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CHAPTER I

INTRODUCTION

In 1987, A. Knopfmacher and J. Knopfmacher, [3], introduced a new algorithm

that leads to a representation for any real number greater than 1 as an infinite

product of rational numbers. A similar algorithm was later given in [2], [4], [5] and

[6] leading to a unique infinite product representation for a given p-adic integer

with leading coefficient 1. In another direction, in [7], [8], the Knopfmachers intro-

duced an algorithm which leads to various unusual and unique series expansions of

p-adic numbers as sums of rational numbers. Both the algorithms for product and

series expansions can be extended to any discrete-valued non-archimedean fields,

and brief discussions were given in [2], [4], [5] and [7]. A natural question posed

by the Knopfmachers is whether there are any simple characterizations of rational

elements via these expansions. For series expansions, in [8] one such character-

ization is given which asserts that a p-adic number is rational if and only if its

Engel-type expansion, with coefficients belonging to an appropriate digit set, is

finite. Recently, [9], another characterization, answering an open problem of the

Knopfmachers, [7], for Lüroth-type expansions is given for both the p-adic num-

ber field and the function fields. As for product expansions, apart from many

examples, no satisfactory characterization has been given so far.

In this work, we confine ourselves to the case of function fields. In the next

chapter, we give definitions of valuation, completion and fractional parts of ele-

ments in the completions. We list some basic properties, without proofs, to be

used throughout the entire thesis. In Chapter III, the Knopfmachers’ algorithm

for series expansions in this setting is given. In short, the algorithm for series

expansion starts by writing each elements A in its canonical Laurent series expan-

sion. Taking the first coefficient, a0, to be the fractional part 〈A〉, and subtracting

the first coefficient from the canonical representation, we get the tail part, whose
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valuation is less than 1. Inverting this tail part, we take the second coefficient, a1,

to be its fractional part
〈

1
A−a0

〉
. Inverting the second coefficient, subtracting it

from the tail part and multiplying by the quotient of two parameters r
s
, we obtain

an expression of the form
(
A− a0 − 1

a1

)
r
s
, which we take as our next tail part and

repeat the procedure. The coefficient an are referred to as “digits ”. Apart from the

description of the general algorithm, we give detailed proofs of their convergence,

uniqueness, degrees of approximation and provide some interesting examples. We

end this chapter with a characterization of rational elements, similar to the one

proved by the Knopfmachers for p-adic numbers, [8]. This characterization states

roughly that subject to a technical assumption on the algorithm parameters, a

series expansion is finite if and only if it represents a rational element. This tech-

nical assumption, though applicable to many known examples in the p-adic case,

is subject to a restriction on the p-adic digit set. As we shall see, the situation

in the series fields is more favorable because such technical assumption applies to

most well-known examples without any restriction on the digit set . This is due

to the fact that there is no “carry” for multiplication in the series field. Chap-

ter IV treats the product expansions for elements so normalized that the leading

coefficient in its Laurent series is 1. There are three types of product expansions

considered, each of which has different but similar algorithm. The algorithm of

Type I products, is based on an identity connecting them with series expansions of

Type 4. The algorithms for the remaining two product types are not related to se-

ries expansions. The ideas consist of cleverly inverting certain product, expanding

the inverted expansion, and grouping terms to get a new expression of the same

shape. The chapter ends with a complete characterization of Type I products and

some sufficient conditions for rationality of the remaining types. As in the case

of series, the results on rationality characterization via product expansions proved

here for the two function fields are more satisfactory than in the p-adic case, where

only some sufficient conditions are known.



CHAPTER II

PRELIMINARIES

In this chapter, we shall give some definitions, notations and results in the first

section, mainly without proofs, to be used throughout the entire thesis. Details

and proofs can be found in Bachman [1]. The second section deals with the com-

pletion Qp with respect to the p-adic valuation of Q and the last section treats the

completion Fq ((p(x))) and Fq ((1/x)) with respect to the p(x)-adic valuation |·|p(x)

and the infinite valuation |·|∞ of Fq (x), respectively.

2.1 Basic Definitions and Results

Definition 2.1. A valuation of a field K is a real-valued function |·| : K → R+
0

which satisfies the following conditions : for all α, β ∈ K,

(i) |α| ≥ 0 and |α| = 0 ⇔ α = 0,

(ii) |αβ| = |α| |β| and

(iii) |α + β| ≤ |α|+ |β|.

There is always at least one valuation on K, namely, that given by setting

|a| = 1 if a ∈ K\ {0} and |0| = 0. This valuation is called the trivial valuation on

K.

Definition 2.2. A valuation |·| on K is called non-archimedean if the condition

(iii) in Definition 2.1 is replaced by a stronger condition, called the strong triangle

inequality

|α + β| ≤ max {|α| , |β|} .

Any other valuations on K is called archimedean.

Example 2.3. 1) The usual absolute value |·| is an archimedean valuation on Q.
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2) For the field of rational numbers Q, p a prime number. Every α ∈ Q\ {0}
can be written in the form

α = pνp(α)a

b

where νp (α) ∈ Z, a ∈ Z\ {0} , b ∈ N, such that p - ab. Define |·|p : Q → R+
0 by

|0|p = 0, |α|p = p−νp(α) if α 6= 0.

Then, |·|p is a non-archimedean valuation on Q called the p - adic valuation.

3) For Fq (x), the field of rational functions over Fq, the finite field of q elements.

We introduce two types of valuations on Fq(x),namely the p(x)-adic valuation |·|p(x)

and the infinite valuation |·|∞ as follows :

i) Let p(x) be an irreducible polynomial of degree d over Fq. Then any α ∈
Fq (x) \ {0} can be written uniquely in the form

α = p(x)m r(x)

s(x)

where m ∈ Z, r(x), s(x) ∈ Fq [x] \ {0} such that p(x) - r(x)s(x). Define the

p(x)-adic valuation |·|p(x) by

|0|p(x) = 0, |α|p(x) = q−md.

ii) Define the infinite valuation |·|∞ by

|0|∞ = 0,

∣∣∣∣f(x)

g(x)

∣∣∣∣
∞

= qdegf(x)−degg(x),

where f(x), g(x) ∈ Fq [x] \ {0} .

It is well-known that both |·|p(x) and |·|∞ are non-archimedean valuations on

Fq (x) and the infinite valuation can be considered formally as the (1/x)-adic val-

uation for the field Fq (1/x) (= Fq (x)).

Theorem 2.4. Let |·| be a non-archimedean valuation on a field K and α, β ∈ K

such that |α| 6= |β|. Then

|α + β| = max {|α| , |β|} .
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Let |·| be a valuation on a field K. We define a distance function ρ : K×K →
R+

0 by

ρ (α, β) = |α− β| .

It follows immediately from the definition of valuation that ρ satisfies the following

properties : for all α, β ∈ K,

1) ρ (α, β) ≥ 0 and ρ (α, β) = 0 if and only if α = β,

2) ρ (α, β) = ρ (β, α) and

3) ρ (α, β) ≤ ρ (α, γ) + ρ (γ, β) for γ ∈ K.

Hence K is a metric space with respect to the metric ρ defined above.

The statements concerning limits familiar in real and complex numbers hold in

our more general situation since the valuation satisfies the same conditions that

the usual absolute value does and which are needed in proving those statements.

If K is a complete field with respect to a valuation |·|, we introduce the notion

of convergence of an infinite series
∑∞

n=1 an and an infinite product
∏∞

n=1 an, in the

usual way. It follows immediately that if
∑∞

n=1 an converges, then limn→∞ an = 0.

It is useful to note that if |·| is non-archimedean, the converse statement holds,

namely :

Theorem 2.5. If K is a complete field with respect to a non-archimedean valuation

|·|, and if {an} is a sequence of elements of K such that limn→∞ an = 0, then∑∞
n=1 an converges.

Theorem 2.6. Given a field K and a valuation |·| on K, there exists a field K̂

(unique up to an isometric isomorphism), called the completion of K with respect

to |·|, such that K̂ is a complete field with respect to a valuation extending |·|, and

K is dense in K̂. Moreover, the field K̂ has the same characteristic as K, and if

the given valuation is non-archimedean, then so is the extended valuation on K̂.

Example 2.7. 1) The completion of Q with respect to the usual absolute value is

the field of real numbers R.

2) The completion of Q with respect to the p-adic valuation |·|p is denoted by

Qp and called the field of p-adic numbers.
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3) The completion of the field Fq(x) of rational functions with respect to the

p(x)-adic valuation |·|p(x) and the infinite valuations |·|∞ are denoted by Fp :=

Fq ((p(x))) and F1/x := Fq ((1/x)), respectively, we shall refer to both fields as the

function fields.

2.2 The completion Qp

Let Q be the field of rational numbers, p a prime numbers, and Qp the field of p-

adic numbers with the p-adic valuation |·|p. The extension of |·|p to the completion

Qp is still denoted by |·|p and it is non-archimedean.

For A ∈ Qp, we define the order ν(A) of A by |A|p = p−ν(A), with ν(0) = +∞.

Then the order ν (A) has the properties

(1) ν (AB) = ν (A) + ν (B),

(2) ν (A/B) = ν (A)− ν (B) if B 6= 0 and

(3) ν (A + B) ≥ min {ν (A) , ν (B)} with equality when ν (A) 6= ν (B).

It is well known that every A ∈ Qp has two unique up to the digit set series

representations of the form

A =
∞∑

n=ν(A)

cnp
n, cn ∈ {0, 1, 2, . . . , p− 1}

and

A =
∞∑

n=ν(A)

bnp
n, bn ∈

{
0,±1,±2, . . . ,±p− 1

2

}
.

Each representation is unique and we call the finite series

〈A〉 =
0∑

n=ν(A)

cnp
n if ν(A) ≤ 0, and 0 otherwise,

and

〈〈A〉〉 =
0∑

n=ν(A)

bnp
n if ν(A) ≤ 0, and 0 otherwise

the fractional parts of A. Let

Sp := {〈A〉 ; A ∈ Qp} ⊂ Q
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and

S ′p := {〈〈A〉〉 ; A ∈ Qp} ⊂ Q.

2.3 The completions Fp and F1/x

Let Fp := Fq ((p(x))) and F1/x := Fq ((1/x)) be the function fields with respect

to the p(x)-adic and the infinite valuations, respectively. The extension of the

valuations to Fp and F1/x are also denoted by |·|p(x) and |·|∞ and they are non-

archimedean.

For A ∈ Fp, respectively, B ∈ F1/x, we define the orders ν(A) of A, respectively,

µ(B) of B by |A|p(x) = q−dν(A), |B|∞ = q−µ(B), with ν(0) = +∞ = µ(0). Then

the order ν (A) and µ (B) have the properties : for A, B ∈ Fp, respectively, A, B ∈
F1/x.

(1) ν (AB) = ν (A) + ν (B),

(2) ν (A/B) = ν (A)− ν (B) if B 6= 0,

(3) ν (A + B) ≥ min {ν (A) , ν (B)} with equality when ν (A) 6= ν (B)

and

(1) µ (AB) = µ (A) + µ (B),

(2) µ (A/B) = µ (A)− µ (B) if B 6= 0,

(3) µ (A + B) ≥ min {µ (A) , µ (B)} with equality when µ (A) 6= µ (B).

It is well-known that each A ∈ Fp, respectively, each B ∈ F1/x are uniquely

representable in the form

A =
∞∑

n=ν(A)

bn(x)p(x)n, bn(x) ∈ Fq[x], deg bn(x) < d, bν(A)(x) 6= 0,

respectively,

B =
∞∑

n=µ(B)

cn

(
1

x

)n

, cn ∈ Fq, cµ(B) 6= 0.

The fractional part 〈A〉p(x) of A, respectively, the fractional part 〈B〉1/x of B, are
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defined as the finite series

〈A〉p(x) =
0∑

n=ν(A)

bn(x)p(x)n if ν(A) ≤ 0, and 0 otherwise,

respectively,

〈B〉1/x =
0∑

n=µ(B)

cn

(
1

x

)n

if µ(B) ≤ 0, and 0 otherwise.

Define the digit sets to be the two sets of all fractional parts by

Sp(x) :=
{
〈A〉p(x) ; A ∈ Fp

}
⊂ Fq(x)

respectively,

S1/x :=
{
〈B〉1/x ; B ∈ F1/x

}
⊂ Fq(x).

We say that Sp(x), respectively S1/x, is multiplicatively closed if 〈A〉p(x) 〈B〉p(x) ∈
Sp(x), respectively, 〈A〉1/x 〈B〉1/x ∈ S1/x for all A, B ∈ Fp, respectively, A, B ∈ F1/x.

It is easy to see that Sx is multiplicatively closed and so is S1/x. However if

deg p(x) = d ≥ 2, then Sp(x) is not multiplicatively closed. Let f(x) = xd−1 + 1.

Then f(x) ∈ Sp(x). Since

f(x)2 =
(
xd−1 + 1

) (
xd−1 + 1

)
= x2d−2 + 2xd−1 + 1,

we see that deg f(x)2 = 2d− 2 = d + d− 2 ≥ d. Thus there exist polynomials q(x)

and r(x) over Fq such that

f(x)2 = q(x)p(x) + r(x)

where 0 ≤ deg r(x) < d. It follows that deg q(x) = d− 2 < d and so f(x)2 /∈ Sp(x).



