
C H A P T E R  III

THEORY

3.1 Kinetics of Phase Separation

3.1.1 Phase Separation Mechanism

Phase separation will occur if the system can reduce its Gibb’ ร free energy 
by proceeding the free energy down towards Its lowest points [Thongyai, 1990], 
The schematic diagram of Gibbs free energy and phase separation boundary can 
be seen m Fig.3.1.

From Fig.3.1, this system undergoes phase separation when temperature 
changes from T0 to ' โ 2 . The Gibbs free energy curve of the phase separated 
condition is concave upward m the middle part. This results in instability. 
Considering the free energy curve at T equal T, and T 2 , the composition at free 
energy A, c  is unstable and will phase separate into two compositions down to the 
tangent line at free energy B, D. At B, D, the chemical potential of the two 
compositions will be the same. These results m two stable phases at different 
composition regardless of the original composition within the tangent line.

Connecting the tangent point at different temperatures, the phase is found. 
The phase diagram IS the map of compositions at different temperatures and 
constant pressure. Within the phase separation line, the system's composition will 
become unstable and phase separate mto two stable compositions at the phase 
separation line.
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Fig.3.1 Gibb’s free energy and phase diagram.[Thongyai, 1994]

3.1.2 Nucléation and Growth

Nucleatron IS the process of generating within a metastable mother phase the 
initial fragments of a new and more stable phase. This initial fragment is called a 
nucleus and Its formation requires an increase m the free energy as illustrated m 
Fig.3.2. In Fig.3.2, any small perturbation m composition about C0 that results m the 
appearance of two phases als0 results m higher free energy. The composition 
change must be rather large m the right-hand direction before phase separation is 
accompanied by a free energy reduction. Thus, phase C0 is metastable and the 
minimum mcrease m free energy needed to render the system unstable is defined 
as Its activation energy. This IS generally the basis of the nucléation theory. The 
limit of metastability IS the lowest free energy represented by the tie-line Ca-Ca\  
and it defined as the binodal. Nucléation IS the system decomposes with a 
decrease m free energy, and nuclei grow. This growth process as well as the
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corresponding phase structure can be represented by Fig. 3.3.

3.1.3 Binodal and Spinodal

Within the phase diagram, there are two separated regions called binodal and 
spinodal. The difference between the two regions affects the progress of change in 
Gibb's free energy to phase separate the system. A binodal system has to increase 
Gibb's free energy before it can lower the free energy to a stable condition. A 
spinodal system will automatically lower down the free energy to the stable 
condition. These phenomena are shown in Fig. 3.4.

From Fig.3.4a, binodal characteristics can be seen. The free energy of the 
system, at A, has to mcrease through B, c  before it can reduce by itself to D. 
Fig.3.4b shows spinodal characteristics. The free energy of the system, at A, will 
decrease spontaneously through B, c  and D. The boundary between bmodal and 
spinodal IS the pomt that the slope changes from plus to minus or vice versa. It can 
be shown graphically or numerically that the boundary IS the point that the second 
order derivative of Gibb's files energy (G") is equal to zero. Connecting the 
boundaries at different temperatures, and add another lme to the phase diagram as 
shown m Fig.3.5.

The new line IS called the spinodal limit. Within this limit, the system will 
spontaneously phase separate. The region between the phase separation lme and 
the spinodal limit IS called the bmodal region. Within this region, the system needs 
some energy to overcome the barrier before phase separating. In small molecule 
system this energy may be small, but in the polymer systems this energy becomes 
larger, so the systems may need an initiator. The initiator may come from the 
composition fluctuation or from an impurity. It IS called a nucleating site.



FR
EE

 E
NE

RG
Y

15

Fig.3.2 Schematic illustration of the free energy-composition diagram for a 
metastable phase.[Olabisi, 1979]
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I

Fig.3.3 Schematic illustration of phase separation by the nucléation and growth 
mechanism : (I) one-dimensional evolution of concentration profiles;® two- 
dimensional picture of the resultant phase structure.[01abisi, 1979]
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b) Spinodal
Fig.3.4 Binodal and Spinodal [Thongyai, 1994]
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Fig.3.5 Spinodal line and phase diagram.[Thongyai, 1994]



19

3.1.4 Concentration Fluctuation and Phase Separation

T h e  d i f f e r e n c e s  b e t w e e n  b i n o d a l  a n d  s p m o d a l  a r e  n o t  o n ly  t h e  p a t h s  o f  f r e e  

e n e r g y  b u t  a l s 0 t h e  c h a r a c t e r i s t i c s  o f  t h e  c o n c e n t r a t i o n  f l u c t u a t i o n s .  T w o  t y p e s  o f  

t h e  c o n c e n t r a t i o n  f l u c t u a t i o n  c a n  b e  s e e n  i n  F i g .  3 .6 .

F r o m  t h i s  f i g u r e ,  i t  i s  a p p a r e n t  t h a t  t h e r e  a r e  t w o  d i f f e r e n t  t y p e s  o f  

c o n c e n t r a t i o n  f l u c t u a t i o n  d o w n h i l l  d i f f u s i o n  a n d  u p h i l l  d i f f u s i o n .  B i n o d a l  

c o n c e n t r a t i o n  f l u c t u a t i o n  i s  d o w n h i l l  d i f f u s i o n .  T h e  h i g h  c o n c e n t r a t i o n  c o m p o n e n t  

d i f f u s e s  t o  t h e  l o w  c o n c e n t r a t i o n  b o u n d a r y  a n d  e x p a n d s  t h e  h i g h  c o n c e n t r a t i o n  

d o m a i n .  S p m o d a l  c o n c e n t r a t i o n  f l u c t u a t i o n  i s  u p h i l l  d i f f u s i o n .  T h e  lo w  

c o n c e n t r a t i o n  d i f f u s e s  i n t o  t h e  h i g h  c o n c e n t r a t i o n  d o m a i n  w h i c h  c o n t i n u o u s l y  

g r o w s .  T h i s  p h e n o m e n o n  i s  c o n t r a d i c t o r y  t o  t h e  n o r m a l  d i f f u s i o n  l a w  w h i c h  s a y s  

t h a t  t h e  d i f f e r e n c e  m  t h e  c o n c e n t r a t i o n  d r i v e s  t h e  d i f f u s i o n .  I n  o t h e r  w o r d s ,  

s p m o d a l  d i f f u s i o n  i s  d r i v e n  b y  t h e  d i f f e r e n c e  m  t h e  c h e m i c a l  p o t e n t i a l .  T h e  

m a t h e m a t i c a l  m o d e l l i n g  o f  s p m o d a l  d i f f u s i o n  w i l l  b e  e x p l a i n e d  m  t h e  n e x t  s e c t i o n .

S p i n o d a l  d e c o m p o s i t i o n  i s  a  v e r y  i n t e r e s t i n g  p h e n o m e n o n  b e c a u s e  i t  c a n  

p r o d u c e  c o n t r o l l e d  m o r p h o l o g y  w h i c h  m i g h t  r e s u l t  i n  n e w  o r  b e t t e r  p r o p e r t i e s  

m a t e r i a l ร, S p m o d a l  d e c o m p o s i t i o n  c o m p r i s e s  t h r e e  s t a g e s  w h i c h  d i f f e r  m  

c h a r a c t e r i s t i c s  o f  t h e  c o n c e n t r a t i o n  f l u c t u a t i o n s .  A  s c h e m a t i c  d i a g r a m  o f  t h e  t h e s e  

t h r e e  s t a g e s  i s  s h o w n  i n  F i g .  3 .7 .

I n  t h e  e a r l y  s t a g e ,  t h e  a m p l i t u d e  o f  c o n c e n t r a t i o n  f l u c t u a t i o n s  m c r e a s e  w i t h  

t i m e  w h i l e  t h e  w a v e l e n g t h  o f  c o n c e n t r a t i o n  f l u c t u a t i o n s  i s  k e p t  c o n s t a n t .  I n  t h e  

i n t e r m e d i a t e  s t a g e ,  b o t h  t h e  a m p l i t u d e  a n d  w a v e l e n g t h  o f  c o n c e n t r a t i o n  f l u c t u a t i o n  

m c r e a s e  w i t h  t i m e .  I n  t h e  l a t e  s t a g e ,  t h e  a m p l i t u d e  o f  c o n c e n t r a t i o n  f l u c t u a t i o n  

r e a c h e s  e q u i l i b r i u m  b u t  t h e  w a v e l e n g t h  o f  c o n c e n t r a t i o n  s t i l l  g r o w s  w i t h  t i m e .  

