - 2 is even, so
2

ana p = a n p =  a 1 =  a nj± = a n_,2 a  = a ny a .
2 2_l 2

Case 5: « > 4 and ท is odd. Then ท -  2 e N  and n - 2 is odd, so a „ a p  = û|/? = Û1 =
a„.2a  = a „y a .
Now we have a p =  y a . Let X -  a p . Then A G aE x <^  Exa  c  ท  EXB. Since 
at,ap  = a2p  = fl| *  a2 = a n a , we have that A * a . Suppose that A G ofA-a. Then A 
=  นๆa  for some  ๆ G Ex ■ If JC G X -  { û i ,  a2, Û3, . . . } ,  then X  =  x a p  -  x a r ja  =
(x ๆ ) น , so by the definition of a , we have X  ๆ  =  X  . Thus

( X -  { a \ , a 2, a 2, { a \ , a 2, a3, . . . } ...................... (1)

By the definition of a , we have that for k G TV -  {1} and X  G X, x a -  aii implies 
that X  = a u  . But for ท G N -  {1, 2}, an.I = a „ p =  a 2na p  = a 2ทนๆน = (0 „ๆ)น , so 
ททๆ -  Ct2 (n-1 ) for all n G TV- {1, 2}. It follows that

( { a 3, a 4, a 5, . . . } ) ๆ  = {a4, a(3, a», . . .} ....................................(2)

From (1) and (2), we have

( X -  { a \ , a 2} ^  = X -  {a\, a 2, as, as, an, ...}

which is impossible since ๆ  ะ X  -> X  and Im ๆ  = X . This proves that A g a E x c c . 
Then A g a E x a น { a }  since A รÉ น . But B  = a E x a  น { น } , so A g 5  . Because A G 

ท E x B ,  we get A G ( B E x  ท E x B ) -  5  . Thus 5  is not a quasi-ideal of £>. 
Consequently, E x  g BQ.

Hence we prove that E x  G B Q  if and only if X  is finite. □
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To prove that C l and D/ <£ B Q  for any interval 7 on R  with I 7 1 > 1, we 
first note that for such an interval 7, there exist a, b e l  such that a < b which 
implies that [a,b] e  I  since 7 is an interval.

For any map or and A <z Domor, let a\ A denote the restriction of or to A.

Theorem 4.3. For an interval I  on R  with / 1 / > 1, C l 0  B Q  .

Proof. Assume that I  is an interval on R  and I / 1 > 1. To show that Cl <£ B Q , let a,

b e l  be such that a < b. Then [a, b] Q  I. Since a is the middle point of

1. ,  1 a + b r . 1 3 a + b r . 3 a + b \ , a + b x 1. 1 . .la, ol, —-—  e  I . A lso ---- -—  6 I  since ---- -—  -  — (a + —-— ) which is the2 4 4 2 2

middle point of [a, and [a> ~ ~ ~ ]  ç  [et, b] Ç /  . If.r e R  is such that

a + b , 1 3 a + b a + b 1 , 3 a + b—-—  < X  < b , then — -----= a  + — -—  < a+A' < a + b  and so ----- -—  <2 2 2 4

-  — Y < -  -■  ̂  . Therefore we have -  + e I  for every X e  R  such that a +-  < 2 2 2 2
A < b. Next, we define or : 7 -> 7 by

ifA < 3 a + b

A or = <
3a + b  . 3a + b < a + b

4 1 ~ 4  < x  ~ ~ 2 ~
a + A

2

a + b

■ r - a + bi f —-— <A < b  , 
2

ifA > b  .

Then or is continuous on 7, so or e C l . The graph of or on [a, b ] can be given as 
follows:
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(ab) (b.b)

7a + b  1 3a + b l a  + b 3 a + bSince — - —  = ^-(a + ---- -— ) 5 — ——  is the middle point of \ a , ---- -—  J.8 2 4 8 4
From the graph of a 5 we have

-1 _  , , ~ 11 l a  + b 3a + bx a  = {*} for all X 6 ( ——— 5— - — ) .............................................(1)8 4
and

x a ' 1 = {2x-a} for all X  6 ( ^ - ——- , —^ —) ........................................ (2)
Set B  = (a )b  . Then B  = a C /a  น { or}. To show that B  is not a quasi-ideal o f C l, 
define / ? : / —» /  by

l a  + b l f x  < 

ifx >

l a  + b

l a  + b  8
8 '