CHAPTER III

KNOPFMACHERS’S SERIES EXPANSIONS AND

CHARACTERIZATIONS OF RATIONAL ELEMENTS

In this chapter, we give a general algorithm to construct series expansions for

elements in function fields. Apart from the description of the general algorithm,

we give detailed proofs of their convergence, uniqueness, degree of approximation

and provide some interesting examples. In the last section, a characterization

of rational elements, similar to the one proved by the Knopfmachers for p-adic

numbers, [8] is derived.

3.1 Series Expansions

I. The general algorithm for elements in the field Fp proceeds exactly as in the

Knopfmachers’ algorithm for p-adic numbers. For A ∈ Fp, let a0 := 〈A〉p(x) ∈ Sp(x).

Define A1 := A− a0. If An 6= 0 (n ≥ 1) is already defined, put

an =

〈
1

An

〉
p(x)

, An+1 =

(
An −

1

an

)
sn

rn

if an 6= 0 (in this case ν (an) ≤ 0), where rn, sn are non-zero rational functions

which may depend on a1, ..., an. Then

A = a0+A1 = a0+
1

a1

+
r1

s1

A2 = . . . = a0+
1

a1

+
r1

s1

1

a2

+· · ·+r1 · · · rn−1

s1 · · · sn−1

1

an

+
r1 · · · rn

s1 · · · sn

An+1.

The process ends in a finite expansion if some An+1 = 0. If some an = 0, then

An+1 is not defined. In order to deal with this, we note that

A1 6= 0 ⇒ ν (A1) ≥ 1 ⇒ a1 6= 0, ν (a1) = ν

(
1

A1

)
≤ −1. (3.1)

Next

An 6= 0 ⇒ ν (anAn − 1) ≥ ν (An) + 1. (3.2)
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Since An 6= 0, writing 1/An = an +
∑
r≥1

cr(x)′p(x)r, say, we get

ν (anAn − 1) = ν

(
An

∑
r≥1

cr(x)′p(x)r

)
≥ ν(An) + 1.

Since an = 〈1/An〉p(x) and ν (An+1) = ν (anAn − 1)− ν (an) + ν (sn)− ν (rn) , then

An 6= 0, an 6= 0 ⇒ ν (an) = −ν (An) , ν (An+1) ≥ 1− 2ν (an) + ν (sn)− ν (rn) .

(3.3)

Thus, if

ν (sn)− ν (rn) ≥ 2ν (an)− 1, (3.4)

then ν (An+1) ≥ 0 and so an+1 6= 0 provided that An+1 6= 0. Therefore, (3.4) is a

sufficient condition for the expansion to exist in Fp.

II. The general algorithm for elements in the field F1/x also proceeds as above. For

B ∈ F1/x, let b0 := 〈B〉1/x ∈ S1/x. Define B1 := B − b0. If Bn 6= 0 (n ≥ 1) is

already defined, put

bn =

〈
1

Bn

〉
1/x

, Bn+1 =

(
Bn −

1

bn

)
vn

un

if bn 6= 0, where un, vn are non-zero rational functions which may depend on

b1, . . . , bn. Then

B = b0+B1 = b0+
1

b1

+
u1

v1

B2 = . . . = b0+
1

b1

+
u1

v1

1

b2

+· · ·+u1 · · ·un−1

v1 · · · vn−1

1

bn

+
u1 · · ·un

v1 · · · vn

Bn+1.

The process ends in a finite expansion if some Bn+1 = 0. If some bn = 0, then

Bn+1 is not defined. In order to deal with this, we note that

B1 6= 0 ⇒ µ(B1) ≥ 1 ⇒ b1 6= 0, µ(b1) = µ

(
1

B1

)
≤ −1.

Next

Bn 6= 0 ⇒ µ(bnBn − 1) ≥ µ(Bn) + 1.

Since Bn 6= 0, writing 1/Bn = bn +
∑
r≥1

c′r

(
1

x

)r

, say, we get

µ(bnBn − 1) = µ

(
Bn

∑
r≥1

c′r

(
1

x

)r
)
≥ µ(Bn) + 1.
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Since bn = 〈1/Bn〉1/x and µ(Bn+1) = µ(bnBn − 1)− µ(bn) + µ(vn)− µ(un), then

Bn 6= 0, bn 6= 0 ⇒ µ(bn) = −µ(Bn), µ(Bn+1) ≥ 1− 2µ(bn) + µ(vn)− µ(un).

Thus, if

µ(vn)− µ(un) ≥ 2µ(bn)− 1, (3.5)

then µ(Bn+1) ≥ 0 and so bn+1 6= 0 provided that Bn+1 6= 0. Therefore, (3.5) is a

sufficient condition for the expansion to exist in F1/x.

In the next section, we show that every A ∈ Fp has a unique finite or convergent

(relative to |·|p(x)) expansion of the form

A = a0 +
1

a1

+
∞∑

n=1

r1 · · · rn

s1 · · · sn

1

an+1

,

where a0 = 〈A〉p(x) , an ∈ Sp(x), rn, sn ∈ Fq(x)\{0} which may depend on a1, ..., an,

and every B ∈ F1/x has a unique finite or convergent (relative to |·|∞) expansion

of the form

B = b0 +
1

b1

+
∞∑

n=1

u1 · · · un

v1 · · · vn

1

bn+1

,

where b0 = 〈B〉1/x , bn ∈ S1/x, un, vn ∈ Fq(x)\{0} which may depend on b1, ..., bn.

The above two series are called the Oppenheim-type expansions. Such a representa-

tion is said to be periodic if there are indices m and l such that an = an+l, rn = rn+l

and sn = sn+l for every n ≥ m.

3.2 Convergence Uniqueness and Degree of Approxima-

tion of Expansions

For convergence, we need one more auxiliary result.

Lemma 3.1. Any series

1

c1

+
∑
n≥1

r1 · · · rn

s1 · · · sn

· 1

cn+1

with cn ∈ Sp(x) and

ν(c1) ≤ −1, ν(cn+1) ≤ 2ν(cn)− 1 + ν(rn)− ν(sn), (3.6)
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converges to an element C ∈ Fp such that ν(C) = −ν(c1). Furthermore C 6= 0

and c1 = 〈1/C〉p(x).

Proof. By equation (3.6) and ν(cn) ≤ 0, we get −ν(cn+1) ≥ 1 − ν(cn) + ν(sn) −
ν(rn) (n ≥ 1), and so

ν

(
rn

sn

· 1

cn+1

)
≥ 1 + ν

(
1

cn

)
(n ≥ 1). (3.7)

It follows that

ν

(
r1 · · · rn

s1 · · · sn

· 1

cn+1

)
≥ 1 + ν

(
r1 · · · rn−1

s1 · · · sn−1

· 1

cn

)
≥ . . . ≥ n + 1 →∞ (n →∞)

which implies
r1 · · · rn

s1 · · · sn

· 1

cn+1

→ 0

relative to |·|p(x). Since Fp is a complete metric space with respect to |·|p(x), which

is a non-archimedean valuation, the series converges to an element C ∈ Fp. Then

C = limn→∞ Sn, where

Sn =
1

c1

+
n∑

i=1

r1 · · · ri

s1 · · · si

· 1

ci+1

,

and equation (3.7) implies

ν(Sn) = min

{
ν

(
1

c1

)
, ν

(
r1

s1

· 1

c2

)
, . . . , ν

(
r1 · · · rn−1

s1 · · · sn−1

· 1

cn

)}
= ν

(
1

c1

)
.

By continuity of |·|p(x), we obtain

ν(C) = −logc |C|p(x) = −logc

∣∣∣ lim
n→∞

Sn

∣∣∣
p(x)

= lim
n→∞

ν(Sn) = ν

(
1

c1

)
where c = qd. Then C 6= 0. Now

C =
1

c1

+
∑
n≥1

r1 · · · rn

s1 · · · sn

· 1

cn+1

,

and so

c1 =
1

C
+

c1

C

∑
n≥1

r1 · · · rn

s1 · · · sn

· 1

cn+1

.
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Thus

ν

(
c1 −

1

C

)
= ν(c1)− ν(C) + ν

(∑
n≥1

r1 · · · rn

s1 · · · sn

· 1

cn+1

)

= 2ν(c1) + ν

(
r1

s1

· 1

c2

)
= 2ν(c1) + ν(r1)− ν(s1)− ν(c2) ≥ 1,

by (3.6), and so c1 = 〈1/C〉p(x).

Theorem 3.2. Every A ∈ Fp has a finite or convergent (relative to |·|p(x)) expan-

sion

A = a0 +
1

a1

+
∞∑

n=1

r1 · · · rn

s1 · · · sn

1

an+1

, (3.8)

where a0 = 〈A〉p(x) , an ∈ Sp(x) and rn, sn ∈ Fq(x)\{0} which may depend on

a1, ..., an and

ν(a1) ≤ −1, ν(an+1) ≤ 2ν(an)− 1 + ν(rn)− ν(sn) (3.9)

provided that

ν(sn)− ν(rn) ≥ 2ν(an)− 1 for n ≥ 1.

The expansion is unique subject to these conditions on an, rn and sn.

Proof. Let A ∈ Fp. Then using the above algorithm, we get

A = a0 +
1

a1

+
r1

s1

1

a2

+ . . . +
r1 · · · rn−1

s1 · · · sn−1

1

an

+
r1 · · · rn

s1 · · · sn

An+1 (3.10)

where a0 = 〈A〉p(x) , an ∈ Sp(x), rn, sn ∈ Fq(x)\{0} which may depend on a1, . . . , an

and

ν(a1) ≤ −1, ν(an+1) ≤ 2ν(an)− 1 + ν(rn)− ν(sn) (n ≥ 1).

By equation (3.9), −ν(an+1) ≥ 1− ν(an) + ν(sn)− ν(rn) (n ≥ 1), or

ν

(
rn

sn

· 1

an+1

)
≥ 1 + ν(

1

an

) (n ≥ 1).

Thus

ν

(
r1 · · · rn

s1 · · · sn

An+1

)
= ν

(
r1 · · · rn

s1 · · · sn

· 1

an+1

)
≥ 1 + ν

(
r1 · · · rn−1

s1 · · · sn−1

· 1

an

)
≥ . . . ≥ n + 1 →∞ (n →∞)
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which implies
r1 · · · rn

s1 · · · sn

An+1 → 0

relative to |·|p(x), and shows that the right hand sum in (3.8) converges as asserted.

Next, we prove uniqueness. Suppose that A has two expansions

A = a0 +
1

a1

+
∑
n≥1

r1 · · · rn

s1 · · · sn

· 1

an+1

= a′0 +
1

a′1
+
∑
n≥1

r′1 · · · r′n
s′1 · · · s′n

· 1

a′n+1

,

where ri = ri(a1, . . . , ai), si = si(a1, . . . , ai), r′i = ri(a
′
1, . . . , a

′
i) and s′i = si(a

′
1, . . . , a

′
i)

subject to the above conditions for ai and a′i, respectively. Since a0 = 〈A〉p(x) = a′0,

we have

A1 = A′
1 :=

1

a1

+
∑
n≥1

r1 · · · rn

s1 · · · sn

· 1

an+1

=
1

a′1
+
∑
n≥1

r′1 · · · r′n
s′1 · · · s′n

· 1

a′n+1

.

If A′
1 6= 0, then Lemma 3.1 implies that a1 = 〈1/A′

1〉p(x) = a′1. It follows that

r1 = r1(a1) = r1(a
′
1) = r′1, s1 = s1(a1) = s1(a

′
1) = s′1

and so

A′
2 :=

1

a2

+
∑
n≥2

r2 · · · rn

s2 · · · sn

· 1

an+1

=
1

a′2
+
∑
n≥2

r′2 · · · r′n
s′2 · · · s′n

· 1

a′n+1

.

If A′
2 6= 0, by Lemma 3.1, we obtain a2 = 〈1/A′

2〉p(x) = a′2. Thus

r2 = r2(a1, a2) = r2(a
′
1, a′2) = r′2, s2 = s2(a1, a2) = s2(a

′
1, a′2) = s′2.

In the same way, we have an = a′n, rn = r′n, sn = s′n for all n ≥ 1. Therefore the

expansion is unique.

In order to derive a degree of approximation, we introduce the notation

pn

qn

= a0 +
1

a1

+
n∑

i=2

r1 · · · ri−1

s1 · · · si−1

1

ai

, and qn = a1a2 · · · an (n ≥ 1). (3.11)

Theorem 3.3. For n ≥ 1, the rational approximation pn/qn to A ∈ Fp satisfies∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.
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Proof. We proved by induction on n. First, for n = 1,

ν

(
A− p1

q1

)
= ν

(
r1

s1

A2

)
= ν (r1)− ν (s1)− ν (a2) ≥ 1− 2ν (a1) ≥ 2− ν (a1) .

So ∣∣∣∣A− p1

q1

∣∣∣∣
p(x)

= q
−dν

(
A− p1

q1

)
≤ q−d(2−ν(a1)) =

1

q2d |q1|p(x)

.