T h e s e  t h r e e  s t a g e s  d e s c r i b e  t h e  s i m p l e  c o n c e p t i o n s  o f  t h e  s t u d y  o f  s p i n o d a l



2 0

d e c o m p o s i t i o n .

I n  t h e  e a r l y  s t a g e ,  t h e  c o n c e n t r a t i o n  f l u c t u a t i o n s  c a n  b e  e x p l a i n e d  b y  

l i n e a r i z e d  t h e o r y  o f  s p i n o d a l  d e c o m p o s i t i o n  w h i c h  w i l l  b e  d e a l t  w i t h  m  t h e  n e x t  

s e c t i o n .  T h e  i n t e r m e d i a t e  a n d  l a t e  s t a g e  c o n c e n t r a t i o n  f l u c t u a t i o n s  c a n  b e  

e x p l a i n e d  b y  l a t e  s t a g e  t h e o r y  o f  F u r u k a w a .

(b)

Fig.3.6 (a )  B m o d a l  a n d  (b ) C o n c e n t r a t i o n  F l u c t u a t i o n . [ T h o n g y a i ,  1 9 9 4 ]
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Fig.3.7 S p l n o d ฟ  d e c o m p o s i t i o n  c o n c e n t i a t i o n  f l u c t u a t i o n . [ T h o n g y a i ,  1 9 9 4 ]
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3.2 Linearized Theory of Spinodal

I n  t h i s  s e c t i o n ,  U n e a r n e d  t h e o r y  o f  s p i n o d a l  d e c o m p o s i t i o n  o f  C a h n  a n d  

H i l l i a i d  w i l l  b e  e x p l a i n e d .  A ll  e q u a t i o n s  m  t h i s  s e c t i o n  w i l l  b e  g i v e n  m  o n e  

d i m e n s i o n  t o  a v o i d  c o m p l e x i t y .

3.2.1 Structure Function

C o n s i d e r i n g  a  t w o - c o m p o n e n t  b l e n d  s y s t e m  w i t h  c o n c e n t r a t i o n  o f  t h e  f i t  

c o m p o n e n t  m  d i s t a n c e  X a t  t i m e  t ,  ( c (x , t) ) , a n d  a v e r a g e  c o n c e n t r a t i o n  ( c 0 ), t h e  

d i f f e r e n c e  m  c o n c e n t r a t i o n  (c (x , t ) )  c a n  b e  d e f i n e d  a s  c , ( x ,  t ) - c o .  T h e  F o u r i e r  

t r a n s f o r m  o f  c ( x ,  t )  m t o  c ( q  ,t) IS a s  f o l lo w s ,

T h e  s t r u c t u r e  f u n c t i o n  IS i m p o r t a n t  b e c a u s e  I t  c a n  r e l a t e  t h e  c o n c e n t r a t i o n  

f l u c t u a t i o n s  w i t h  t h e  e x p e r i m e n t .  I n  t h e  s c a t t e r i n g  e x p e r i m e n t ,  t h e  s t r u c t u r e  

f u n c t i o n  c a n  r e l a t e  t o  t h e  s c a t t e r i n g  c r o s s  s e c t i o n  p e r  u n i t  s o l i d  a n g l e  ( d X / d Q ( q ,  t))  

b y  e q u a t i o n  (3 .2 .3 ) .

(3 .2 .1 )

F r o m  t h i s  e q u a t i o n ,  t h e  s t r u c t u r e  f u n c t i o n  ( ร (q , t ) )  IS d e f m e d  a s ,

S M =  ( k M : )  =  ( c ( q , t ) .c { - q , t ) )  (3 .2 .2 )

ป ี^ ( q ,t ) =  A .s { q ,t) (3 .2 .3 )

W h e r e  A  IS a n  a p p a r a t u s  c o n s t a n t  a n d  q  i s  t h e  F o u r i e r  t r a n s f o r m  p a r a m e t e r ,  

c a n  d i r e c t l y  r e l a t e  t o  a n g l e  o f  s c a t t e r i n g .  F r o m  t h i s  e q u a t i o n ,  fo r  e x a m p l e ,  i n  S m a l l  

A n g l e  L i g h t  S c a t t e r i n g  (S A L S )  e x p e r i m e n t ,  t h e  i n t e n s i t y  a t  d i f f e r e n t  a n g l e s  c a n  b e
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r e l a t e d  t o  t h e  s t r u c t u r e  f u n c t i o n .  S o  t h e  t h e o r y ,  t h a t  d e s c r i b e  t h e  c o n c e n t r a t i o n  

f l u c t u a t i o n s ,  c a n  b e  t e s t e d  b y  s c a t t e r i n g  e x p e r r m e n t s  a n d  t h e  v a r i a t i o n  o f  i n t e n s i t y  

w i t h  a n g l e  l i g h t  s c a t t e r i n g  o r  v a l u e  o f  q ,  b e c a u s e  o f  q  c a n  b e  c a l c ฟ a t e d  f r o m ,

W h e r e  ท IS t h e  r e f r a c t i o n  m d e x  o f  t h e  b l e n d ,  0  i s  t h e  a n g l e  o f  t h e  d i o d e  , a n d  

X IS t h e  w a v e  l e n g t h  o f  t h e  l a s e r .

3.2.2 Equation of Motion

T h e  d r i v i n g  f o r c e  fo r  t h e  s p i n o d a l  d e c o m p o s i t i o n  o f  t h e  s y s t e m  i s  t h e  

c h e m i c a l  p o t e n t i a l ,  w h i c h  c a n  b e  d e f i n e d  a s ,

F r o m  t h e  d i f f e r e n c e  m  t h e  c h e m i c a l  p o t e n t i a l  1 t h e  t o t a l  f lu x  (J (x , t) )  i s  

o b t a i n e d .  T h e  r e l a t i o n  b e t w e e n  t h e  c h e m i c a l  p o t e n t i a l  a n d  t h e  t o t a l  f lu x  c a n  b e  

w r i t t e n  a s ,

T h e  m o b i l i t y  (M ) i s  t h e  d i f f u s i o n  c o n s t a n t  t h a t  r e l a t e s  t h e  c h e m i c a l  p o t e n t i a l  

w i t h  t h e  t o t a l  f lu x .  T h e  e q u a t i o n  o f  m o t i o n  t h a t  e x p l a i n s  t h e  c o n c e n t r a t i o n  

f l u c t u a t i o n  c a n  b e  s h o w n  b e l o w ,

4im sin [oj 2)
A (3.2.4)

(3.2.5)

(3.2.6)

dc(x,t) _ dj(x,t)  _
d t  ÔX

d2ju(x,t)
ox2

(3.2.7)
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3.2.3 Chemical Potential

W h e n  t h e  s y s t e m  p h a s e  s e p a r a t e s ,  m a n y  I n t e r f a c e s  w i l l  b e  f o r m e d  a n d  t h e  

f r e e  e n e r g y  o f  t h e  s y s t e m  i s  ๖ ฟ a n c e d  b y  t h e  f r e e  e n e r g y  o f  t h e  f o r m e d  i n t e r f a c e d .  

I n  o r d e r  t o  e s t i m a t e  t h e  i n t e r f a c i a l  f r e e  e n e r g y  t e r m ,  C a h n - H i l l i a r d  a s s u m e  t h a t  t h e  

H e l m h o l t z  f r e e  e n e r g y  (f) o f  a  n o n  h o m o g e n e o u s  s y s t e m  c o u l d  b e  e x p r e s s e d  b y  a  

m u l t i v a r i a b l e  T a y l o r ’s  e x p a n s i o n  a s  m  t h e  f o l lo w i n g  e q u a t i o n s .

f  =  f ( c ) + L  ̂dc^

W h e r e

\ d x j + K 1Kdx2 J

+ K 2

L = d f
f dc^ 
\ d x j

ydx- J

+ .