Then p  is continuous on /  5 so p  e Cl .We can give the graph o f p  on [a, b ] as 
follows ะ
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(eib) (b,b)

We claim that a f i =  f i a . To prove the claim, we first note that

x a  = x  for all X € I n  (-00, — --— ].................................................(3)4

“ ) .........................................<4)

( / ก  (-00, Z 2 _ ± l il/; 1 Z6L±^.} .................................................... (5)

and

x f i = x  for all X  6 /  ท [ ^a ^  -  , oo)..................................................(6)

Now we are ready to show that af i  = f i a . Let X  e  I . 
7 a + bCase 1 : X  e  I n  (-00,

7a + bx f ia  =  ( — - —  ) a  =

8

7 a + b

*1 Cl - f-1)). From (3) and (5), we have x a f i  = xfi  = ---------  and
8

0 _ 7 a  + b  _, so x a f i  = — ——  = x f i a .
8 8 8
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Case 2: X  e  I n  [ — --—  , oo). From (4) and (6), x a j3  =  x a . From (6), x p a  = x a . 
8

Then xa(5 =  x a  =  x f i a .

Now we have a f i  = 13a . Let A -  a f i . Then A = a f i  = f i a  e a C i ท C /a  ÇZ B C / ท

C/5. From (3) and (5), we have aA  = a a f i= a f i -  — ■ -+- -  *  a = a a  , so A *  or. To
8

show that A  g a C / a , suppose that A e a C /a  . Then A = a r ja  for some 7  6 C l , so
a f i  =  น ๆ a . From (3) and (6), we have that for every X  € ( 7a + ft 3a + ft ^ x a p  =

8 4
xfi  =  x  and x a ฦ a  -  (xๆ )a . It follows from (1) that

x ๆ  =  x  for all X  6 ( l a  + ft 3a + ft 
8 ’ 4 )■ ( ๆ

Next, let y  6 ( — - — 5 — ). From (2), (2 y  - a ) a  =  y  which implies that4 2
{ 2 y - a ) a p  =  y ( i  = y  by (6). Then (2 y - a)A = 1y and (2 y  -  น )น ๆ 0  -  (y  ๆ )a  . It 
follows that (y7 )a  = y  . From (2), y ๆ  =  2y  -  a.

This proves that

x ๆ  = 2X -  a for allX 6 ( 3a + ft a + ft )•

From (*) and (**), we have that

1. 3a + ftlim x ๆ - ---- -—,3alb 4
< 4 > *

and
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lim X  ฦ = 2 { 3 a + b

3a + b 
2

a + b

Since a ï  b , 3 a + b a + b which implies that lim X T ]  *  lim x ฦ .
3 a  + b  x 4 3 a  + b  .4 ~ * ~ 2

Hence 77 is not continuous a t -----——  which is a contradiction. Therefore A e a
4

C/OC, so A 0 a C /a  น { a }  = B. Now we have A e (B C i ท C /B ) -  B  . Hence B  is not 
a quasi-ideal o f C l .

Theorem 4.4. F o r  any  in te rv a l I  on R  w ith  / /  /  > 1, D i 0  B Q  .

Proof. Let I  be an interval on R  and I / 1 > 1 . Then all the possible types o f /  are 
as follows ะ

3. 7 = ( -00, d] or (-00,๔) for some d e R  
and

4. /  = [c, ๔], [c, ๔), (c, ๔] or (c, ๔) for some c , d e R  such that c <๔. 
Choose a , b e R  such that a < b and a, b have the following special properties. I f  
I  is o f type 1, a, b can be any points in / .  I f  I  is o f type 2, choose a = c . I f  /  is 
o f type 3, choose b = ๔. I f  /  is o f type 4, choose a = c and b = d  . Then for every 
type o f / ,  (a, b) Œ / .

Define fu \ R ^ r  R  by

This proves that C/ g , as required.