For n ≥ 2, assume that |A− pn−1/qn−1|p(x) ≤ 1/
(
qnd |qn−1|p(x)

)
. Then∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

=

∣∣∣∣r1 · · · rn

s1 · · · sn

An+1

∣∣∣∣
p(x)

=

∣∣∣∣r1 · · · rn

s1 · · · sn

(
An −

1

an

)
sn

rn

∣∣∣∣
p(x)

=

∣∣∣∣r1 · · · rn−1

s1 · · · sn−1

(
an −

1

An

)
An

an

∣∣∣∣
p(x)

= q−dν(an− 1
An

) 1

|an|p(x)

∣∣∣∣r1 · · · rn−1

s1 · · · sn−1

An

∣∣∣∣
p(x)

≤ 1

qd |an|p(x)

∣∣∣∣A− pn−1

qn−1

∣∣∣∣
p(x)

, since ν

(
an −

1

An

)
≥ 1

≤ 1

q(n+1)d |qn|p(x)

,

by induction hypothesis.

For the field F1/x, since the infinite valuation can be formally considered as

(1/x)-adic valuation, the results of Lemma 3.1, Theorem 3.2 and Theorem 3.3

translate into :

Lemma 3.4. Any series

1

b1

+
∑
n≥1

u1 · · · un

v1 · · · vn

· 1

bn+1

with bn ∈ S1/x and µ(b1) ≤ −1, µ(bn+1) ≤ 2µ(bn) − 1 + µ(un) − µ(vn) converges

to an element B′ ∈ F1/x such that µ(B′) = −µ(b1). Furthermore B′ 6= 0 and

b1 = 〈1/B′〉1/x.

Theorem 3.5. Every B ∈ F1/x has a finite or convergent (relative to |·|∞) expan-

sion

B = b0 +
1

b1

+
∞∑

n=1

u1 · · · un

v1 · · · vn

1

bn+1

,
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where b0 = 〈B〉1/x , bn ∈ S1/x and un, vn ∈ Fq(x)\{0} which may depend on

b1, . . . , bn and

µ(b1) ≤ −1, µ(bn+1) ≤ 2µ(bn)− 1 + µ(un)− µ(vn) (3.12)

provided that

µ(vn)− µ(un) ≥ 2µ(bn)− 1 (n ≥ 1).

The expansion is unique subject to these conditions on bn, un and vn.

For the degree of approximation, we have

Theorem 3.6. For n ≥ 1, the rational approximation

pn

qn

= b0 +
1

b1

+
n∑

i=2

u1 · · · ui−1

v1 · · · vi−1

1

bi

,

with qn = b1b2 · · · bn to

B = b0 +
1

b1

+
∞∑
i=1

u1 · · · ui

v1 · · · vi

1

bi+1

∈ F1/x

satisfies ∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
.

3.3 Examples

We turn now to specific examples.

Type 1p(x) (Sylvester-type). Taking rn = sn = 1 in Theorem 3.2, we deduce

that every A ∈ Fp has a unique finite or convergent series expansion of the form

A = a0 +
∞∑

n=1

1

an

where a0 = 〈A〉p(x) , an ∈ Sp(x) and ν(an) ≤ 1−2n, ν(an+1) ≤ 2ν(an)−1 (n ≥ 1).

Its degree of approximation is∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

, ν

(
A− pn

qn

)
= −ν(an+1) ≥ 2n+1 − 1.
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Proof. Let A ∈ Fp. Since rn = sn = 1 and ν (an) ≤ 0 for n ≥ 1, 0 = ν(sn)−ν(rn) ≥
2ν(an) − 1 (n ≥ 1). Thus, by Theorem 3.2, A has a unique finite or convergent

(relative to |·|p(x)) series expansion of the form

A = a0 +
∞∑

n=1

1

an

,

where a0 = 〈A〉p(x) , an ∈ Sp(x), and ν(an+1) ≤ 2ν(an) − 1 (n ≥ 1). Next, we

will show ν(an) ≤ 1 − 2n for n ≥ 1 by induction on n. First, if n = 1, then

ν(a1) ≤ −1 = 1− 21 by (3.1). For n ≥ 1, assume ν(an) ≤ 1− 2n. Then

ν(an+1) ≤ 2ν(an)− 1 ≤ 2(1− 2n)− 1 = 1− 2n+1.

If we define pn/qn and qn as above, then by Theorem 3.3, we have∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.

Therefore ν (A− pn/qn) = ν(An+1) = −ν(an+1) ≥ 2n+1 − 1.

Type 2p(x) (Engel-type). Taking rn = 1, sn = an in Theorem 3.2, we deduce

that every A ∈ Fp has a unique finite or convergent series expansion of the form

A = a0 +
∞∑

n=1

1

a1a2 · · · an

where a0 = 〈A〉p(x) , an ∈ Sp(x) and ν(an) ≤ −n, ν(an+1) ≤ ν(an)− 1 (n ≥ 1).

Its degree of approximation is∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

, ν

(
A− pn

qn

)
= −ν(qn+1) ≥

(n + 1)(n + 2)

2
.

Proof. Let A ∈ Fp. Since rn = 1, sn = an and ν (an) ≤ 0 for n ≥ 1, ν(sn)−ν(rn) =

ν(an) ≥ 2ν(an) − 1 (n ≥ 1). Thus, by Theorem 3.2, A has a unique finite or

convergent (relative to |·|p(x)) series expansion of the form

A = a0 +
∞∑

n=1

1

a1a2 · · · an

,

where a0 = 〈A〉p(x) , an ∈ Sp(x), and ν(an+1) ≤ ν(an) − 1 (n ≥ 1). Next, we will

show ν(an) ≤ −n for n ≥ 1 by induction on n. If n = 1, then ν(a1) ≤ −1 by (3.1).
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For n ≥ 1, assume ν(an) ≤ −n. Then ν(an+1) ≤ ν(an)− 1 ≤ −n− 1 = −(n + 1).

If we define pn/qn and qn as above, then by Theorem 3.3, we have∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

and

ν

(
A− pn

qn

)
= −{ν(a1) + · · ·+ ν(an+1)} = −ν(qn+1)

≥ 1 + 2 + · · ·+ (n + 1) =
(n + 1)(n + 2)

2
.

Type 3p(x) (Lüroth-type). Taking rn = 1, sn = an(an − 1) in Theorem 3.2, we

deduce that every A ∈ Fp has a unique finite or convergent series expansion of the

form

A = a0 +
1

a1

+
∞∑

n=2

1

a1(a1 − 1) · · · an−1(an−1 − 1)an

,

where a0 = 〈A〉p(x) , an ∈ Sp(x) and ν(an) ≤ −1 (n ≥ 1). Its degree of approxi-

mation is∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

, ν

(
A− pn

qn

)
= −ν(qn+1)− ν(qn) ≥ 2n + 1.

Proof. Let A ∈ Fp and rn = 1, sn = an(an − 1) (n ≥ 1). First, we will prove

that ν(an) ≤ −1 for n ≥ 1. We have seen that ν(a1) ≤ −1. For n ≥ 1, assume

ν(an) ≤ −1 which implies ν(an − 1) = ν(an). It follows that

ν(an+1) ≤ 2ν (an)− 1− ν (an)− ν (an − 1) = −1

by (3.9). Then ν(sn)− ν(rn) = 2ν(an) ≥ 2ν(an)− 1 (n ≥ 1). Thus, by Theorem

3.2, we deduce that A has a unique finite or convergent (relative to |·|p(x)) series

expansion of the form

A = a0 +
1

a1

+
∞∑

n=2

1

a1(a1 − 1) · · · an−1(an−1 − 1)an

,
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where a0 = 〈A〉p(x) , an ∈ Sp(x), and ν(an) ≤ −1 (n ≥ 1). If we define pn/qn and

qn as above, then by Theorem 3.3, we have∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

and

ν

(
A− pn

qn

)
= −{ν(a1) + · · ·+ ν(an+1)} − {ν(a1) + · · ·+ ν(an)}

= −ν(qn+1)− ν(qn) ≥ 2n + 1.

Type 4p(x). Taking rn = an + 1, sn = an in Theorem 3.2, we deduce that every

A ∈ Fp has a unique finite or convergent series expansion of the form

A = a0 +
1

a1

+
∞∑

n=2

(
1 +

1

a1

)
· · ·
(

1 +
1

an−1

)
1

an

where a0 = 〈A〉p(x) , an ∈ Sp(x) and ν(an) ≤ 1−2n, ν(an+1) ≤ 2ν(an)−1 (n ≥ 1).

Its degree of approximation is∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

, ν

(
A− pn

qn

)
= ν (An+1) = −ν(an+1) ≥ 2n+1 − 1.

Proof. Let A ∈ Fp and rn = an + 1, sn = an (n ≥ 1). First, we will show

ν(an) ≤ 1 − 2n for n ≥ 1 by induction on n. If n = 1, then ν(a1) ≤ −1 = 1 − 21

by (3.1). For n ≥ 1, assume ν(an) ≤ 1− 2n. Then ν (an + 1) = ν (an) and so

ν(an+1) ≤ 2ν(an)− 1 ≤ 2(1− 2n)− 1 = 1− 2n+1.

It follows that ν(sn)−ν(rn) = ν (an)−ν (an + 1) = ν (an)−ν (an) = 0 ≥ 2ν(an)−
1 (n ≥ 1), since ν(an) ≤ 0. Thus, by Theorem 3.2, A has a unique finite or

convergent (relative to |·|p(x)) series expansion of the form

A = a0 +
1

a1

+
∞∑

n=2

(
1 +

1

a1

)
· · ·
(

1 +
1

an−1

)
1

an

,
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where a0 = 〈A〉p(x) , an ∈ Sp(x), and ν(an+1) ≤ 2ν(an) − 1 (n ≥ 1). If we define

pn/qn and qn as above, then by Theorem 3.3, we have∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.

Therefore

ν

(
A− pn

qn

)
= ν

(
a1 + 1

a1

· · · an + 1

an

An+1

)
= ν(An+1) = −ν(an+1) ≥ 2n+1 − 1.

Type 5p(x). Taking rn = ak
n (k ∈ N∪{0}), sn = 1 in Theorem 3.2, we deduce that

every A ∈ Fp has a unique finite or convergent series expansion of the form

A = a0 +
1

a1

+
∞∑

n=1

(a1 · · · an)k

an+1

where a0 = 〈A〉p(x) , an ∈ Sp(x) and ν(an+1) ≤ (k + 2)ν (an)− 1, ν (an) ≤ −(k+2)n+1
k+1

(n ≥ 1). Its degree of approximation is∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.

Proof. Let A ∈ Fp. Since rn = ak
n, sn = 1 and ν(an) ≤ 0 for n ≥ 1, ν

(
ak

n

)
=

kν (an) ≤ 1 − 2ν (an). Thus ν(sn) − ν(rn) = −ν
(
ak

n

)
≥ 2ν (an) − 1 (n ≥ 1).

Hence, by Theorem 3.2, A has a unique finite or convergent (relative to |·|p(x))

series expansion of the form

A = a0 +
1

a1

+
∞∑

n=1

(a1 · · · an)k

an+1

where a0 = 〈A〉p(x) , an ∈ Sp(x), and ν(an+1) ≤ 2ν(an)−1+ν
(
ak

n

)
= (k+2)ν (an)−

1 (n ≥ 1). Next, we will show ν(an) ≤ (−(k + 2)n + 1) /(k + 1) for n ≥ 1 by

induction on n. First, if n = 1, then ν(a1) ≤ −1 = (−(k + 2) + 1) /(k + 1) by

(3.1). For n ≥ 1, assume ν(an) ≤ (−(k + 2)n + 1) /(k + 1). Then

ν(an+1) ≤ (k + 2)ν (an)− 1 ≤ (k + 2)
−(k + 2)n + 1

k + 1
− 1 =

−(k + 2)n+1 + 1

k + 1
.
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If we define pn/qn and qn as above, then by Theorem 3.3,∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.

Note that the case where k = 0 of the Type 5p(x) coincides with the Sylvester-

type (Type 1p(x)) representation.

Type 6p(x) (radix-type 1). Taking sn = 1 and rn = r, where r ∈ Fq(x), ν(r) ≤ 1,

in Theorem 3.2, we deduce that very A ∈ Fp has a unique finite or convergent series

expansion of the form

A = a0 +
∞∑

n=1

rn−1

an

where ν(a1) ≤ −1, ν(an+1) ≤ 2ν(an), and ν (an) ≤ −2n−1 (n ≥ 1). Its degree of

approximation is ∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.

Proof. Let A ∈ Fp and sn = 1, rn = r ∈ Fq(x) such that ν(r) ≤ 1. Since ν (an) ≤ 0

for n ≥ 1, ν (sn)− ν (rn) = −ν (r) ≥ −1 ≥ 2ν (an)− 1. By Theorem 3.2, A has a

unique finite or convergent (relative to |·|p(x)) series expansion of the form

A = a0 +
∞∑

n=1

rn−1

an

where ν(a1) ≤ −1, ν(an+1) ≤ 2ν (an) − 1 + ν(r) ≤ 2ν (an) (n ≥ 1). Next, we

will show that ν (an) ≤ −2n−1 for n ≥ 1. If n = 1, then ν (a1) ≤ −1 = −21−1, by

(3.1). For n ≥ 1, assume that ν (an) ≤ −2n−1. Then ν(an+1) ≤ 2ν (an) ≤ −2n. If

we define pn/qn and qn as above, then by Theorem 3.3,∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.
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Type 7p(x) (radix-type 2). Taking rn = 1, sn = s ∈ Fq(x), ν(s) ≥ −2 in The-

orem 3.2, we have every A ∈ Fp has a unique finite or convergent series expansion

of the form

A = a0 +
∞∑

n=1

1

sn−1an

,

where ν (an) ≤ −1, and ν (an+1) ≤ 2ν(an) − 1 − ν(s) (n ≥ 1) . Its degree of

approximation is ∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.