พ, = d c
Kdx2 J

K 2 = 1 d 2f

2 fd^ 1
ydx2 J

(3 .2 .8 )

(3 .2 .9 )

(3 .2 .1 0 )

(3 .2 .1 1 )

I t  IS a s s u m e d  t h a t  t h e  s y s t e m  i s  s y m m e t r i c a l ,  t h e  L  w i l l  b e  e q u a l  t o  z e r o  

b e c a u s e  t h e  f r e e  e n e r g y  w i l l  b e  i n v a r i a n t  w i t h  r e s p e c t  t o  a  c h a n g e  i n  s i g n  o f  t h e  

a x i s  (x ). N e g l e c t m g  t h e  h i g h e r  o r d e r  t e r m  o f  e q u a t i o n  (3 .2 .8 )  ( t h i r d  a n d  h i g h e r - o r d e r  

t e r m s ) ,  t h e  t o t a l  f r e e  e n e r g y  o f  t h e  s y s t e m  o f  c r o s s - s e c t i o n a l  a r e a  A  (G ) c a n  b e  

w r i t t e n  a s ,

G  -  A f ( c )  + K ,
' £ 1 ''

dx2
+ K 2 dc

dx
\ 2 dx (3 .2 .1 2 )
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I n t e g r a t i n g  t h e  s e c o n d  t e r m  b y  p a r t s ,  I t  r e s u l t s ,

b 1 (3 .2 .1 3 )

T h e  s y s t e m  IS a s s u m e d  t o  b e  h o m o g e n e o u s  a t  t h e  s u r f a c e ,  t h e  f i r s t  t e r m  o n  

t h e  r i g h t - h a n d  s i d e  t h e n  v a n i s h e s .  T h e  e q u a t i o n  fo r  t o t a l  f r e e  e n e r g y  w h i c h  i n c l u d e  

t h e  i n t e r f a c i a l  f r e e  e n e r g y  c a n  b e  w r i t t e n  a s ,

G = a \  f ( c ) + K ( de G 
ydxj dx (3 .2 .1 4 )

K = \  dc {3.2.1b)

F r o m  t h i s  p o i n t ,  m  o r d e r  t o  m o d e l  t h e  c h e m i c a l  p o t e n t i a l ,  e q u a t i o n  (3 .2 .1 4 )  i s  

m o d i f i e d  w h e n  t h e  s y s t e m  r e a c h e s  e q u i l i b r i u m ,  i . e . ,  t h e  t o t a l  f r e e  e n e r g y  b e c o m e s  

m i n i m u m  a n d  e q u a l ร t o  a  c o n s t a n t .  T o  f i n d  t h e  m i n i m u m  p o m t  o f  t h e  m t e g r ฟ  o f  

t o t a l  f r e e  e n e r g y ,  t h e  s y s t e m  m u s t  s a t i s f y  t h e  E u le r  e q u a t i o n  m  t h i s  w a y ,  w h i c h  

r e s u l t s  m  t h e  c h e m i c a l  p o t e n t i a l  a s ,

M df_
dc - 2KIdc}

V dx J (3 .2 .1 6 )

S o , f r o m  e q u a t i o n  (3 .2 .7 )  a n d  (3 .2 .1 6 ) ,  t h e  e q u a t i o n  o f  m o t i o n  c a n  b e  w r i t t e n

a s .

f d f }
dc 2 K พ

dx
dir M d x 1

(3 .2 .1 7 )
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3.2.4 Linearized Theory

I n  o r d e r  t o  s o l v e  t h e  e q u a t i o n  o f  m o t i o n  m  e q u a t i o n  (3 .2 .1 7 ) ,  C a h n  a n d  H i l l i a r d  

l m e a r r z e d  d f / d c  a r o u n d  t h e  m e a n  v a l u e  ( c o) b y  T a y lo r  e x p a n s i o n  a s  f o l lo w s ,

f — ] = f a n + f d2f ) oc 1
U c J Id c J { ôc~ J r t£ n - \ l  ac" J

(3 .2 .1 8 )

F r o m  t h i s  e q u a t i o n ,  O m i t t i n g  t h e  t h i r d  a n d  h i g h e r - o r d e r  t e r m ,  t h e  e q u a t i o n  

b e c o m e s  l i n e a r i z e d  m  c .  S i n c e  t h e  f i r s t  t e r m  o n  t h e  r i g h t - h a n d  s i d e  IS a  c o n s t a n t ,  

i n s e r t i n g  I t  u n d e r  t h e  d e r i v a t i v e  l e a d  t o  b e  z e r o .  T h e r e f o r e  i n s e r t i n g  e q u a t i o n  

(3 .2 .1 8 )  m t o  t h e  e q u a t i o n  (3 .2 .1 7 ) .  T h e r e  e x i s t s  o n ly  t h e  s e c o n d  t e r m  o n  t h e  r i g h t  

h a n d  s i d e  o f  e q u a t i o n  (3 .2 .1 8 )  a s  s h o w n  b e l o w ,

t ) 
dt = M Ô2

ÔX- dc2 -2K Ô2 
ÔX2

(3 .2 .1 9 )

T h i s  i s  t h e  l i n e a r i z e d  e q u a t i o n  o f  C a h n - H i l l i a r d .  T h i s  e q u a t i o n  c a n  b e  

m o d i f i e d  b y  F o u r i e r  t r a n s f o r m  t o  r e l a t e  i t  w i t h  t h e  s t r u c t u r e  f u n c t i o n .  T h e  F o u r i e r  

t r a n s f o r m a t i o n  o f  e q u a t i o n  (3 .2 .1 9 )  c a n  b e  w r i t t e n  a s ,

dcjq.t)
dt = —Mq [d2f ) + IKq2

J
:{q.t) (3 .2 .2 0 )

3.2.5 Structure Equation

T h e  s t r u c t u r e  f u n c t i o n  (ร( q 1 t))  IS d i f f e r e n t i a t e d  t o  r e l a t e  t h e  d c / d t .  B y  the 
d e f i n i t i o n  o f  t h e  s t r u c t u r e  f u n c t i o n  m  e q u a t i o n  (3 .2 .2 ) ,  t h e  d i f f e r e n t i a t i o n  o f  the 

s t r u c t u r e  f u n c t i o n  c a n  b e  s h o w n  a s  b e l o w .



27

(3 .2 .2 1 )

F o r t u n a t e l y ,  t h e  e q u a t i o n  o f  m o t i o n  ( e q u a t i o n  3 .2 .2 0 ) )  d o e s  n o t  d e p e n d  o n  t h e  

s i g n  o f  q  o r  t h e  d c ( q ,  t ) / d t  a s  s a m e  a s  d c ( - q ,  t ) / d t .  S o  t h e  s t r u c t u r e  e q u a t i o n  c a n  b e

w r i t t e n  a s ,

T h i s  e q u a t i o n  c a n  b e  s o l v e d  m a t h e m a t i c a l l y  b y  i n t e g r a t i n g  b o t h  s i d e s  o f  t h e

e q u a t i o n  a s  f o l lo w s ,

T h i s  e q u a t i o n  IS  t h e  b a s i c  e q u a t i o n  fo r  s c a t t e r i n g  e x p e r i m e n t s .  T h e  i n t e n s i t y  

m e a s u r e d  a t  d i f f e r e n t  a n g l e  (I(q , t))  i s  p r o p o r t i o n a l  t o  t h e  s t r u c t u r e  f u n c t i o n  ( ร (q , t)) . 

T h u s  t h i s  t h e o r y  c a n  b e  t e s t e d  b y  l i g h t  s c a t t e r m g  e x p e r i m e n t s .  H o w e v e r ,  t h i s  

e q u a t i o n  d o e s  n o t  t a k e  a c c o u n t  o f ' t h e  t h e r m a l  f l u c t u a t r o n  w h i c h  c a n  o c c u r  a t  

s h a l l o w  q u e n c h  d e p t h s .