1. I  =  R ,
2. 1 =  [c, oo) or (c , oo) for some c e R  ,

b - a
x/u =

2 2
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for all X € R  . Then แ  is differentiable on R  and the graph o f n  on [a, 6] is as 
follows :

(ab) (b.b)

(a.a+3b)

(a3a+5b)
“ 8“

(aa+b)
~

^ —

^ / ;

■ (a+b
1 2

!
I1»1«1

.a+b)
2

11\111•1
11
1

(b,a+3b)
4

8

L (b.a^b) 
2

(a. a) (b.a)

Observe that แ  is decreasing on (-00, - - - -- ] and increasing on [ a+̂ >, oo).
From the definition of n , we have

, 1 . a + b^ 2 a +  b
b>,m a >— r z (fl 2 > 2

b —a a + b
= ~ T ~  + ~ 2 ~

a + 3b

Since a + — is the middle point o f [ - - +  ̂ , b ], a / u -  b/a e {a , b). It follows 4 2
from what we choose a and b that / / i ç  /  for every type o f / . Let a  = แ I / . Then
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or : /  —» /  and

1 . a + b s 2  a  + bx a =  — :— ( x   —) + —7—
b - a  2 2 •(1)

for all X  e I . Since fj. is differentiable on R  , we have a  € D i . Set B  = ( a ) b  . Then 
B  = a D / û r u  {o r }  . Let <£i, \ R  -» R  be the straight lines define by

„ 1 , a + b . a + bx£ \ =  - ( jc----- ---  ) + —
2 2 2

and
_ 1 . a + b . a + bxQi — - \ x ---—  ) + ——-4 2 2

for all X  e  R  . Then £i and are increasing functions on R  and

„ 1 . a + b. a + baÇ\ = - { a --- — ) + ̂ —
2 2 2

1 , a - b .  a + b 
2 ( 2 )+  2

3 a + b

_ 1 ,, a + 6 . a + b 
^  2 <6 2 )+  2

1 , b - a .  a + b 

a + 3b

„ _ 1 , û + 6 . a + 6 
< 2 = 4 ^ -  2 } +

1 , a - b .  a + b 
-  4 ( 2 )+  2

2
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_ 5a + 36 
8

and

4 6  4 (é 2 )+  2

1 ,b  -  a x a + 6
= 4 ~~2 + ~ 2 ~
= 3a +56  
= 8 '

Since " - --̂  ^ is the middle point o f [a , a ] and is the middle point

o f [ ~ ~ ~  » 6], it follows that a£i, 641 e (a, 6 ). We have that * ■' ^  is the

. , . 1 . r r 3a +6  a +6  1 , 3a +56 . 1 . , , 1middle point o f [ — - — , —-—  ] and -----------  is the middle point o f

[ - — — 5 - —-^ - ] . It follows that a Ç i, 6<£ e (a, 6). Consequently, 1Ç\ e  /  and / < 2  2 4
Ç / . Let (3 = I / and y=  I / • Then /3, y  e  D i and

n 1 , a + 6 x a + 6*/7 = - ( x ------ — ) + — -—
2 2 2

and
1 . a + 6.  a + 6x y =  — ( x ------ -— ) + — -—4 2 2

for all x s l .

Next, to show that a y =  ( 3 a , let X  € / . Then
1 a + 6  2 a + 6xccy= ( -  -— ( x ------— ) + — — - )yb -  a 2

y ( - -4 6 - a  
1

a + 6 N 2 a + 6  a +  6  x a + 6
= ■7 ( 7  ■ (•* -  — ir 1 ) + — ^ -----T ^ )  + — r 1-

a + 6 . 2 a + 6

4 ( 6  - a ) 2 ^ +  2

and
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O - A i  a + b . a + b .
2 2 2

1 . 1 . a + b . a + b a + 6 . 2 a + b
(t ( * ------~ )  ̂ ------ î r ~ )  + - ^ 1b - a  2 

1

4 ( b - a ) '  2

Hence a y =  f i a . Let A = a y . Then

, a + b x2 a + b(X — ~ y  +

XÀ = 1

4 (b  - a )
, a  + b . 2 a + b(X ------— r  + — — (2)

for all X e I  and A = a y - [ 5 a  e  a D / ท D /a  ç= B D / ท D iB  . We have that A *  a  
since a *  b,

and

, 3a + b . , _ . 3a + b .( — 7— )A  =  ( — 7— )a y

, 1 ,3 a  + b a + b . 2= (— ะ— (— 7— ----- 1— y  +
b - a  4 2

_ ,  1 , a  - b . 2 a + b .
= ( r ^ 7 (— + ~ r ^b - a  A 2

a + b . 
2 ) r

l a  + 9b  
16 ) /

1 7 ( 3 + 9 6  a + 6  a + 6

4 16 2 + 2

31a +336  
64

- 3 a + 6 . 1 . 3 a + 6  a + 6 x2 a + 6
( — 7— ) a =  — -— (  7------------ 1— ) + — -—4 6 - a  4 2 2