Proof. Let A ∈ Fp and rn = 1, sn = s ∈ Fq(x) (n ≥ 1), where ν(s) ≥ −2. First,

we will prove that ν(an) ≤ −1 for n ≥ 1. We have seen that ν(a1) ≤ −1. For

n ≥ 1, assume ν(an) ≤ −1. Then

ν(an+1) ≤ 2ν (an)− 1− ν (s) ≤ −1.

Thus we have ν(sn)− ν(rn) = ν(s) ≥ −2 > 2ν(an)− 1 (n ≥ 1). By Theorem 3.2,

A has a unique finite or convergent (relative to |·|p(x)) series expansion of the form

A = a0 +
∞∑

n=1

1

sn−1an

,

where ν (an) ≤ −1, ν(an+1) ≤ 2ν(an)− 1− ν(s) (n ≥ 1). If we define pn/qn and

qn as above, then by Theorem 3.3,∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.

Type 8p(x). Taking sn = an, r1 = 1, rn = an−1 (n ≥ 2) in Theorem 3.2, we

deduce that every A ∈ Fp has a unique finite or convergent series expansion of the

form

A = a0 +
1

a1

+
∞∑

n=1

1

anan+1

,

where ν (a2) ≤ ν (a1)− 1, and ν (an+1) ≤ ν (an) + ν (an−1)− 1 (n ≥ 2). Its degree

of approximation is ∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.
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Proof. Let A ∈ Fp. Since sn = an, r1 = 1, rn = an−1 (n ≥ 2), ν (s1) − ν (r1) =

ν (a1) ≥ 2ν (a1) − 1 and for n ≥ 2, ν (sn) − ν (rn) = ν (an) − ν (an−1) ≥ ν (an) ≥
2ν (an)− 1. This choice leads to a unique finite or a convergent (relative to |·|p(x))

series expansion of the form

A = a0 +
1

a1

+
∞∑

n=1

1

anan+1

,

where ν (a2) ≤ ν (a1) − 1, and ν (an+1) ≤ ν (an) + ν (an−1) − 1 (n ≥ 2). If we

define pn/qn and qn as above, then by Theorem 3.3,∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

.

Type 9p(x). In Theorem 3.2, taking rn = 1, sn = angn, with gn ∈ Fq(x), ν (gn) ≥
ν (an) − 1 (n ≥ 1), we have that every A ∈ Fp has a unique finite or convergent

series expansion of the form

A = a0 +
1

a1

+
∞∑

n=1

1

(a1g1) · · · (angn)

1

an+1

where a0 = 〈A〉p(x) , an ∈ Sp(x) and ν (a1) ≤ −1, ν (an+1) ≤ −1+ν (an)−ν (gn) ≤
0 (n ≥ 1). Its degree of approximation is∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

, ν

(
A− pn

qn

)
≥ n + 2.

Proof. Let A ∈ Fp and rn = 1, sn = angn (n ≥ 1) where gn ∈ Fq(x), ν (gn) ≥
ν (an) − 1 (n ≥ 1). Then ν (sn) − ν (rn) = ν (angn) ≥ 2ν (an) − 1. By Theorem

3.2, A has a unique finite or convergent (relative to |·|p(x)) series expansion of the

form

A = a0 +
1

a1

+
∞∑

n=1

1

(a1g1) · · · (angn)

1

an+1

.

In this case we have by equation (3.9) that ν (an+1) ≤ 2ν (an)−1−ν (an)−ν (gn) =

−1 + ν(an)− ν (gn). If we define pn/qn and qn as above, then by Theorem 3.3,∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

,
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and

ν

(
A− pn

qn

)
= ν

(
r1 · · · rn

s1 · · · sn

An+1

)
= ν (An+1)− ν (s1 · · · sn)

≥ ν (An) + 1 + ν (gn)− ν (s1 · · · sn)

≥ ν (An−1) + 2 + ν (gn−1) + ν (gn)− ν (s1 · · · sn)

...

≥ ν (A1) + n + ν (g1) + · · ·+ ν (gn)− ν (s1 · · · sn)

= ν (A1) + n− {ν (a1) + · · ·+ ν (an)} , since sn = angn

≥ ν (A1) + n + 1, by (3.1)

≥ n + 2.

The choices gn = 1, respectively, gn = an − 1 (n ≥ 1) coincide with the Engel-

type (Type 2p(x)), respectively, the Lüroth-type (Type 3p(x)) representations.

Type 10p(x). Taking rn = 1, ν (sn) = ν (an) (n ≥ 1) in Theorem 3.2 leads

to a unique finite or convergent series expansion of the form

A = a0 +
1

a1

+
∞∑

n=1

1

s1 · · · sn

1

an+1

,

where a0 = 〈A〉p(x) , an ∈ Sp(x), and ν(an) ≤ −n, ν(an+1) ≤ ν(an) − 1. Its degree

of approximation is∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

, ν

(
A− pn

qn

)
≥ (n + 1)(n + 2)

2
.

Proof. Let A ∈ Fp and rn = 1, sn ∈ Fq(x) such that ν (sn) = ν (an) (n ≥ 1). Then

ν(sn)− ν(rn) = ν (an) ≥ 2ν(an)− 1 (n ≥ 1), since ν(an) ≤ 0. Thus, by Theorem

3.2, A has a unique finite or convergent (relative to |·|p(x)) series expansion of the

form

A = a0 +
1

a1

+
∞∑

n=1

1

s1 · · · sn

1

an+1

,
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where a0 = 〈A〉p(x) , an ∈ Sp(x), and ν(an+1) ≤ ν(an) − 1 (n ≥ 1). Next, we will

show ν(an) ≤ −n for n ≥ 1 by induction on n. If n = 1, then ν(a1) ≤ −1 by (3.1).

For n ≥ 1, assume ν(an) ≤ −n. Then ν(an+1) ≤ ν(an)− 1 ≤ −n− 1 = −(n + 1).

If we define pn/qn and qn as above, then we have∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

q(n+1)d |qn|p(x)

and

ν

(
A− pn

qn

)
= ν

(
r1 · · · rn

s1 · · · sn

An+1

)
= ν (An+1)− ν (s1 · · · sn)

= −ν (an+1)− {ν(a1) + · · ·+ ν(an)}

≥ 1 + 2 + · · ·+ n + (n + 1) =
(n + 1)(n + 2)

2
.

Next are standard examples of expansions for elements in F1/x.

Type 1∞ (Sylvester-type). Taking un = vn = 1 in Theorem 3.5, we deduce

that every B ∈ F1/x has a unique finite or convergent series expansion of the form

B = b0 +
∞∑

n=1

1

bn

,

where b0 = 〈B〉1/x , bn ∈ S1/x and µ(bn) ≤ 1− 2n, µ(bn+1) ≤ 2µ(bn)− 1 (n ≥ 1).

Its degree of approximation is∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
, µ

(
B − pn

qn

)
= −µ(bn+1) ≥ 2n+1 − 1.

Type 2∞ (Engel-type). Taking un = 1, vn = bn in Theorem 3.5, we deduce that

every B ∈ F1/x has a unique finite or convergent series expansion of the form

B = b0 +
∞∑

n=1

1

b1b2 · · · bn

,
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where b0 = 〈B〉1/x , bn ∈ S1/x and µ(bn) ≤ −n, µ(bn+1) ≤ µ(bn) − 1 (n ≥ 1). Its

degree of approximation is∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
, µ

(
B − pn

qn

)
= −µ(qn+1) ≥

(n + 1)(n + 2)

2
.

Type 3∞ (Lüroth-type). Taking un = 1, vn = bn(bn − 1) in Theorem 3.5, we

deduce that every B ∈ F1/x has a unique finite or convergent series expansion of

the form

B = b0 +
1

b1

+
∞∑

n=2

1

b1(b1 − 1) · · · bn−1(bn−1 − 1)bn

,

where b0 = 〈B〉1/x , bn ∈ S1/x and µ(bn) ≤ −1 (n ≥ 1). Its degree of approximation

is ∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
, µ

(
B − pn

qn

)
= −µ(qn+1)− µ(qn) ≥ 2n + 1.

Type 4∞. Taking un = bn + 1, vn = bn in Theorem 3.5, we deduce that every

B ∈ F1/x has a unique finite or convergent series expansion of the form

B = b0 +
1

b1

+
∞∑

n=2

(
1 +

1

b1

)
· · ·
(

1 +
1

bn−1

)
1

bn

where b0 = 〈B〉1/x , bn ∈ S1/x and µ(bn) ≤ 1− 2n, µ(bn+1) ≤ 2µ(bn)− 1 (n ≥ 1).

Its degree of approximation is∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
, µ

(
B − pn

qn

)
= µ (Bn+1) = −µ(bn+1) ≥ 2n+1 − 1.

Type 5∞. Taking un = bk
n (k ∈ N ∪ {0}), vn = 1 in Theorem 3.5, we deduce that

every B ∈ F1/x has a unique finite or convergent series expansion of the form

B = b0 +
1

b1

+
∞∑

n=1

(b1 · · · bn)k

bn+1

where b0 = 〈B〉1/x , bn ∈ S1/x and µ(bn+1) ≤ (k+2)µ (bn)−1, µ (bn) ≤ (− (k + 2)n + 1) / (k + 1)

for (n ≥ 1). Its degree of approximation is∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
.
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Note that the case where k = 0 of the Type 5∞ coincides with the Sylvester-

type (Type 1∞) representation.

Type 6∞ (radix-type 1). Taking vn = 1 and un = u, where u ∈ Fq(x), µ(u) ≤ 1,

in Theorem 3.5, we deduce that every B ∈ F1/x has a unique finite or convergent

series expansion of the form

B = b0 +
∞∑

n=1

un−1

bn

where µ(b1) ≤ −1, µ(bn+1) ≤ 2µ(bn), and µ (bn) ≤ −2n−1 (n ≥ 1). Its degree of

approximation is ∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
.

Type 7∞ (radix-type 2). Taking un = 1, vn = v ∈ Fq(x), µ(v) ≥ −2 in

Theorem 3.5, we deduce that every B ∈ F1/x has a unique finite or convergent

series expansion of the form

B = b0 +
∞∑

n=1

1

vn−1bn

,

where µ (bn) ≤ −1, and µ(bn+1) ≤ 2µ(bn) − 1 − µ(v) (n ≥ 1) . Its degree of

approximation is ∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
.

Type 8∞. Taking vn = bn, u1 = 1, un = bn−1 (n ≥ 2) leads to a unique finite or

convergent series expansion of the form

B = b0 +
1

b1

+
∞∑

n=1

1

anan+1

.

where µ (b2) ≤ µ (b1)− 1, and µ (bn+1) ≤ µ (bn) + µ (bn−1)− 1 (n ≥ 2). Its degree

of approximation is ∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
.
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Type 9∞. In Theorem 3.5, taking un = 1, vn = bngn, with gn ∈ Fq(x), µ (gn) ≥
µ (bn)−1 (n ≥ 1), we deduce that every B ∈ F1/x has a unique finite or convergent

series expansion of the form

B = b0 +
1

b1

+
∞∑

n=1

1

(b1g1) · · · (bngn)

1

bn+1

where b0 = 〈B〉1/x , bn ∈ S1/x and µ(b1) ≤ −1, µ(bn+1) ≤ −1+µ(bn)−µ (gn) (n ≥
1). Its degree of approximation is∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
, µ

(
B − pn

qn

)
≥ n + 2.

The choices gn = 1, respectively, gn = bn−1 (n ≥ 1) coincide with the Engel-type

(Type 2∞), respectively, the Lüroth-type (Type 3∞) representations.

Type 10∞. Taking un = 1, µ (vn) = µ (bn) (n ≥ 1) in Theorem 3.5 leads to

a unique finite or convergent series expansion of the form

B = b0 +
1

b1

+
∞∑

n=1

1

v1 · · · vn

1

bn+1

,

where b0 = 〈B〉1/x , bn ∈ S1/x, and µ(bn) ≤ −n, µ(bn+1) ≤ µ(bn)− 1. Its degree of

approximation is∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
, µ

(
B − pn

qn

)
≥ (n + 1)(n + 2)

2
.

3.4 Characterizations of Rational Elements

We first state some characterizations of rational elements via Oppenheim expansion

and Engel-type expansion for p-adic numbers, [8], based on the sets of fractional

parts S ′p and Sp, respectively,

Theorem 3.7. [8] If anrn/sn ∈ S ′p (n ≥ 1), then the Oppenheim expansion of

A ∈ Qp with an ∈ S ′p is finite if and only if A ∈ Q.
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Theorem 3.8. [8] The Engel-type expansion of A ∈ Qp with an ∈ Sp is finite if

and only if A ∈ Q.

We now prove that the above two theorems hold in the case of function fields

Fp and F1/x. Moreover, we give some other characterizations of rational elements

via other types of series expansions, given in Section 3.3.

We start with an easy estimate.