T h e  b a s i c  e q u a t i o n  o f  C a h n - H i l l i a r d  c a n  b e  r e w r i t t e n  i n  o t h e r  f o r m  a s ,

(3 .2 .2 4 )

R ( q )  =  - q 2 M . S ; ' ( q ) (3 .2 .2 5 )

(3 .2 .2 6 )
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W h e r e  G ” IS f r t / d c  , S o  e q u a t i o n  (3 .2 .2 3 )  c a n  b e  w r i t t e n  a s ,

๒(รM)-ln(sfa,0))=2*(*> (3 .2 .2 7 )

3.3 Spinodal Decom posion of Langer, Bar-on, and M iller’s Theory

T h e  b a s i c  t h e o r y  o f  s p i n o d a l  d e c o m p o s i t i o n  h a s  b e e n  d e v e l o p e d ,  p r i m a r i l y  

f r o m  a  m e t a l l u r g i c a l  p o m t  o f  v i e w  b y  C a h n ,  H i l l i a r d  a n d  C o o k .  C a h n  d e v e l o p e d  a  

m o r e  g e n e r ฟ  l i n e a r i z e d  t h e o r y  o f  t h e  s p i n o d a l  i n s t a b i l i t y .  T h e  r o le  o f  t h e r m a l  

f l u c t u a t i o n s  w a s  l a t e r  d e s c r i b e d  b y  C o o k ,  s t i l l  w i t h i n  t h e  l i n e a r  a p p r o x i m a t i o n .  C a h n  

p o m t e d  o u t  t h e  e s s e n t i a l  r o le  p l a y e d  b y  n o n l i n e a r  e f f e c t s  i n  d e t e r m i n i n g  t h e  n a t u r e  

o f  t h e  i n s t a b i l i t y  a n d  t h u s  m  l i m i t i n g  I t s  g r o w t h ,  b u t  C a h n  d i d  n o t  a t t e m p t  t o  

f o r m u l a t e  a  s t a t i s t i c ฟ  t h e o r y  b a s e d  o n  h i s  n o n l i n e a r  e q u a t i o n .

A  n e w  c o m p u t a t i o n  t e c h n i q u e  IS d e s c r i b e d .  E a c h  o f  t h e s e  p r e v i o u s  m e t h o d s  

h a d  s e r i o u s  l i m i t a t i o n s  t h a t  t h e r e  a r e  l a r g e l y  o v e r c o m e  b y  a  n e w  t e c h n i q u e .  A  

q u a t i t a t i v e  t h e o r y  o f  s p i n o d a l  d e c o m p o s i t i o n  i s  d e v e l o p e d  w h i c h  w il l  b e  s u f f i c i e n t l y  

a c c u r a t e  t o  b e  u s e d  w i t h  c o n f i d e n c e  i n  t h e  a n a l y s i s  o f  e x p e r i m e n t s

I t  IS a s s u m e d  t h a t  t h e  s y s t e m s  c a n  b e  d e s c r i b e d  b y  a  s i n g l e  s c a l a r  o r d e r  

p a r a m e t e r  c ( r ) ,  I t  c a n  b e  v i s u a l i z e d  a s  t h e  a v e r a g e  c o n c e n t r a t i o n  o f  o n e  o f  t h e  

c o m p o n e n t s  o f  a  b i n a r y  s o l u t i o n  m  s o m e  r e g i o n  a r o u n d  t h e  p o s i t i o n  r. I n  t e r m s  o f  c  

(r), H e l m h o l t z  f r e e  e n e r g y  c a n  b e  w r i t t e n  i n  t h e  G i n z b u r g - L a n d a u  f o r m  a s ,

T h e  k i n e t i c s  o f  t h i s  s y s t e m  c a n  b e  d e s c r i b e d  b y  u s e  t h e  c o n t i n u i t y  e q u a t i o n

i n  f o r m
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ร ู-  =  ~ v - j  (3 .3 .2 )

w h e r e  i IS a  c u r r e n t  d e n s i t y  w h i c h  d e s c r i b e s  t o  t h e  i n t e r d i f f u s i o n  o f  a t o m i c

species and IS given by

ÔFj(x ) = -MV -^—- = -AN (3 .3 .3 )

H e r e ,  M  IS a  m o b i l i t y  a n d  a s s u m e d  t o  b e  c o n s t a n t ,  i n d e p e n d e n t  o f  c(x). I n  

o r d e r  t o  c o n s t r u c t  a  s t a t i s t i c a l  t h e o r y  b a s e d  o n  t h e  e q u a t i o n s  o f  m o t i o n  (3 .3 .2 )  a n d  

(3 .3 .3 ) .  A  m a s t e r  e q u a t i o n  c a n  b e  d e r i v e d  fo r  t h e  d i s t r i b u t i o n - f u n c t i o n a l  p (c )  d e f i n e d  

o n  t h e  s p a c e  o f  f u n c t i o n s  c (x ) . T h i s  m a s t e r  e q u a t i o n  t h e  f o r m  o f  a  f u n c t i o n a l  

c o n t i n u i t y  e q u a t i o n  s h o w n  a s  b e l o w .

dp{c) = ^  <£/(*)
d t S c{x )

W h e r e  t h e  p r o b a b i l i t y  c u r r e n t  J ( x )  i s  g i v e n  b y

J(x) = -  A/V2 ' SF  
yMx) p  + k tiT J p "

dc(x),

(3 .3 .4 )

(3 .3 .5 )

T h e  e q u a t i o n  (3 .3 .4 )  a n d  (3 .3 .5 )  c o n s t i t u t e  a  

s t a t e m e n t  o f  t h e  m o d e l  u p o n  w h i c h  a ll o f  o u r  s u b s e q u e n t

m a t h e m a t i c a l l y  c o m p l e t e  

a n a l y s i s  w i l l  b e  b a s e d .

T h e  s t r u c t u r e  f a c t o r  ร(q) c a n  b e  c a l c u l a t e d ,  w h i c h  IS t h e  F o u r i e r  t r a n s f o r m  o f

t h e  t w o - p o i n t  c o r r e l a t i o n  f u n c t i o n  ร (x ). ร (q ) i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  x - r a y  

s c a t t e r i n g  i n t e n s i t y  a t  w a v e - v e c t o r  t r a n s f e r  (q ) . L e t  Cc d e n o t e s  t h e  f l u c t u a t i o n  

v a r i a b l e  c ( x ,  t )  t o  b e
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c(.v ,r)= c,(x ,/)-c0 (3 .3 .6 )

T h e n

ร  ( [ x - * 0 ]^) = (c(x ,f)c(* 0, r)) (3 .3 .7 )

a n d

s { q , t ) =  ^ d x S ( x , t ) e ,qx (3 .3 .8 )

H e r e ,  t h e  a n g u l a r  b r a c k e t s  d e n o t e  a v e r a g e s  w r t h  r e s p e c t  t o  t h e  d i s t r i b u t i o n  

f u n c t i o n a l  p , a n d  I t  IS a s s u m e d  t r a n s l a t i o n a l  s y m m e t r y  a f t e r  a v e r a g m g .

T h e  e q u a t i o n  o f  m o t i o n  fo r  ร  IS o b t a i n e d  b y  m u l t i p l y i n g  t h e  m a s t e r  e q u a t i o n  

b y  c ( x ) c ( x j  a n d  i n t e g r a t i n g  o v e r  t h e  s p a c e  o f  f u n c t i o n s  c . T h e  r e s u l t i n g  e q u a t i o n  i s  

b e s t  w r i t t e n  i n  t h e  F o u r i e r  r e p r e s e n t a t i o n ,  w h e r e  I t  t a k e s  t h e  f o r m

T h e  q u a n t i t i e s  ร a i s  d e n o t e d  b y  t h e  F o u r i e r  t r a n s f o r m s  o f  t h e  h i g h e r  o r d e r  

t w o - p o m t  c o r r e l a t i o n  f u n c t i o n s :

(3 .3 .9 )

(3 .3 .1 0 )

F r o m  t h e  e q u a t i o n  (3 .3 .9 )  a n d  (3 .3 .1 0 ) ,  I t  s h o w s  t h a t  e a c h  o f  t h e  h i g h e r - o r d e r  

c o r r e l a t i o n  f u n c t i o n s  t h a t  i t  i n v o l v e s  o n ly  t w o  s p a t i a l  p o s i t i o n s ,  X a n d  x o. T h u s ,  a  

k n o w l e d g e  o f  t h e  t w o - p o m t  d i s t r i b u t i o n  f u n c t i o n ,p [ c ( x ) , c ( x 0)l, w o u l d  b e  s u f f i c i e n t  t o
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d e t e r m i n e  t h e  r i g h t - h a n d  s i d e  o f  (3 .3 .9 ) .  B y  p 2, t h e  n o r m a l i z e d  d i s t r i b u t i o n  f u n c t i o n  

o b t a i n e d  f r o m  t h e  fu ll f u n c t i o n a l  p{c} b y  i n t e g r a t i n g  o v e r  c  s p a c e  w h i l e  h o l d i n g  t h e  

v a l u e s  o f  c  f i x e d  a t  p o m t s  X a n d  x 0. O f  c o u r s e ,  a n  a t t e m p t  t o  w r i t e  e x a c t  e q u a t i o n s  

o f  m o t i o n  fo r  p , w o u l d  l e a d  t o  a  h i e r a r c h y  o f  p n e q u a t i o n s  e v e n  l e s s  t r a c t a b l e  t h a n  

t h e  c o r r e l a t i o n - f u n c t i o n  h i e r a r c h y .