^ โ ( 4 > + 2
6 - a a + 6

16 2
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= l a  + 9 b 
16 ■

Next, suppose that A e aD /cc . Then there exists  ๆ e D / such that A = a r j a . Then 
xA  =  ( ( x a )  ๆ ) a  for all X e I . By ( 1 )  and (2), we have that for every X €  / ,

1 . a + b 2 a + b
4 (b  - a ) (x - y  +

1= ( ( - ^  (x
b - a  2

a + b  2 a + b
y  + —^ )  ๆ )a

1 1 . a + b .  2 a + b ,  a + b ^2 a + b
= ( ( r r r (*  " — , ) + — r 1 ^ - — T 1 ) + — T 1b - a  b - a  2 2 2 2

which implies that for every x e / ,

1 , a + 6,2  ,, 1 , a + b  2 a + b  a + b  2
T ( x --------r ~ )  =  ( ( ไ  * (.X  -  — i r 1 - )  + — 7 ^ ) ๆ --------i — y  -4 2

Then for X e  I ,

& -ฝ ิ

b - a
( X - a + b a + b

- y  + 1 a + b , a + b) ๆ - ±  - ( x  -  -  “ ■) +
2 2 2

.(3)

Fix c  e ( — ̂  — , 6). Then [ -  ^  -  , c) c  /  and for t e [ —^—- ,  c a ) ,  there exists X 

e [ ~ ~ ~  5 c) such that ^-'-—  (x -  ~ ~ ~ ) 2 + —̂ —  = 1 which implies X =

j(b  -  a  ) ( t  -  ^ ~ Y ~ ) + Y ~ . Therefore by (3), for re [ , c),

± I L _  . X l _ £ ± i ) + ! ± i

_ , a + b . _ _  a + 6 . r  _ _ +  6 V „  a + 6  0 .Then ( —-— ) ๆ  = —-— and for t e ( —-— , ca), t ?7 *  —-— . Since ๆ  IS

differentiable on / ,  ๆ  is continuous on ( a 5 ca), SO ( a  , ca) ๆ  is an

interval on /?. Then i f  there exist t\ , h  e (^—— - ,  c a ) such that
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11, - I t * - . * 1 - ! ! * , + i ± i

and

1 .. a + b . a + b
hTJ=  2 f b ~ a ) ( ' 2 ~ 2 ~ ) + ~ 2

then a  G ( / 27^1 ฟ ca) 7 which is a contradiction since / 77* 

—ๅ-— for every t G (a + b , car). Hence we have

, _ 1  L  พ,  a + 6 .  a + 6  - 11 _ . a + b
t r ? z=2 \ ~ a * ------ โ̂—) 4' - 2 for a l l /  G ( —^— ,ca)

or

, 1 ,, พ a + 6 ,  a + b  .  11 , a + bt r j -  -  — J (b  - a ) ( t ------ -— ) + — -—  for all t G ( — -— 1 car).
2 \  2 2 2

Assume that / 7 = ] -  J ( b  - a ) ( t  -  b ) + a~+ b  for ail t G ( a + b  , c a ). Then

for h > 0 with + h G » car) »

\ , . a  + b a + b . 1 . 1  /77   a + b  a + b  .
* ( ( 2 +A ) 2 = i ( 2 ^ W +  2 2 )

-  i  ( Æ ะ ! )
2 ( V 7  ’

which implies that lim ( (a *  + h ) r j  -  ( r ~ ^ - )  ๆ ) does not exist. Then ๆ  is

not differentiable at - Simi larly, i f  /?7 = -  ^ (b  - a ) ( t  -  ~ ~ ~ )  +<~ ~

for all r G ( a +̂ b , c a ), we also have that ๆ  is not differentiable at -

This proves that A <i a D /a  น {a }, so A g B. Hence A G B D /B  -  B  , so B  is 
not a quasi-ideal o f £>/. Consequently, D ] <£ B Q  .

Therefore the theorem is completely proved. □
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