Lemma 3.9. If a ∈ Sp(x), then

|a|∞ ≤ 1

q
|p(x)|∞ . (3.13)

Proof. Writing

a = b−m(x)p(x)−m + b−m+1(x)p(x)−m+1 + · · ·+ b−1(x)p(x)−1 + b0(x) ∈ Sp(x),

where m ∈ N ∪ {0} and b−m(x) (6= 0), . . . , b0(x) are polynomials over Fq of degree

less than d, we have

|a|∞ ≤ max
{∣∣b−m(x)p(x)−m

∣∣
∞ , . . . ,

∣∣b−1(x)p(x)−1
∣∣
∞ , |b0(x)|∞

}
≤ 1

q
|p(x)|∞ .

Theorem 3.10. If anrn/sn ∈ Sp(x) (n ≥ 1), then the Oppenheim series of A ∈ Fp

is finite if and only if A ∈ Fq(x).

Proof. The fact that a finite expansion yields a rational element is trivial. Con-

versely, assume that A ∈ Fq(x). Thus, each An is also rational, which allows us to

write it uniquely under the form

An = p(x)ν(An)αn(x)

βn(x)
,

where αn(x), βn(x) (6= 0) ∈ Fq[x] with gcd (αn(x), βn(x)) = 1, p(x) - αn(x)βn(x).

Since an and anrn/sn are elements of Sp(x), write

an = bn(x)p(x)ν(an),
anrn

sn

= cn(x)p(x)ν(an)+ν(rn)−ν(sn),

where bn(x), cn(x) ∈ Fq[x] satisfy, by (3.13),
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|bn(x)|∞ ≤ 1

q
|p(x)|−ν(an)+1

∞ , |cn(x)|∞ ≤ 1

q
|p(x)|ν(sn)−ν(rn)−ν(an)+1

∞ . (3.14)

Rewriting the recurrence

An+1 =

(
An −

1

an

)
sn

rn

= (anAn − 1)
sn

anrn

,

we obtain

βn(x)cn(x)αn+1(x)p(x)−ν(an+1)+ν(an)+ν(rn)−ν(sn) = βn+1(x) {bn(x)αn(x)− βn(x)} .

(3.15)

Note from (3.9) that

−ν (an+1) + ν (an) + ν (rn)− ν (sn) ≥ 1− ν (an) > 0.

Since gcd
(
αn+1(x)p(x)−ν(an+1)+ν(an)+ν(rn)−ν(sn), βn+1(x)

)
= 1, it follows from (3.15)

that βn+1(x) | βn(x)cn(x), i.e.,

|βn+1(x)|∞ ≤ |βn(x)cn(x)|∞ (n ≥ 1) (3.16)

and so (3.15) yields

|αn+1(x)|∞ ≤ |p(x)|ν(an)−1
∞ max {|bn(x)|∞ |αn(x)|∞ , |βn(x)|∞} .

Using (3.16) repeatedly and (3.14), we deduce

|βn(x)|∞ ≤ |cn−1(x)|∞ |βn−1(x)|∞ ≤ . . . ≤ |cn−1(x)|∞ |cn−2(x)|∞ · · · |c1(x)|∞ |β1(x)|∞

≤ 1

qn−1
|β1(x)|∞ |p(x)|n−1+

∑n−1
i=1 (ν(si)−ν(ri))−ν(a1···an−1)

∞ .

From the degree of approximation in Theorem 3.3, we have

n−ν (qn−1) ≤ ν

(
A− pn−1

qn−1

)
= ν

(
r1 · · · rn−1

s1 · · · sn−1

· 1

an

)
=

n−1∑
i=1

(ν (ri)− ν (si))−ν (an)

and so

n− 1 +
n−1∑
i=1

(ν (si)− ν (ri))− ν (qn−1) ≤ −ν (an)− 1.
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Consequently, |βn(x)|∞ ≤ (1/qn−1) |β1(x)|∞ |p(x)|−ν(an)−1
∞ which implies

|αn+1(x)|∞ ≤ max

{
|αn(x)|∞

q
,
|β1(x)|∞

|p(x)|2∞ qn−1

}
.

This shows that |αn+1(x)|∞ ≤ (1/q) |αn(x)|∞ , for all large n. Thus, from some m

onwards, αm(x) = 0, and so Am = 0, i.e., the expansion is finite.

In contrast to the case of p-adic numbers in [8], Theorem 3.10 applies to most

well-known expansions in the function field case as we now record.

Corollary 3.11. Let A ∈ Fp. Then the Sylvester-type (Type 1p(x)), or the Engel-

type (Type 2p(x)), or the Type 4p(x), or the Type 8p(x) expansion of A is finite if and

only if A ∈ Fq(x).

Furthermore, the same conclusion holds for

1. the Type 5p(x) expansion provided d = 1;

2. the radix-type 1 (Type 6p(x)) expansion provided d = 1 and rn = r ∈ Sp(x);

and

3. the radix-type 2 (Type 7p(x)) expansion provided sn = s = cp(x)ν(s) with

c ∈ Fq r {0} , ν(s) ≥ 0.

Lemma 3.12. If the corresponding Oppenheim-type expansion of A ∈ Fp is ulti-

mately periodic, then A ∈ Fq(x).

Proof. Let A ∈ Fp and assume that its Oppenheim-type expansion is ultimately

periodic. Then there exist positive integers m and l such that an = an+l, rn = rn+l

and sn = sn+l for all n ≥ m. For n ≥ 1, define

bn =
r1 · · · rn−1

s1 · · · sn−1

and b =
bm+l

bm

.

Then bk = rm···rm+kl−1

sm···sm+kl−1
for all k ≥ 1. By periodicity (with 1 = b1, a0 = p0/q0 if
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m = 1), we have

A =
pm−1

qm−1

+ bm

(
1

am

+
rm

sm

· 1

am+1

+ · · ·+ rm · · · rm+l−2

sm · · · sm+l−2

· 1

am+l−1

)
+ bmb

(
1

am

+
rm

sm

· 1

am+1

+ · · ·+ rm · · · rm+l−2

sm · · · sm+l−2

· 1

am+l−1

)
+ bmb2

(
1

am

+
rm

sm

· 1

am+1

+ · · ·+ rm · · · rm+l−2

sm · · · sm+l−2

· 1

am+l−1

)
+ · · ·

=
pm−1

qm−1

+ cbm

(
1 + b + b2 + · · ·

)
,

where

c =
1

am

+
rm

sm

· 1

am+1

+ · · ·+ rm · · · rm+l−2

sm · · · sm+l−2

· 1

am+l−1

∈ Fq (x) .

Since 1+ b+ b2 + · · · = 1/(1− b), then A = pm−1/qm−1 + cbm1/(1− b) ∈ Fq(x).

The only remaining type, Type 3 (Lüroth-type) expansion, perhaps the hardest

in this setting, is a special case of the following theorem :

Theorem 3.13. Let rn = 1, sn = anf(an), for some fixed f(x) ∈ Fq[x]. If |an|∞ ≤
1 for n sufficiently large, then the corresponding Oppenheim-type expansion of A ∈
Fp is finite or ultimately periodic if and only if A ∈ Fq(x).

Proof. The fact that finite Oppenheim expansions yield rational elements is trivial,

while that periodic expansions also give rational elements are already checked as

in Lemma 3.12.

It remains to show that if the Oppenheim expansion of A ∈ Fq(x) is infinite,

then it is ultimately periodic. Since A is rational, so is each An (n ≥ 1), which

allows us to write it uniquely under the form

An = p(x)ν(An)αn(x)

βn(x)
,

where αn(x), βn(x) ∈ Fq[x] with gcd(αn(x), βn(x)) = 1, p(x) - αn(x)βn(x). For

n ≥ 1, since an ∈ Sp(x)\ {0}, we can write uniquely

an =
cνn(x)

p(x)νn
+ · · ·+ cDn(x)

p(x)Dn
=

cνn(x) + · · ·+ cDn(x)p(x)νn−Dn

p(x)νn
=:

bn(x)

p(x)νn

where cνn(x)(6= 0), . . . , cDn(x)(6= 0) ∈ Fq[x]; νn := ν(An) = −ν(an) ≥ Dn ≥ 0 and

bn(x) = cνn(x) + · · ·+ cDn(x)p(x)νn−Dn ∈ Fq[x]\ {0} .
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For 0 ≤ k ≤ νn − Dn − 1, if −d (Dn + k + 1)+ deg cDn+k+1(x) ≥ −d (Dn + k) +

deg cDn+k(x), then −d + deg cDn+k+1(x) ≥ deg cDn+k(x), because deg cDn+k+1(x),

deg cDn+k(x) < d. Thus −d (Dn + k + 1) + deg cDn+k+1(x) < −d (Dn + k)

+ deg cDn+k(x). It follows that

|an|∞ =

∣∣∣∣ cνn(x)

p(x)νn
+ · · ·+ cDn+1(x)

p(x)Dn+1
+

cDn(x)

p(x)Dn

∣∣∣∣
∞

= max

{∣∣∣∣ cνn(x)

p(x)νn

∣∣∣∣
∞

, . . . ,

∣∣∣∣ cDn+1(x)

p(x)Dn+1

∣∣∣∣
∞

,

∣∣∣∣ cDn(x)

p(x)Dn

∣∣∣∣
∞

}
= max

{
q−dνn+ degcνn (x), . . . , q−d(Dn+1)+degcDn+1(x), q−dDn+degcDn (x)

}
= q−dDn+ degcDn (x). (3.17)

Similarly,

|bn(x)|∞ = qdeg cDn (x)+dνn−dDn ≤ qd−1+dνn−dDn . (3.18)

Let sn = anf(an) := an (fmam
n + · · ·+ f1an + f0) ∈ anFq [an]. Rewriting

An+1 =

(
An −

1

an

)
sn, (3.19)

we get

p(x)νn+1+mνnαn+1(x)βn(x) = βn+1(x) {αn(x)bn(x)− βn(x)} ·{
fmbn(x)m + fm−1bn(x)m−1p(x)νn + · · ·+ f1bn(x)p(x)(m−1)νn + f0p(x)mνn

}
.

(3.20)

Since p(x) - βn+1(x), gcd(αn+1(x), βn+1(x)) = 1, equation (3.20) implies that

βn+1(x) | βn(x), which yields 0 ≤ deg βn+1(x) ≤ deg βn(x) (n ≥ 1). Thus there

exist a positive integer N0 and a non-negative integer M such that deg βn(x) = M

for all n ≥ N0, i.e.,

{deg βn(x)} is a finite set (3.21)

and

βn(x) = cnβN0(x), cn ∈ Fq\ {0} (n ≥ N0). (3.22)

Since νn ≥ 1, p(x) - βn+1(x), and p(x) - bn(x), equation (3.20) also implies that for

n ≥ N0

p(x)νn+1+mνn| {αn(x)bn(x)− cnβN0(x)}
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and so

dνn+1 + mdνn ≤ max{deg αn(x) + deg bn(x), M}. (3.23)

If there exists an infinite subsequence (nk) ⊂ N, with all nk ≥ N0, such that

deg αnk
(x) + deg bnk

(x) ≤ M,

then the two sequences of non-negative integers (deg αnk
(x) + deg bnk

(x)) and (deg αnk
(x))

are bounded, and from (3.23) so is the sequence (νnk
). We deduce from the

unique representation Ank
= p(x)νnk (αnk

(x)/βnk
(x)) that {Ank

} is a finite

set. Hence, there exist indices K < L such that all AnK
= AnL

and so anK
=

〈1/AnK
〉 = 〈1/AnL

〉 = anL
implying snK

= snL
. Invoking upon (3.19), we see that

AnK+1 = AnL+1 and so the expansion is ultimately periodic.

Henceforth, assume that there exists a positive integer N1 ≥ N0 such that

deg αn(x) + deg bn(x) > M (n ≥ N1). (3.24)

Going back to equation (3.20) and using equation (3.22), for n ≥ N1, we get

p(x)νn+1+mνnαn+1(x)cn = cn+1 {αn(x)bn(x)− cnβN0(x)}×

×
{
fmbn(x)m + fm−1bn(x)m−1p(x)νn + · · ·+ f1bn(x)p(x)(m−1)νn + f0p(x)mνn

}
.

Taking infinite valuation, we get

qdνn+1+mdνn+ deg αn+1(x) ≤ max
{
|αn(x)|∞ |bn(x)|∞ , qM

}
×

×max
{
|bn(x)|m∞ , |bn(x)|m−1

∞ qdνn , . . . , |bn(x)|∞ q(m−1)dνn , qmdνn
}

= |αn(x)|∞ |bn(x)|∞ max
{
|bn(x)|m∞ , |bn(x)|m−1

∞ qdνn , . . . , |bn(x)|∞ q(m−1)dνn , qmdνn
}

,

(3.25)

using (3.24). From the given hypothesis, we may assume, without loss of generality,

that |an|∞ ≤ 1 when n ≥ N1. We distinguish two possible cases.

Case 1: |an|∞ < 1. In this case, Dn > 0 yielding dνn− dDn + d− 1 < dνn and

|bn(x)|∞ < qdνn by (3.18). Relation (3.25) becomes

qdνn+1+mdνn+ deg αn+1(x) < qdeg αn(x)+dνn+mdνn ,
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i.e., we have the strict inequality

dνn+1 + deg αn+1(x) < dνn + deg αn(x).