L e t  p , ( c )  b e  t h e  s i n g l e - p o i n t  d i s t r i b u t i o n  f u n c t i o n ,  a n d  w r i t e  a s ,

T h e  q u a n t i t y  m  c u r l y  b r a c k e t s  a s  t h e  f i r s t  t w o  t e r m s  m  a  p o w e r  s e r i e s  

e x p a n s i o n  i n  t h e  t w o  v a r i a b l e s  c (x )  a n d  c ( x 0).

T h e  f u n c t i o n  p , ( c )  m u s t  b e  n o r m a l i z e d  i n  s u c h  a  w a y  t h a t

T h e  s e c o n d  o f  t h e s e  c o n d i t i o n s  f o l lo w s  f r o m  t h e  d e f i n i t i o n  o f  t h e  v a r i a b l e  c  m  

e q u a t i o n  (3 .3 .6 ) .  F r o m  e q u a t i o n  (3 .3 .1 2 )  a n d  (3 .3 .1 3 ) ,  I t  f o l lo w s  t h a t  p 2 IS 

a u t o m a t i c a l l y  n o r m a l i z e d ,  I t  c a n  b e  w r i t t e n  a s ,

p [ c { x \ c { x 0 ) ] =  /ฮ 1 [ c ( x ) ] p , [ c ( x j ] x { l  +  r ( i * - * 0 (3 .3 .1 1 )

(3 .3 .1 2 )

a n d

(3 .3 .1 3 )

J \ p 2 ( ^ c 0 )d c d c 0 =  1
— 00 — CO

(3 .3 .1 4 )



32

W h e r e

a (c ) = \ pt{ c, c 0 )dc 0 (3 3 1 5 )
-00

T h e  c o r r e l a t i o n  f u n c t i o n  IS

s ( H = ( c 2 ) 2 H r )  (3 .3 .1 6 )

B y  u s i n g  e q u a t i o n  (3 .3 .1 6 )  t o  i d e n t i f y  t h e  f u n c t i o n  y ( y ) 'm  (3 .3 .1 1 ) ,  T h e  ร a(x) 

c a n  b e  w r i t t e n  a s ,

s„(-v) = (3 .3 .1 7 )

T h e r e f o r e ,  w i t h i n  t h e  a p p r o x i m a t i o n  s u g g e s t e d  h e r e ,  t h e  h i g h e r - o r d e r  

c o r r e l a t i o n  f u n c t i o n s  o f  t h e  f o r m  (3 .3 .1 0 )  a l l  h a v e  t h e  s a m e  X d e p e n d e n c e  ร . T h e  

r e s u l t i n g  f o r m  o f  e q u a t i o n  (3 .3 .9 )  a s ,

à s (q j)
dt :-2  M q- Kq- + V /

J« (3 .3 .1 8 )

I n  t h e  a b o v e  e q u a t i o n ,  t h e  ร 11(q , t )  t e r m  i s  t h e  F o u r i e r  t r a n s f o r m a t i o n  o f  t h e  

h i g h e r - o r d e r  c o r r e l a t i o n  f u n c t i o n .  L a n g e r  e t . a l .  a p p r o x i m a t e d  t h e  l a s t  t e r m  o n  t h e  

r i g h t  h a n d  s i d e  o f  e q u a t i o n  (3 .3 .1 8 )  b y  t h e  f o l lo w in g  e q u a t i o n .

X
4 ')= I 1 [ d ”f '

( " - l)  น c" Jc0 ( ท - 1) V 5 c  "  y
รท
s M (3 .3 .1 9 )
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E q u a t i o n  (3 .3 .1 9 )  c a n  b e  r e w r i t t e n  a s ,

(3 .3 .2 0 )

S u b s t i t u t i o n  o f  e q u a t i o n  (3 .3 .2 0 )  i n  e q u a t i o n  3 .3 .1 8 ,  o n e  c a n  o b t a i n ,

= - 2 M q 2[K q 2 + A ( t ) } ; (q ,t ) (3 .3 .2 1 )

3.4 Spinodal Decom position of Akcasu’s Theory

T h i s  t h e o r y  a p p r o a c h  IS e s s e n t i a l l y  t h e  s a m e  a s  t h e  o n e  d e v e l o p e d  b y  L a n g e r ,  

B a r - o n ,  a n d  M il le r .  T h e r e  a r e  h o w e v e r  d i f f e r e n c e s  m  t h e  w a y  t h e  f l u c t u a t i o n s  a r e  

i n c l u d e d  m  t h e  n o n l i n e a r  t h e o r y ,  a n d  i n  t h e  d e t a i l s  o f  t h e  c a l c ฟ a t i o n s  a r i s i n g  f r o m  

t h e  c h a i n  c o n n e c t i v i t y  ( p o ly m e r  e f f e c t )  m  t h e  c a s e  o f  p o l y m e r  b l e n d s .  I n  a d d i t i o n ,  

t h e  v a r i a t i o n  o f  t h e  s c a t t e r m g  i n t e n s i t y  a s  a  f u n c t i o n  o f  t i m e  a t  v a r i o u s  w a v e  

n u m b e r s  IS s t u d i e d  n o t  o n ly  d u r i n g  t h e  s p i n o d a l  d e c o m p o s i t i o n  b u t  a l s 0  d u r i n g  

d i s s o l u t i o n .  T h e  f o r m a l i s m  IS a l s 0 a p p l i c a b l e  t o  t r a n s i e n t s  i n  I (q ,  t )  f o l lo w i n g  s t e p  

t e m p e r a t u r e  c h a n g e s  w i t h i n  t h e  s m g l e  p h a s e  r e g i o n .

C o n s i d e r i n g  a  m e l t  o f  t w o  h o m o p o l y m e r  s p e c i e s  A  a n d  B . T h e  v o l u m e

f r a c t i o n s  o f  m o n o m e r s  a t  a  p o m t  r a n d  t i m e  a  d e n o t e d  b y  (j)A(r, t )  a n d  (j)g(r, t ) .  T h e  

m i x t u r e  IS a s s u m e d  t o  b e  i n c o m p r e s s i b l e  s o  t h a t  t h e  l o c a l  v o l u m e  f r a c t i o n s  s a t i s f y  

(j)A(r ,t )+ ( j)  B(r, t )  e q u a l  1 . W h e n  t h e  m i x t u r e  IS m  a  h o m o g e n e o u s  e q u i l i b r i u m  s t a t e ,  

t h e  v o l u m e  f r a c t i o n s  a r e  u n i f o r m  a n d  d e n o t e d  b y  4>a 4 o a n d  <t>B = 1 À -  The 
i n c r e m e n t a l  v o l u m e  f r a c t i o n  o f  t h e  c o m p o n e n t  IS d e f m e d  a s  cp(r, t )  =  <t>A(b  t) - ( j )0. 

T h e  m o n o m e r i c  v o l u m e s  V A a n d  V B o f  t h e  s p e c i e s  a r e  a l l o w e d  t o  b e  d i f f e r e n t .
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T h e  i n t e n s i t y  I (q , t )  o f  t h e  s c a t t e r i n g  b e a m  m  a  s c a t t e r i n g  e x p e r i m e n t  i s  

r e l a t e d  t o  t h e  F o u r i e r  t r a n s f o r m  o f  Cp (r, t) .

1 M  =  ( M ' f )  (3 .4 .1 )

W h e r e  q IS t h e  m o m e n t u m  t r a n s f e r  v e c t o r ,  a n d  ( p q(t) d e n o t e s  t h e  d i s c r e t e  

F o u r i e r  t r a n s f o r m  o f  ( p  ( r ,t) ,

<PH ( t ) = y  \ d ' r e 'q > ( > v )  (3 .4 .2 )

I n  w h i c h  V  IS t h e  v o l u m e  o f  t h e  s y s t e m .  I t  n o t e s  t h a t  b o t h  cp(r, t )  a n d  (pq(t) 
a i e  d i m e n s i o n l e s s .  W h e n  t h e  m i x t u r e  IS a n  e q u i l i b r i u m  s t a t e ,  I (q , t )  IS i n d e p e n d e n t  

of t i m e ,  a n d  IS g i v e n  b y  1 (q ) =  ( V 0/V ) S ( q ) ,  w h e r e  V c IS a  r e f e r e n c e  v o l u m e  t o  b e  

s p e c i f i e d  l a t e r ,  a n d  ร (q ) IS t h e  s t a t i c  s t r u c t u r e  f a c t o r ,  c a l c ฟ a t e d  b y  d e  G e n e s  m  t h e  

s m a l l  q  l i m i t  a p p r o x i m a t i o n  a s

1 , 7  7  +  q 2 1 11
X s  X  3 6 (3 .4 .3 )

W h e r e  %  d e n o t e s  t h e  v a l u e  o f  t h e  i n t e r a c t i o n  p a r a m e t e r  o n  s p i n o d a l ,

X s  = ะ ,  n j „ +  = b  N  8  ( w j
(3 .4 .4 )

I n  w h i c h  %  i s  t h e  F lo r y  i n t e r a c t i o n  p a r a m e t e r ,  a n d  N a  i s  t h e  n u m b e r  o f  

m o n o m e r ,  a n d  z a  =  V a / V 0 d e n o t e s  t h e  n o r m a l i z e d  m o n o m e r i c  v o l u m e s  r e l a t i v e  t o  

t h e  r e f e r e n c e  v o l u m e  V 0, a  c h a m  k i n d  et =  A , B . I n  e q u a t i o n  (3 ), G a  d e n o t e s  t h e  

s t a t i s t i c a l  s e g m e n t  l e n g t h s  o f  a n  O f c h a m .
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F o l l o w i n g  B i n d e r ,  t h e  f r e e  e n e r g y  e x c e s s  fo r  a  b i n a r y  m i x t u r e  o f  A  a n d  B  

h o m o p o l y m e r s  c a n  b e  w r i t t e n  a s ,

A  F
J j 3 6

g l
z . A r )

+
2B( พ ผ ิ) (3 .4 .5  a l

W h e r e  cj>(r) =  (j)A(r), k BT  IS t h e  t e m p e r a t u r e  m  e n e r g y  u n i t s ,  a n d  

f{<p) = A  In <t> + เ 1 ~̂  ln(l -  <t>)+ / ฟ ]  - <t>) ( 3 .4 .5  b )

T h e  f u n c t l o n ฟ  d e r i v a t i o n  o f  A f  w i t h  r e s p e c t  t o  (J)A(r) y i e l d s  t h e  t h e  l o c a l  

c h e m i c a l  p o t e n t i a l  d i f f e r e n c e  (Ll(r), a n d  w h e n  V A= V B= V 0 a n d  V o i s  s e t  e q u a l  t o  

u n i t y ,  t h i s  e q u a t i o n  c a n  b e  w r i t t e n  a s

เ \ koTÂ r )  = — 2AN A
[l +  l n ^  ] - — - ^ - [l + \ท <PB] + x { \  -  2<t>A )-

CT  ̂ CT ̂

2 A$ A v v ,  + 3 6
____ ^5

2 A A 2 B̂ B N , |
(3 .4 .6 )

W h e n  V A= V B= V C a n d  V r i s  s e t  e q u a l  t o  u n i t y ,  e q u a t i o n  (3 .4 .6 )  c a n  b e  w r i t t e n

a s

/ j ( r )= k BT
\ท(เ) 4 +1 ' เ ท ( เ พ , ) + 1'

ผ ิ _ ผ ิJ

18 ผ ิ ใ ผ ิ v V ,  + ผ ิA 3 6

+ x ( l - 2  </>A)~
(3 .4 .7 )

N , |

T h e  cpq (t) s a t i s f i e s  t h e  f o l lo w i n g  n o n l i n e a r  s t o c h a s t i c  d i f f u s i o n  e q u a t i o n :

X  1 2  7) 0 5  % c
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^  = - ๙ ^ ^ (-)^ ,< 0  (3 .4 .8 )

W h e r e  A ,1 IS t h e  q - d e p e n d e n t  O n s a g e r  c o e f f i c i e n t ,  w i t h  t h e  d i s c r e t e  F o u r i e r  

t r a n s f o r m  o f  t h e  ท0ฝ 00ฟ  O n s a g e r  c o e f f i c i e n t  c h e m i c a l  p o t e n t i a l  A[r], JLlq(t) i s  t h e  

d i s c r e t e  F o u r i e r  t r a n s f o r m  o f  t h e  l o c a l  c h e m i c a l  p o t e n t i a l  d i f f e r e n c e  g i v e n  i n  

e q u a t i o n ( 3 .4 .7 )  a n d  T |q(t) IS t h e  r a n d o m  f o r c e  a c c o u n t i n g  fo r  t h e r m a l  f l u c t u a t i o n s ,  

t h e  s t a t i s t i c a l  p r o p e r t i e s  IS a s s u m e d  t o  b e  a  d e l t a  c o r r e l a t e d  r a n d o m  p r o c e s s  w i t h  

a u t o c o v a r i a n c e  C ( q )  a s

{ๆ  q { ty p -c  พ ) +  (<pq ( t )ๆ -', พ ) =  c(q) (3 .4 .9 )

T h e  f a c t o r  V  d e n o t i n g  t h e  v o l u m e  o f  t h e  s y s t e m  c o m e s  f r o m  t h e  d i s c r e t e  

F o u r i e r  t r a n s f o r m  o f  t h e  c o n v o l u t i o n .  I n  o r d e r  t o  o b t a i n  a n  e q u a t i o n  fo r  c p q(t) , o n  

s u b s t i t u t e s  (j)(r, t )  =  (j)c +  c p (r ,  t )  i n  e q u a t i o n  (3 .4 .7 ) .  I t  c a n  b e  w r i t t e n  a s

q ( r )  =  k BT

1 ท(&+ฬ''พ)
N a

1 พ
18 _<t>o +<p(r,t)
1 พ

36 _y>0 + ç ( r j

v : {<p 0 + (p{r, t)) + • (3 .4 .1 0 )

f c

F r o m  e q u a t i o n  (3 .4 .8 ) ,  (3 .4 .9 )  a n d  (3 .4 .1 0 ) , e x p a n d s  jLi(r, t )  i n t o  a  p o w e r  s e r i e s  

m  p o w e r  o f  ( p ( r , t ) ,  a n d  t h e n  p e r f o r m  d i s c r e t e  F o u r i e r  t r a n s f o r m .  A f t e r  l e n g t h y  b u t  

s t r a i g h t f o r w a r d  c a l c u l a t i o n s  o n e  o b t a i n s ,
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à(p„{t)
dt

W h e r e  t h e  r e l a x a t i o n  f r e q u e n c y  R (q )  i s  f o u n d  a s

พ - ร ร่ 1
(3 .4 .1 2 )

I n  w h i c h  ร (q ) IS g i v e n  m  e q u a t i o n  (3 .4 .3 ) .  I n  t h e  s r n a l l - q  l im i t ,  T h e  R (q )  v a l u e  

c a n  b e  e x p r e s s e d  a s ,

I t  s h o w s  t h i s  e q u a t i o n  m c l u d e s  o n ly  t h e  c o u p l m g  a m o n g  t h e  c o n c e n t r a t i o n  

m o d e s  a r i s i n g  f r o m  t h e  n o n l i n e a r i t y  o f  e q u a t i o n  (3 .4 .8 ) ,  b u t  d o e s  n o t  i n c l u d e  t h e  

c o u p l i n g  b e t w e e n  t h e  m o d e s  r e p r e s e n t i n g  t h e  c o n c e n t r a t i o n  a n d  t h e  m o m e n t u m  

f l u c t u a t i o n s .  T e r m s  a r i s i n g  f r o m  f o u r t h  a n d  h i g h e r  o r d e r  n o n l i n e a r  a r e  n e g l e c t e d .  I n  

e q u a t i o n  (3 .4 .1 2 )  a n d  (3 .4 .1 3 ) , t h e  A q( V / V 0) t e r m  i s  r e p l a c e d  b y  A (q) b y  r e d e f i n i n g  

t h e  O n s a g e r  c o e f f i c i e n t .  T h e  v e r t e x  f u n c t i o n  r 2(q, q v  q 2) i n  e q u a t i o n  (3 .4 .1 1 )  i s  

o b t a i n e d  a s  fo l lo w s ,

r2(cyw, , q  2 )  =  บ 1 + <7f +w2) (3 .4 .1 4  a )

w i t h

(3 .4 .1 4  b )