Case 2: |an|∞ = 1. In this case, Dn = 0 and cDn(x) = c ∈ Fq\ {0} , which

yields |bn(x)|∞ = qdνn by (3.18). Relation (3.25) thus implies

qdνn+1+mdνn+ deg αn+1(x) ≤ qdeg αn(x)+dνn max{qmdνn , q(m−1)dνn+dνn , . . . , qdνn+(m−1)dνn , qmdνn}

= qdeg αn(x)+dνn+mdνn ,

i.e., we have the non-strict inequality

dνn+1 + deg αn+1(x) ≤ dνn + deg αn(x).

From both cases, we see that (dνn + deg αn(x))n≥N1
is a non-increasing se-

quence of positive integers. It follows that both {νn}n≥N1
and {deg αn(x)}n≥N1

are bounded sets of non-negative integers. Consequently, there are infinitely many

suffixes n ≥ N1 such that all νn are equal and all deg αn(x) are the same. Taking

into account (3.22), we deduce that there are suffixes M > L > N1 such that

AM = AL. Invoking upon (3.19), we conclude that the expansion is ultimately

periodic.

The condition |an|∞ ≤ 1 in Theorem 3.13 can be removed by taking p(x) = x,

and we get

Corollary 3.14. For rn = 1, sn = anf(an), for some fixed f(x) ∈ Fq[x], the

Oppenheim-type expansion of A ∈ Fq((x)) is finite or ultimately periodic if and

only if A ∈ Fq(x).

Specializing f(x) = x−1 in Theorem 3.13, we get a characterization of rational

elements by their Lüroth expansions.

Corollary 3.15. If |an|∞ ≤ 1, then the corresponding Lüroth-type expansion of

A ∈ Fp is finite or ultimately periodic if and only if A ∈ Fq(x).

Corollary 3.16. The Lüroth-type expansion of A ∈ Fq((x)) is finite or ultimately

periodic if and only if A ∈ Fq(x).
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It is also possible to remove the restriction d = 1 in the case of Type 6p(x)

(radix-type 1) expansion at the expense of limiting the range of values of rn = r.

Theorem 3.17. Let sn = 1 and rn = r = R(x)p(x)ν(r), where R(x) ∈ Fq[x] and

ν(r) ≤ (− deg R(x)/d). Then the radix-type 1 (Type 6p(x)) expansion of A ∈ Fp is

finite if and only if A ∈ Fq(x).

Proof. It is clear that a finite expansion yields a rational element. Conversely,

assume that A ∈ Fq(x). Thus, each An (n ≥ 1) is also rational and so we can

write uniquely

An = p(x)ν(An)αn(x)

βn(x)
,

where αn(x), βn(x) (6= 0) ∈ Fq[x] with gcd (αn(x), βn(x)) = 1, p(x) - αn(x)βn(x).

Since an ∈ Sp(x), we can write uniquely an = bn(x)p(x)ν(an), where bn(x) ∈ Fq[x]

satisfy

|bn(x)|∞ ≤ 1

q
|p(x)|−ν(an)+1

∞ , (3.26)

by (3.13). Equation (3.4) and (3.9) yield

ν(r) ≤ 1− 2ν (an) (3.27)

and

ν (an+1) ≤ 2ν (an) + ν(r)− 1. (3.28)

Rewriting the recurrence

An+1 =

(
An −

1

an

)
1

r
=

anAn − 1

anr
,

we get

βn(x)αn+1(x)bn(x)R(x)p(x)−ν(an+1)+ν(an)+ν(r) = βn+1(x) {bn(x)αn(x)− βn(x)} .

(3.29)

By equation (3.28), we have −ν (an+1) + ν (an) + ν (r) ≥ 1 − ν (an) > 0. Then

βn+1(x)|βn(x)bn(x)R(x) and so |βn+1(x)|∞ ≤ |βn(x)bn(x)R(x)|∞. It follows that

|βn(x)|∞ ≤ |β1(x)|∞ |bn−1(x)|∞ · · · |b1(x)|∞ |R(x)|n−1
∞

≤ |β1(x)|∞
(
|R(x)|∞

q

)n−1

|p(x)|n−1−ν(qn−1)
∞ ,
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by equation (3.26). Taking the infinite valuation through equation (3.29), we get

|αn+1(x)|∞ ≤ |p(x)|ν(an+1)−ν(an)−ν(r)
∞ max {|bn(x)|∞ |αn(x)|∞ , |βn(x)|∞}

≤ max

{
|p(x)|ν(an)−1

∞
1

q
|p(x)|−ν(an)+1

∞ |αn(x)|∞ , |p(x)|ν(an+1)−ν(an)−ν(r)
∞ |βn(x)|∞

}
≤ max

{
1

q
|αn(x)|∞ , |β1(x)|∞

(
|R(x)|∞

q

)n−1

|p(x)|ν(an+1)−ν(an)−ν(r)−ν(qn−1)+n−1
∞

}
.

From the degree of approximation in Theorem 3.3, we have

n− ν (qn−1) ≤ (n− 1)ν(r)− ν (an) .

Then

ν (an+1)− ν (an)− ν(r)− ν (qn−1) + n− 1 ≤ ν (an+1)− 2ν (an) + (n− 2)ν(r)− 1.

Thus

|αn+1(x)|∞ ≤ max

{
1

q
|αn(x)|∞ , |β1(x)|∞ q(n−1)(deg R(x)−1)+d(−1+(n−2)ν(r)−2ν(an)+ν(an+1))

}
.

Since ν(r) ≤ (−degR(x)/d), we have

(n− 1) (deg R(x)− 1) + d (−1 + (n− 2)ν(r)− 2ν (an) + ν (an+1))

= n (deg R(x) + dν(r)− 1) + 1− deg R(x) + d (−2ν(r)− 2ν (an) + ν (an+1)− 1)

≤ −n + 1− degR(x)− d (ν(r) + 2) ,

by (3.28). Thus

|αn+1(x)|∞ ≤ max

{
1

q
|αn(x)|∞ ,

|β1(x)|∞
qdeg R(x)+d(ν(r)+2)−1

· 1

qn

}
.

If αn(x) 6= 0 for all n ≥ 1, then for n sufficiently large, we have

|β1(x)|∞
qdeg R(x)+d(ν(r)+2)−1

· 1

qn
<

1

q
≤ 1

q
|αn(x)|∞ ,

showing that |αn+1(x)|∞ < |αn(x)|∞ , or equivalently, deg αn+1(x) < deg αn(x).

Thus,

{deg αn(x)} is eventually a strictly decreasing sequence of non-negative integers

implying that from some m onwards, αm(x) = 0, and so Am = 0 which renders

the expansion finite.
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For the field F1/x, similar procedures as for Fp lead to analogous results as

follows :

Lemma 3.18. If b ∈ S1/x, then

b = c

(
1

x

)(
1

x

)µ(b)

, c

(
1

x

)
∈ Fq

[
1

x

]
and

∣∣∣∣c(1

x

)∣∣∣∣
x

≤ q−µ(b). (3.30)

Proof. For b ∈ S1/x, we can write

b = cµ(b)

(
1

x

)µ(b)

+ cµ(b)+1

(
1

x

)µ(b)+1

+ · · ·+ c0

=

(
1

x

)µ(b)
{

cµ(b) + cµ(b)+1

(
1

x

)
+ · · ·+ c0

(
1

x

)−µ(b)
}

= c

(
1

x

)(
1

x

)µ(b)

where c (1/x) := cµ(b) + cµ(b)+1 (1/x) + · · ·+ c0 (1/x)−µ(b) ∈ Fq [1/x] and

b = cµ(b)x
−µ(b) + cµ(b)+1x

−µ(b)−1 + · · ·+ c−1x + c0.

Then

|b|x = max
{∣∣cµ(b)x

−µ(b)
∣∣
x
,
∣∣cµ(b)+1x

−µ(b)−1
∣∣
x
, . . . , |c−1x|x , |c0|x

}
≤ q0 = 1.

Thus we have |c (1/x)|x ≤ q−µ(b) as required.

Theorem 3.19. If bnun/vn ∈ S1/x, then the corresponding Oppenheim-type expan-

sion of A ∈ F1/x is finite if and only if A ∈ Fq(x).

Proof. Assume that bnun/vn ∈ S1/x for n ≥ 1. The fact that finite Oppenheim

expansions yield rational elements is trivial.

Conversely, assume that B ∈ Fq (1/x). Thus, each Bn (n ≥ 1) is also rational,

which allows us to write it uniquely in the form

Bn =

(
1

x

)−µ(bn) αn

(
1
x

)
βn

(
1
x

) ,
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where αn (1/x) , βn (1/x) ∈ Fq[1/x] with gcd (αn (1/x) , βn (1/x)) = 1, 1/x - αn (1/x) βn (1/x).

For n ≥ 1, since bn, bnun/vn ∈ S1/x,

bn = cn

(
1

x

)(
1

x

)µ(bn)

and
bnun

vn

= dn

(
1

x

)(
1

x

)µ(bn)+µ(un)−µ(vn)

,

where cn (1/x) , dn (1/x) ∈ Fq [1/x] such that∣∣∣∣cn

(
1

x

)∣∣∣∣
x

≤ q−µ(bn) and

∣∣∣∣dn

(
1

x

)∣∣∣∣
x

≤ qµ(vn)−µ(un)−µ(bn).

Now we have

Bn+1 =

(
Bn −

1

bn

)
vn

un

= (bnBn − 1)
vn

bnun

. (3.31)

Substituting all this into (3.31) leads to

βn

(
1

x

)
dn

(
1

x

)
αn+1

(
1

x

)(
1

x

)−µ(bn+1)+µ(bn)+µ(un)−µ(vn)

= βn+1

(
1

x

){
cn

(
1

x

)
αn

(
1

x

)
− βn

(
1

x

)}
considered as polynomial in 1/x, where −µ (bn+1) + µ (bn) + µ (un)− µ (vn) ≥ 1−
µ (bn) > 0 by equation (3.12). Since gcd

(
αn+1 (1/x) (1/x)−µ(bn+1)+µ(bn)+µ(un)−µ(vn) , βn+1 (1/x)

)
=

1, βn+1 (1/x) | βn (1/x) dn (1/x) and so∣∣∣∣βn+1

(
1

x

)∣∣∣∣
x

≤
∣∣∣∣βn

(
1

x

)∣∣∣∣
x

∣∣∣∣dn

(
1

x

)∣∣∣∣
x

.

Thus∣∣∣∣αn+1

(
1

x

)∣∣∣∣
x

=

∣∣∣∣1x
∣∣∣∣µ(bn+1)−µ(bn)−µ(un)+µ(vn)

x

∣∣βn+1

(
1
x

)∣∣
x∣∣cn

(
1
x

)
βn

(
1
x

)∣∣
x

∣∣∣∣cn

(
1

x

)
αn

(
1

x

)
− βn

(
1

x

)∣∣∣∣
x

≤
∣∣∣∣1x
∣∣∣∣µ(bn)−1

x

max

{∣∣∣∣cn

(
1

x

)∣∣∣∣
x

∣∣∣∣αn

(
1

x

)∣∣∣∣
x

,

∣∣∣∣βn

(
1

x

)∣∣∣∣
x

}
≤ qµ(bn)−1 max

{
q−µ(bn)

∣∣∣∣αn

(
1

x

)∣∣∣∣
x

,

∣∣∣∣βn

(
1

x

)∣∣∣∣
x

}
= max

{
1

q

∣∣∣∣αn

(
1

x

)∣∣∣∣
x

, qµ(bn)−1

∣∣∣∣βn

(
1

x

)∣∣∣∣
x

}
.
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Now since |βn (1/x)|x ≤ |dn−1 (1/x)|x |βn−1 (1/x)|x for all n ≥ 2, it follows that∣∣∣∣βn

(
1

x

)∣∣∣∣
x

≤
∣∣∣∣dn−1

(
1

x

)∣∣∣∣
x

∣∣∣∣βn−1

(
1

x

)∣∣∣∣
x

≤
∣∣∣∣dn−1

(
1

x

)∣∣∣∣
x

∣∣∣∣dn−2

(
1

x

)∣∣∣∣
x

∣∣∣∣βn−2

(
1

x

)∣∣∣∣
x

...

≤
∣∣∣∣dn−1

(
1

x

)∣∣∣∣
x

· · ·
∣∣∣∣d1

(
1

x

)∣∣∣∣
x

∣∣∣∣β1

(
1

x

)∣∣∣∣
x

≤
∣∣∣∣β1

(
1

x

)∣∣∣∣
x

q

n−1∑
i−1

(µ (vi)− µ (ui))− µ (b1b2 · · · bn−1)

,

because |di (1/x)|x ≤ qµ(vi)−µ(ui)−µ(bi) for all i ≥ 1. By Theorem 3.6, we get

q
−µ

(
B− pn−1

qn−1

)
=

∣∣∣∣B − pn−1

qn−1

∣∣∣∣
∞
≤ 1

qn |qn−1|∞
= qµ(qn−1)−n

and so

n−µ (qn−1) ≤ µ

(
B − pn−1

qn−1

)
= µ

(
u1 · · ·un−1

v1 · · · vn−1

· 1

bn

)
=

n−1∑
i=1

(µ (ui)− µ (vi))−µ (bn) .

Thus

n−1∑
i=1

(µ (vi)− µ (ui))− µ (qn−1) = −
n−1∑
i=1

(µ (ui)− µ (vi))− µ (qn−1)

≤ −n + µ (qn−1)− µ (bn)− µ (qn−1)

= −µ (bn)− n.