บ (3.4.14 c)

I n  o b t a i n i n g  e q u a t i o n  (3 .4 .1 4  a ) ,  t h e  s e c o n d  t e r m  i n  e q u a t i o n  (3 .4 .1 1 )  i s  

s y m m e t r i z e d  b y  i n t e r c h a n g i n g  q ,  a n d  q 2, a d d i n g  t h e  r e s u l t i n g  e q u a t i o n s  a n d  

d i v i d i n g  b y  2 . I t  IS t o  b e  n o t e d  t h a t  T 2(q , q 1, q 2) v a n i s h s  m  t h e  c a s e  o f  a  s y m m e t r i c  

m i x t u r e  m  w h i c h  t h e  m o l e c u l e s  o f  t h e  t w o  s p e c i e s  a r e  i d e n t i c a l  t o  e a c h  o t h e r  s o  

t h a t  N a = N b , za = ZB, <JA = Gb , a n d  t h e i r  v o l u m e  f r a c t i o n s  a r e  e q u a l .  I n  t h e  

p r e s e n t  a p p l i c a t i o n  t h e  m i x t u r e  IS n o t  s y m m e t r i c ,  a n  h e n c e  r^q.q^q2) ^  0.

^ ' น ิ

T h e  v e r t e x  f u n c t i o n  r 3(q,qi ,q 2,q 3) i s  c a l c ฟ a t e d  a s

r 3{ q ,q , ,q 2, q 3)=  z ,  +  4 f  + q \  + V i )

w i t h

Z , =  T  
3

(3 .4 .1 5  a )

(3 .4 .1 5  b )

z 2 = 18 ^  + น ิ! น ิJ (3 .4 .1 5  c )

I n  e q u a t i o n  (3 .4 .1 1 ) ,  i n s e r t i n g  t h e  e x p a n s i o n  o f  |d ( r ,  t )  i n  p o w e r  c p ( r ,  t )  a f t e r  

t h e  c u b i c  t e r m .

T h e  e q u a t i o n  fo r  i n t e n s i t y  i s  o b t a i n e d  f r o m  I (q ,  t )  =  < i c p q(t) | 2>  u s i n g  t h e  

a b o v e  s t o c h a s t i c  n o n l i n e a r  d e s c r i p t i o n  o f  t h e  m i x t u r e .  F o r  t h i s  p u r p o s e ,  t h e  

e q u a t i o n  (3 .4 .1 1 )  IS m u l t i p l i e d  b y  c p .q( t) , a n d  I t s  c o m p l e x  c o n j u g a t e d  b y  ( p q(t) , a n d  

a d d  t h e m  u p ,  a n d  m a k e  u s e  o f  e q u a t i o n  (3 .4 .9 ) ,  o b t a i n i n g
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d l iq .t)
= -2 m

t  +I { q j ) + ร (q) J ]r 2 {q, q l , q 2 >5(9, q l + q 2 \(p q{ ( /  v ,2 {t\P-

s{q) + 9: + ^ ) ( ^ ! ( / ^ 2( ^ 173(*)$%(0)
qX.q2.qi

+ C (q )

(3 .4 .1 6 )

I n  t h e  lo n e a i  t h e o r y ,  e q u a t i o n  (3 .4 .1 6 )  IS a p p r o x i m a t e d  b y

^ ! !  = - 2 R { q ) l { q , t ) + C ( q )  ( 3 .4 .1 7 )

I n  t h e  n o n l i n e a r  t h e o r y ,  o n e  h a s  t o  m t r o d u c e  a p p r o x i m a t i o n s  t o  e x p r e s s  t h e  

t h i r d  a n d  f o u r t h  o r d e r  c o r r e l a t i o n  f u n c t i o n s  m  e q u a t i o n  (3 .4 .1 6 ) ,  i n  t e r m s  o f  I (q , t ) .  I t  

IS a s s u m e d  t h a t  ( p q(t) fo r  d i f f e r e n t  v a l u e s  o f  q  a r e  G a u s s i a n  r a n d o m  v a r i a b l e s  w i t h  

z e r o  m e a n ,  t h e n  I t  c a n  b e  w r i t t e n  a s ,

K :  ( ^ - ,  (0) = ° (3-4-18)

{ < P q =  - q ) ° { q 2 +  <?3) (3 .4 .1 9 )

S u b s t i t u t i o n  o f  e q u a t i o n  (3 .4 .1 8 )  a n d  (3 .4 .1 9 )  m t o  e q u a t i o n  (3 .4 .1 6 )  y i e l d s

=  - 2 R ( q ) l { q . t \ \  +  z { q , t ) ] + c ( q )  (3 .4 .2 0 )

W h e r e

z { q , t ) = Y , A q ^ q y { q '’*) (3 .4 .2 1 )

I n  e q u a t i o n  (3 .4 .2 1 ) ,  t h e  y ( q ,  q ' )  t e r m  c a n  b e  e x p r e s s e d  a s ,
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y ( q , q ' ) = 3 r } ( q - q , q ' , - q ' ) s { q ) (3 .4 .2 2 )

W h e r e  r 3(q 1- q ,  q ’, - q ’) i s  to  b e  o b t a i n e d  f r o m  e q u a t i o n  ( 3 .4 .1 5  a ) ,  a n d  ร (q ) i s  

g i v e n  e q u a t i o n ( 3 .4 .3 ) ,  i n  s m a l l  l im i t ,  T h e  y ( q ,  q ’) v a l u e  c a n  b e  w r i t t e n  a s

(3 .4 .2 3 )

W h e r e  Z ] a n d  Z 2 a r e  d e f i n e d  i n  e q u a t i o n  (3 .4 .1 5  b )  a n d  ( 3 .4 .1 5  c ) .

3.5 Spinodal Decomposition of Nauman’s Theory

S t a r t i n g  f r o m  G i b b s  ‘f r e e  e n e r g y  o f  m a n y  g i v e n  b y  L a n d a u - G i n z b u i g ,  t h e  

e q u a t i o n  c a n  b e  w r i t t e n  a s ,

G to ta l d  V (3 .5 .1 )

W h e r e ,  a  =  a ( x , y , z )  i s  t h e  m o l e  f r a c t i o n  o f  c o m p o n e n t  A , a n d  G = g + ( l / 2 i c ) x  

( V a ) 2 i s  t h e  f r e e  e n e r g y  o f  m i x i n g  p e r  u n i t  v o l u m e .  T h e  c o n c e n t r a t i o n  g r a d i e n t  

t e r m ,  1 / 2 / c ( V n ) 2 , IS s i m i l a r  t o  t h e  d e n s i t y  g r a d i e n t  t e r m  u s e d  b y  V a n  d e r  W a a l s  b u t  

i t s  a p p e a r a n c e  i n  t h e  m o d e r n  l i t e r a t u r e  w a s  e s t a b l i s h e d  b y  C a h n  a n d  H i l l i a r d .  F o r  

t h e  s a k e  o f  s i m p l i c i t y ,  t e m p e r a t u r e  a n d  p r e s s u r e  a r e  a s s u m e d  t o  b e  c o n s t a n t ,  a n d  

n u m b e r  o f  m o l e s  o f  e a c h  c o m p o n e n t  a r e  f i x e d  i n  t h i s  w o r k .