It follows that |βn (1/x)|x ≤ |β1 (1/x)|x q−µ(bn)−n and so∣∣∣∣αn+1

(
1

x

)∣∣∣∣
x

≤ max

{
1

q

∣∣∣∣αn

(
1

x

)∣∣∣∣
x

, qµ(bn)−1

∣∣∣∣β1

(
1

x

)∣∣∣∣
x

q−µ(bn)−n

}
= max

{
1

q

∣∣∣∣αn

(
1

x

)∣∣∣∣
x

,

∣∣β1

(
1
x

)∣∣
x

qn+1
.

}

If αn (1/x) 6= 0 for all n ≥ 1, then for n sufficiently large,∣∣β1

(
1
x

)∣∣
x

qn+1
<

1

q
≤ 1

q
qdeg αn( 1

x) =
1

q

∣∣∣∣αn

(
1

x

)∣∣∣∣
x

.
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This implies

qdeg αn+1( 1
x) =

∣∣∣∣αn+1

(
1

x

)∣∣∣∣
x

<

∣∣∣∣αn

(
1

x

)∣∣∣∣
x

= qdeg αn( 1
x).

Thus {deg αn (1/x)} is eventually a strictly decreasing sequence of non-negative

integer, a contradiction. Therefore αm (1/x) = 0 for some m ≥ 1. Hence Am = 0

and the algorithm terminates.

In the case of the function field F1/x, Theorem 3.19 applies to most well-known

expansions.

Corollary 3.20. Let B ∈ F1/x. Then the Sylvester-type (Type 1∞), or the Engel-

type (Type 2∞), or the Type 4∞, or the Type 5∞, or the Type 8∞ expansion of B

is finite if and only if B ∈ Fq(x).

The same conclusion holds for

1. the radix-type 1 (Type 6∞) expansion provided un = u ∈ S1/x;

2. the radix-type 2 (Type 7∞) expansion provided vn := v = e (1/x)µ(v) with

e ∈ Fq r {0} , µ(v) ≥ 0.

Since the infinite valuation can be considered as the (1/x)-adic valuation for

the field Fq (1/x), Corollary 3.16 holds for the case of the function field F1/x and

we show

Theorem 3.21. In F1/x, the Lüroth-type expansion of A is finite or ultimately

periodic if and only if A ∈ Fq(x).



CHAPTER IV

PRODUCT EXPANSIONS AND SOME

CHARACTERIZATIONS OF RATIONAL ELEMENTS

In this chapter, we introduce three main types of product expansions for el-

ements in certain specific subsets of the function fields. We give detailed proofs

of their convergence, uniqueness and the degree of approximation for each type.

Characterizations of rational elements are established in the first type. In the re-

maining types, sufficient conditions of rationality are given. First, we introduce

two subsets of Fp and F1/x for first two types. Let

P :=

{
1 +

∞∑
i=1

ci(x)p(x)i; ci(x) ∈ Fq[x], deg ci(x) < d

}
⊂ Fp

and

Q :=

{
1 +

∞∑
i=1

cix
−i; ci ∈ Fq

}
⊂ F1/x.

4.1 Products of Type Ip(x) and Type I∞ and Characteriza-

tions of Rational Elements

The first type of product is derived from the Type 4p(x) series expansion as seen in

Theorem 4.2. For convergence of product of Type Ip(x), we need one more auxiliary

result.

Lemma 4.1. Any product
∏

i≥1 (1 + 1/bi) with

bi ∈ Sp(x), ν(bi) ≤ 1− 2i, ν(bi+1) ≤ 2ν(bi)− 1, (4.1)

converges (relative to |·|p(x)) to an element B
′ ∈ P such that B

′ 6= 1 and b1 =〈
1/
(
B

′ − 1
)〉

p(x)
.
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Proof. We need consider the case where the product is infinite. Let B′
n =

∏n
i=1 (1 + 1/bi) .

Then B′
n+k−B′

n = B′
n

(∏n+k
i=n+1 (1 + 1/bi)− 1

)
(k ≥ 1) . Since ν (bi) ≤ −1, ν (1 + 1/bi) =

min {ν(1), ν (1/bi)} = 0, we get ν (B′
n) = 0. From

n+k∏
i=n+1

(
1 +

1

bi

)
− 1 =

(
1 +

1

bn+1

)(
1 +

1

bn+2

)
· · ·
(

1 +
1

bn+k

)
− 1,

=
1

bn+1

+
1

bn+2

+ · · ·+ 1

bn+k

+ · · ·+ 1

bibj

+ · · ·+ 1

bibjbl

+ · · ·+ 1

bn+1bn+2 · · · bn+k

,

we have

ν

(
n+k∏

i=n+1

(
1 +

1

bi

)
− 1

)

= min

{
ν

(
1

bn+1

)
, . . . , ν

(
1

bn+1bn+2

)
, . . . , ν

(
1

bn+1bn+2 · · · bn+k

)}
= ν

(
1

bn+1

)
,

because ν (1/bi) ≥ 1 and ν (1/bi+1) ≥ 2ν (1/bi) + 1 > ν (1/bi). Consequently,

ν
(
B′

n+k −B′
n

)
= ν

(
1

bn+1

)
≥ 2n+1 − 1 →∞ (n →∞),

i.e. (B′
n) is a Cauchy sequence (relative to |·|p(x)). Since Fp is a complete metric

space, (B′
n) converges (relative to |·|p(x)) to some element B′ ∈ Fp. Since B′ −

1 = limn→∞ (B′
n − 1), and, as above, ν (B′

n − 1) = ν (1/b1), we get ν (B′ − 1) =

ν (1/b1) ≥ 1, i.e., 1 6= B′ ∈ P and 〈B′〉p(x) = 1. Write now B′ = (1 + 1/b1) B′′,

where B′′ =
∏∞

n=2 (1 + 1/bi). Then b1 − 1/ (B′ − 1) = (1 + b1)(B
′′ − 1)/ (B′ − 1) .

Similarly, ν(B′′ − 1) = ν (1/b2). Moreover,

ν

(
b1 −

1

B′ − 1

)
= ν (1 + b1) + ν (B′′ − 1)− ν (B′ − 1)

= ν(b1) + ν

(
1

b2

)
− ν

(
1

b1

)
≥ 1,

by (4.1). Hence b1 = 〈1/ (B′ − 1)〉p(x).
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Theorem 4.2. (Product of Type Ip(x)) Every A ∈ P r {1} has a finite or

convergent (relative to |·|p(x)) product, termed Cantor product, expansion of the

form

A =
∞∏
i=1

(
1 +

1

ai

)
,

where the “digits” ai ∈ Sp(x) satisfy ν (ai) ≤ 1− 2i, ν (ai+1) ≤ 2ν (ai)− 1. Subject

to these conditions, the representation is unique.

In addition, if
∏n

i=1 (1 + 1/ai) = pn/qn, with qn = a1a2 · · · an, then∣∣∣∣A− pn

qn

∣∣∣∣
p(x)

≤ 1

qd(n+1) |qn|p(x)

≤ q−d(2n+1−1).

Proof. In Theorem 3.2, let A ∈ P r {1} with rn = an + 1 and sn = an (n ≥ 1).

Then a0 = 〈A〉p(x) = 1 and

A = 1+
1

a1

+

(
1 +

1

a1

)
1

a2

+. . .+

(
1 +

1

a1

)
· · ·
(

1 +
1

an−1

)
1

an

+

(
1 +

1

a1

)
· · ·
(

1 +
1

an

)
An+1.

For n ≥ 1, it follows easily by induction that

n∏
i=1

(
1 +

1

ai

)
= 1 +

1

a1

+

(
1 +

1

a1

)
1

a2

+ · · ·+
(

1 +
1

a1

)
· · ·
(

1 +
1

an−1

)
1

an

=
pn

qn

,

where qn = a1 · · · an and so A = (1 + An+1)
∏n

i=1 (1 + 1/ai). Also by induction, we

have

ν(An) = −ν(an) ≥ 2n − 1 (n ≥ 1). (4.2)

Thus, An+1 → 0 (n →∞), which enables us to write

A =
∞∏
i=1

(
1 +

1

ai

)
∈ Fp.

Next, we show that

ν (An) ≥ n− ν (qn−1) (n ≥ 2) (4.3)

by induction on n. First, ν (A2) = −ν (a2) ≥ 1− 2ν (a1) ≥ 2− ν (a1) by (3.1). For

n ≥ 2, assume ν (An) ≥ n− ν (qn−1). Then ν (An+1) = −ν (an+1) ≥ 1− 2ν (an) =

1− ν (an)− ν (an) ≥ 1− ν (an) + n− ν (qn−1) = n + 1− ν (qn). From (4.2), we get

ν(qn) = ν(a1)+ν(a2)+· · ·+ν(an) ≤ (1−21)+(1−22)+· · ·+(1−2n) = n−(2+22+. . .+2n),
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and so by (4.3),

ν

(
A− pn

qn

)
= ν

(
An+1

n∏
i=1

(
1 +

1

ai

))
= ν (An+1)

≥ n + 1− ν(qn) ≥ 1 + 2 + 22 + · · ·+ 2n = 2n+1 − 1,

which yields the asserted approximation inequality.

To prove uniqueness, suppose that

A =
∞∏
i=1

(
1 +

1

ai

)
=

∞∏
i=1

(
1 +

1

a′i

)
,

with both products being of the stated form. From Lemma 4.1, a1 = 〈1/ (A− 1)〉p(x) =

a′1. Cancelling out the first factor, we get

∞∏
i=2

(
1 +

1

ai

)
=

∞∏
i=2

(
1 +

1

a′i

)
,

Proceeding in the same manner, we successively obtain ai = a′i for all i ≥ 1.

Indeed from Theorems 3.2, 4.2 and the fact that

n∏
i=1

(
1 +

1

ai

)
= a0 +

1

a1

+
n∑

i=2

(
1 +

1

a1

)
· · ·
(

1 +
1

ai−1

)
1

ai

,

we obtain at once

Corollary 4.3. Each A ∈ P r {1} has a series representation of the form

A = 1 +
1

a1

+
∞∑
i=2

(
1 +

1

a1

)
· · ·
(

1 +
1

ai−1

)
1

ai

,

where ai ∈ Sp(x) satisfy ν (ai) ≤ 1− 2i, ν (ai+1) ≤ 2ν (ai)− 1 ,if and only if it has

a Cantor product representation of the form

A =
∞∏
i=1

(
1 +

1

ai

)
.

Using this last corollary and the characterization of Type 4p(x) series expansion

in Corollary 3.11, we get



46

Corollary 4.4. The Cantor product of Type Ip(x) of each A ∈ P\ {1} is finite if

and only if A ∈ Fq(x).

For the field F1/x, similar proofs as in Lemma 4.1, Theorem 4.2, Corollary 4.3

and Corollary 4.4 yield

Lemma 4.5. Any product
∏

i≥1 (1 + 1/bi) with

bi ∈ S1/x, µ(bi) ≤ 1− 2i, µ(bi+1) ≤ 2µ(bi)− 1,

converges (relative to |·|∞) to an element B
′ ∈ Q such that B

′ 6= 1 and b1 =〈
1/
(
B

′ − 1
)〉

1/x
.

Theorem 4.6. (Product of Type I∞) Every B ∈ Q r {1} has a finite or

convergent (relative to |·|∞) product, termed Cantor product, representation of the

form

B =
∞∏
i=1

(
1 +

1

bi

)
,

where the “digits” bi ∈ S1/x satisfy µ (bi) ≤ 1− 2i, µ (bi+1) ≤ 2µ (bi)− 1. Subject

to these conditions, the representation is unique.

In addition, if
∏n

i=1 (1 + 1/bi) = pn/qn, with qn = b1b2 · · · bn, then∣∣∣∣B − pn

qn

∣∣∣∣
∞
≤ 1

qn+1 |qn|∞
≤ q−(2n+1−1).

Corollary 4.7. Each B ∈ Q r {1} has a series representation of the form

B = 1 +
1

b1

+
∞∑
i=2

(
1 +

1

b1

)
· · ·
(

1 +
1

bi−1

)
1

bi

,

where bi ∈ S1/x satisfy µ (bi) ≤ 1− 2i, ν (bi+1) ≤ 2ν (bi)− 1, if and only if it has a

Cantor product representation of the form

B =
∞∏
i=1

(
1 +

1

bi

)
.

Corollary 4.8. The Cantor product of Type I∞ of B ∈ Q r {1} is finite if and

only if B ∈ Fq (1/x).

We continue with the second type product.
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4.2 Products of Type IIp(x) and Type II∞

We start with Fp.

Lemma 4.9. Any product
∏∞

i=1

(
1 + ci(x)p(x)di

)
with ci(x) ∈ Fq[x]\{0} such that

deg ci(x) < d, di ∈ N and di+1 > di, converges (relative to |·|p(x)) to an element

B′ 6= 1 in P with B′ = 1 + c1(x)p(x)d1B′′, B′′ ∈ P .

Proof. For n ≥ 1, let Qn =
∏n

i=1

(
1 + ci(x)p(x)di

)
. Then, for k ≥ 1,

Qn+k −Qn = Qn

{
n+k∏

i=n+1

(
1 + ci(x)p(x)di

)
− 1

}
= QnRn,k,

where Rn,k =
∏n+k

i=n+1

(
1 + ci(x)p(x)di

)
− 1. Since di+1 > di for i ≥ 1, we get

Rn,k = cn+1(x)p(x)dn+1R′
n,k, Qn = 1 + c1(x)p(x)d1Sn for R′

n,k, Sn ∈ P.