3.5.1 A Generalized Chemical Potential

C o n s i d e r i n g  a  m u l t i c o m p o n e n t  g e n e r a l i z a t i o n  o f  e q u a t i o n  (3 .5 .1 ) .  I t  i s  

s u p p o s e d  t h e r e  a r e  j u s t  t h r e e  c o m p o n e n t s ,  A , B  a n d  c . T h e  G i b b s ’ f r e e  e n e r g y  t h e n  

c a n  b e  w r i t t e n  a s ,
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^ t o t a l  ~  III*  , b , c , V a , V b , V c ) d v  (3.5.2)

W here a , b , c  are th e  m ole  fractions of co m p o n en ts  A , B, c  resp ectiv e ly  so  
th a t a  +  b +  c  =  1. It IS d efin ed  by a  n e w  th erm od yn am ic  property, th e  variational 
free en ergy , r ,  u s in g  th e  fo llow ing differential relationsh ips,

y d a J b , c

f  MCr ไ
V S a  J b , c

(3.5.3)

W ith Similar ex p ress io n s  hold in g  for <3r/<3b an d  d r / d c .  It c a n  b e  s e e n  th at Ô 
G t 0131/ ôa  is  th e  variational par Liai d erivative  d efin ed  as,

I  d a  ) b , c V d a  ) b , c
- v (

W a ) J  b ,c
(3.5.4)

It sh o ฟ d  b e  n o ted  th at the d efin ition  ca n  b e  e x te n d e d  to s itu a tio n s  w h ere  G 

d ep e n d s  o n  h igh er d er iv a tiv es su c h  a s v2a, y e t th e  a b o v e  form ulation su ffic e s  for 
p resen t ap p lica tion s.

T he g en era lized  ch em ica l p o ten tia ls  is  th e  partial m olar property of th e  

variational free en erg y  r ,  just a s  th e  ch em ica l p oten tia l is  th e  partial molar property  
of th e  free en ergy  g . T he ch em ica l p oten tia l is  d efin ed  as,

M a r  +  (b + c [ d b , a ,c

a r
dc J  a ,b

(3.5.5)

PB and เแc h ave  sim ilar eq u a tio n s. T h is d efin ition  of ch em ica l p oten tia l 
red u ces  to th e  ordinary form w h e n  G t01ฟ d e p e n d s  only on  a , b , c  an d  not th e  
co m p o sitio n  grad ien ts. It sa tis f ie s  Euler’s  th eorem  in  th e  form,
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T he G ib b s-D u h em  eq u a tio n  ca n  b e  sh o w n  as,

a V j u A + b V j u B + c V j U c = o  (3.5.7)

T he a b o v e  d efin itio n s allow  ch em ica l p oten tia lร to  b e  ca lcฟ a ted  for e a c h  of 

th e  ท co m p o n en ts  in  a m u ltico m p o n en t sy stem .

C on sid erin g  of th e  m in im iza tion  of eq u a tio n  (3.5.2), w h ic h  is  su b ject to th e  

m aterial b a la n ce  con stra in ts,

r  =  a n A + b j u  3 +  CJUC (3.5.6)

J_ f [ [ a d v  =  a \ } _
V  JJJ V พ \ b d v  =  h v JJJ ๗ ’' = ' (3.5.8)

T h e tw o  co m p o sitio n  variab les are in d ep en d en t and w ill apply th e  ca lc  ulus of 

variation s a s th o u g h  all th ree  w ere  in d ep en d en t. T his g iv e s  a  partial differential 
form of th e  E uler-L agrange eq u a tio n  as,

(  f î G  ไ° l j  t o ta l

V 0 0  J b , c
=  Y  A  =  cons tan t (3.5.9)

From  eq u a tio n  (3.5.3), it therefore ap p ears th at s r / d f l i s  co n sta n t. Similarly, 
d r / d b  an d  d r / d c a i e  con stan t. Thus,

r  =  y Aa  +  y Bb  +  y c c (3.5.10)



43

It IS a ssu m e d  in  th is  work th a t th e  co n sta n t of in tegra tion  is  zero. Inserting  r  
in to  eq u a tio n  (3.5.5) g iv e s

๒  = Ya ๒  = Yb ๒  = Yc (3.5.11)

T h is is  G ib b s’ co n d itio n  of eq u ilibrium  applred to  th e  c a se  of gen era lized  
ch em ica l p o ten tia ls.

T he c a s e  of tw o  co m p o n en t w ith  G =  g + 1 /2  K( v a f  a s  g iv e n  b y  th e  Landau- 

G inzburg function . E q u ation  (3.5.3) g iv e s  s r /ô t f a n d  d r / d b  w h ich  are in teg ra ted  to  

g iv e

r  = g + ̂ K(Vaf (3.5.12)

So th at r  + G = 2g. By u s in g  eq u a tio n  (3.5.5) to find |_rA an d  Pg, an d  th e  

equilibrium  co n d itio n  eq u a tio n  (3.5.11), It is  ca n  b e  w ritten  as,

Ma =  g ~ \ K  (V a ):2 + ( l - น)(g '- /c V 2 น) =  y A (3.5.13)

Mb =  g - ^ K ^ a ?  - a [ g ' - K V 2a ) = y B (3.5.14)

3.5.2 A pproach  To E quilib riu m  By D iffu sio n

A s m en tio n ed  earlier, th ere  are m an y  m ech a n ism s by w h ic h  r e d  sy s te m s  can  

ap p roach  equilibrium . D iffusion  is  to  b e  co n sid ered  here. N ov ick -C oh en  and Segal 
fo llow ed  C ahn an d  Hilliard in  d ev e lo p in g  th e  fo llow in g  eq u a tio n  for th e  n e t molar 

d iffu sion  flux of co m p o n en t A.
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T h is ÜUX a ssu m e s  molar co u n te id iffu sio n  relative to  any  p o ssib le  bulk
m otion  of th e  m ixture. T he co n d itio n  th at JA=0 at equ ilib rium se e m e d  c o n s is te n t  

w ith  th e  E uler-L agrange co n d itio n  th a t g ’-KV2 a  -  con stan t. H ow ever, for K = 0, 
eq u a tio n  (3.5.13) p red ic ts  th e  u n p h ysica l result th at d iffu sion  w ill b e  zero for th e  
th ree -p h a se  m ixture co n tem p la ted  by N ovrck-C ohen an d  S egel. A lso, eq u ation
(3.5.13) d o e s  n ot red u ce  to F ick ’ ร law  in  th e  c a se  of an  id eal m ixture. T he reason  

for th e s e  p rob lem s is  th at th e  driving force for d iffu sion  a ssu m e d  by eq u ation
(3.5.13) is su b tly  w rong. T he m od ern  literature (Bird et.al., 1960; G hai e t .ฟ .,1973; 
C ussler, 1984) b a se s  th e  driving force d irectly  on  V p A an d  n ot on  V ^ -V f ig ) .  A  

p regrad ien t m ole fraction is  ฟร0  in c lu d ed  in  conform ity w ith  th e  G ib b s-D u h em  
relationship . T hus

J  =  JA  =  - ° A B a ^ d A =  - D ABa V a ( d /J A / d a )  =  - J  8 =  + D ABbV/ . iB (3.5.16)

E q u ation  (3.5.14) red u ces  to  F ick ’ ร law  w ith  co n sta n t for an  id e d  

solution , It is  a ssu m e d  th at V fiA=V pg = 0 for J =  0. T h is g iv e s  PA =  y A and Pg = y B 
at equilibrium .

It rs a ssu m e d  th a t eq u a tio n  (3.5.14) rem ain s v d id  for th e  p resen t s itu a tion  

w h ere c h e m ic d  p o ten tia l d ep e n d s  o n  g rad ien ts en ergy . T hus th e  n e t d iffu sion  flux 

of co m p o n en t A  is

J A  —  - A N ( / u a  -  Jน  B )  =  - M S / { g  ~ / c V 2 a J  (3.5.15)

J  = J A ะ= - DABaS7

J  =  ~ D A B a (l - a)v(g'-/cV2a)

J  = - D  4Ba(\ -  a)(g"-/cV3a)

(3.5.17 a)

(3.5.17 b)

(3.5.17 c)
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T he corresp on d in g  co n tin u ity  eq u a tio n  is

§  = D ABVa{  1 -  a)v(g'-*-V 2u)=  D ABVa{\ -  a { g ' ' - K V \ )

T h is result d iffers from th at of C ahn  an d  Hilliard by a  factor of

(3.5.18)

( l - o )
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