It is easy to see that ν(Qn) = 0. Thus

ν (Qn+k −Qn) = ν(Rn,k) = ν(cn+1(x)p(x)dn+1R′
n,k)

= dn+1 ≥ 1 + dn ≥ . . . ≥ n + 1.

Hence, for any k ≥ 1, ν (Qn+k −Qn) → ∞ (n → ∞), which implies that (Qn)

is a Cauchy sequence. Since Fp is a complete metric space, the sequence (Qn)

converges (relative to |·|p(x)) to an element B′ in Fp. It follows that ν(B′−Qn) > d1

for n sufficiently large. Therefore B′ = 1 + c1(x)p(x)d1B′′ for B′′ ∈ P , because

Qn = 1 + c1(x)p(x)d1Sn.

Theorem 4.10. (Product of Type IIp(x)) Every A ∈ P r {1} has a unique

product representation of the form

A =
∞∏
i=1

(1 + bi(x)p(x)ei) ,

where bi(x) ∈ Fq[x]\{0}, deg bi(x) < d, ei ∈ N and ei+1 > ei. Further,

ν (A− Pn) ≥ en+1 > n,

where Pn =
∏n

i=1 (1 + bi(x)p(x)ei).
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Proof. Let Â1 := A ∈ P\ {1}. Then we can write

Â1 = 1 + b1(x)p(x)e1A′
1, with e1 ∈ N, b1(x) ∈ Fq[x]\{0}, deg b1(x) < d, A′

1 ∈ P.

For n ≥ 1, if Ân = 1 + bn(x)p(x)enA′
n has already been defined with en ∈ N, A′

n ∈
P r {1} , bn(x) ∈ Fq[x]\{0} and deg bn(x) < d, then define

Ân+1 = (1 + bn(x)p(x)en)−1 Ân

=
(
1− bn(x)p(x)en + bn(x)2p(x)2en − · · ·

)
(1 + bn(x)p(x)en + · · · )

= 1 + bn+1(x)p(x)en+1A′
n+1,

where A′
n+1 ∈ P (if A′

n+1 6= 0), en+1 > en, bn+1(x) ∈ Fq[x]\{0} and deg bn+1(x) <

d. If A′
n = 1, then Ân+1 = 1 and the algorithm terminates yielding

A = Â1 = (1 + b1(x)p(x)e1) Â2 = . . . = Ân+1

n∏
i=1

(1 + bi(x)p(x)ei) .

Otherwise, Ân+1 6= 1 and so ν
(
Ân+1 − 1

)
= en+1 ≥ 1+ en ≥ . . . ≥ n+ e1 ≥ n+1,

implying limn→∞ Ân+1 = 1. Thus, A =
∏∞

n=1 (1 + bn(x)p(x)en) .

For n ≥ 1, let Pn =
∏n

i=1 (1 + bi(x)p(x)ei). Then

A = PnÂn+1 = Pn + bn+1(x)p(x)en+1A′
n+1Pn

and so follows the approximation

ν (A− Pn) = ν
(
bn+1(x)p(x)en+1A′

n+1Pn

)
= en+1 ≥ n + 1 > n.

To show uniqueness, assume that

A =
∞∏
i=1

(1 + bi(x)p(x)ei) =
∞∏
i=1

(
1 + ci(x)p(x)di

)
,

subject to the stated restrictions on the coefficients and exponents. Thus, by

Lemma 4.9

A = 1 + b1(x)p(x)e1A′ = 1 + c1(x)p(x)d1B′,

with A′, B′ ∈ P, showing that e1 = d1, b1(x) = c1(x). Cancelling out the first

factor, we get
∞∏
i=2

(1 + bi(x)p(x)ei) =
∞∏
i=2

(
1 + ci(x)p(x)di

)
.
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Proceeding in the same manner, we successively obtain ei = di, bi(x) = ci(x) (i ≥
1).

Apart from those products of Type Ip(x), the problem of characterizing products

of other types is still open. However, there are several sufficient conditions of

rationality as witnessed, for example, in the following proposition.

Proposition 4.11. Let A =
∏∞

i=1 (1 + bi(x)p(x)ei) ∈ P r{1} be a product of Type

IIp(x). If bi+1(x) = bi(x)2 and ei+1 = 2ei for all i sufficiently large, then A ∈ Fq(x).

Proof. Assume that there exists a positive integer N such that bi+1(x) = bi(x)2

and ei+1 = 2ei (i ≥ N). Then

A = (1 + b1(x)p(x)e1) · · · (1 + bN−1p(x)eN−1) (1 + c(x))
(
1 + c(x)2

)
· · ·
(
1 + c(x)2n−1

)
· · · ,

where c(x) = bN(x)p(x)eN . For n ≥ 1, since

n∏
i=1

(
1 + c(x)2i−1

)
=

1− c(x)2

1− c(x)
· 1− c(x)4

1− c(x)2
· · · 1− c(x)2n

1− c(x)2n−1 =
1− c(x)2n

1− c(x)
,

and ν
(
c(x)2n)

= 2neN → ∞, we get
∏∞

i=1

(
1 + c(x)2i−1

)
= 1/ (1− c(x)) and so

A ∈ Fq(x).

For the field F1/x, as described earlier, analogous proof as in Lemma 4.9, The-

orem 4.10 and Proposition 4.11 yield

Lemma 4.12. Any product
∏∞

i=1

(
1 + ci (1/x)di

)
with ci ∈ Fq\{0} such that di ∈

N and di+1 > di, converges (relative to |·|∞) to an element B′ 6= 1 in Q with

B′ = 1 + c1 (1/x)d1 B′′, B′′ ∈ Q.

Theorem 4.13. (Product of Type II∞) Every B ∈ Q r {1} has a unique

product representation of the form

B =
∞∏
i=1

(
1 + bi

(
1

x

)ei
)

,

chula
Note
เครื่องหมายสี่เหลี่ยม ในต้นฉบับเป็นอย่างไร
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where bi ∈ Fq\{0}, and ei ∈ N, ei+1 > ei. Further,

µ (B −Qn) ≥ en+1 > n,

where Qn =
∏n

i=1 (1 + bi (1/x)ei).

Proposition 4.14. Let B =
∏∞

i=1 (1 + bi (1/x)ei) ∈ Q r {1} be a product of type

II∞. If bi+1 = b2
i and ei+1 = 2ei, for all i sufficiently large, then B ∈ Fq(x).

4.3 Products of Type IIIp(x) and Type III∞

Let

P ′ =

{
1 +

∞∑
i=1

cip(x)i; ci ∈ {0, 1, . . . , p− 1}

}
⊂ Fp.

and

Q′ =

{
1 +

∞∑
i=1

cix
−i; ci ∈ {0, 1, . . . , p− 1}

}
⊂ F1/x.

For convergence and uniqueness, we need the following lemma :

Lemma 4.15. Any product
∞∏
i=1

(1 + p(x)si)di

with 1 ≤ di ≤ p − 1, si ∈ N and si+1 > si, converges (relative to |·|p(x)) to an

element B′ 6= 1 in P ′ with B′ = 1 + d1p(x)s1B′′, B′′ ∈ P ′.

Proof. For n ≥ 1, let Qn =
∏n

i=1 (1 + p(x)si)di . Then, for k ≥ 1,

Qn+k −Qn = Qn

{
n+k∏

i=n+1

(1 + p(x)si)di − 1

}
= QnRn,k,

where

Rn,k =
n+k∏

i=n+1

(1 + p(x)si)di − 1

=
{
1 + dn+1p(x)sn+1 + · · ·+ p(x)dn+1sn+1

}{
1 + dn+2p(x)sn+2 + · · ·+ p(x)dn+2sn+2

}
· · ·{

1 + dn+kp(x)sn+k + · · ·+ p(x)dn+ksn+k
}
− 1

= dn+1p(x)sn+1R′
n,k
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with R′
n,k ∈ P ′, because (sn) is a strictly increasing sequence. It is easy to see that

ν (Qn) = 0 and so

ν (Qn+k −Qn) = ν (Rn,k) = sn+1 ≥ sn + 1 ≥ . . . ≥ s1 + n ≥ n + 1.

Then ν (Qn+k −Qn) → ∞ and so Qn+k − Qn → 0 (n → ∞). Therefore, if

the product is infinite, then (Qn) forms a Cauchy sequence and so converges to

an element B′ of the complete metric space Fp. Hence Qn − B′ → 0 and so

ν (B′ −Qn) → ∞ (n → ∞). Thus ν (B′ −QN) > s1 for N sufficiently large

and so B′ = 1 + d1p(x)s1B′′, B′′ ∈ P ′, because Qn =
∏n

i=1 (1 + p(x)si)di = 1 +

d1p(x)s1D′, D′ ∈ P ′.

Theorem 4.16. (Product of Type IIIp(x)) Every A ∈ P ′ r {1} has a unique

product representation of the form

A =
∞∏
i=1

(1 + p(x)ri)bi ,

where 1 ≤ bi ≤ p− 1, ri ∈ N and ri+1 > ri. Further

ν (A− Pn) ≥ rn+1 > n,

where Pn =
∏n

i=1 (1 + p(x)ri)bi ∈ N.

Proof. Let Â1 := A ∈ P ′\ {1}. Then we can write

Â1 = 1 + b1p(x)r1 + · · · , with r1 ∈ N, 1 ≤ b1 ≤ p− 1.

For n ≥ 1, if Ân = 1 + bnp(x)rn + · · · has already been defined with Ân ∈ P ′ r

{1} , 1 ≤ bn ≤ p− 1 and rn ∈ N, then set

Ân+1 : = (1 + p(x)rn)−bn Ân

= {1− bnp(x)rn + · · · } {1 + bnp(x)rn + · · · }

= 1 + bn+1p(x)rn+1 + · · · ,

where rn+1 > rn and 1 ≤ bn+1 ≤ p−1 if Ân+1 6= 1. If Ân+1 = 1, then the algorithm

terminates. Now

A = Â1 = (1 + p(x)r1)b1 Â2 = . . . = Ân+1

n∏
i=1

(1 + p(x)ri)bi .
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If the procedure does not terminate, then ν
(
Ân+1 − 1

)
= rn+1 ≥ 1 + rn ≥ ... ≥

n + r1 ≥ n + 1, and so A =
∏∞

i=1 (1 + p(x)ri)bi . The proof of uniqueness is similar

to that in Theorem 4.10 using Lemma 4.15.

From the definition of Pn, we can write A = Ân+1Pn. Thus,

ν (A− Pn) = ν
(
Ân+1 − 1

)
+ ν (Pn) = rn+1 > n.

A sufficient condition for rationality similar to the one in [6] is given in the

next proposition.

Proposition 4.17. Let A =
∏∞

i=1 (1 + p(x)ri)bi ∈ P ′ r {1} be a product of type

IIIp(x). If bi = b ∈ {1, 2, . . . , p− 1} and ri+1 = 2ri, for all i sufficiently large, then

A ∈ Fq(x).

Proof. Assume that there exists a positive integer N such that bi = b ∈ {1, 2, . . . , p− 1}
and ri+1 = 2ri for i ≥ N . Observe that

A = (1 + p(x)r1)b1 · · · (1 + p(x)rN−1)bN−1 (1 + p(x)rN )b (1 + p(x)2rN
)b (

1 + p(x)22rN

)b

· · · .

Let

C = (1 + p(x)rN )b (1 + p(x)2rN
)b (

1 + p(x)22rN

)b

· · · , δ(x) = p(x)rN and

Cn = (1 + p(x)rN )b (1 + p(x)2rN
)b (

1 + p(x)22rN

)b

· · ·
(
1 + p(x)2n−1rN

)b

(n ≥ 1).

Then

Cn =
(
(1 + δ(x))

(
1 + δ(x)2

) (
1 + δ(x)22

)
· · ·
(
1 + δ(x)2n−1

))b

=

(
1− δ(x)2n

1− δ(x)

)b

.

Since ν
(
δ(x)2n)

= 2nrN and 1 ≤ b ≤ p−1, we get C = limn→∞ Cn = 1/ (1− δ(x))b ∈
Fq(x) and so

A = (1 + p(x)r1)b1 · · · (1 + p(x)rN−1)bN−1 C ∈ Fq(x).
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For the field F1/x, similar proofs as in Lemma 4.15, Theorem 4.16 and Propo-

sition 4.17 yield :

Lemma 4.18. Any product

∞∏
i=1

(
1 +

(
1

x

)si
)di

with 1 ≤ di ≤ p−1, si ∈ N and si+1 > si, converges (relative to |·|∞) to an element

B′ 6= 1 in Q′ with B′ = 1 + d1 (1/x)s1 B′′, B′′ ∈ Q′.

Theorem 4.19. (Product of Type III∞) Every B ∈ Q′ r {1} has a unique

product representation of the form

B =
∞∏
i=1

(
1 +

(
1

x

)ri
)bi

,

where 1 ≤ bi ≤ p− 1, ri ∈ N and ri+1 > ri. Further

µ (B −Qn) ≥ rn+1 > n,

where Qn =
∏n

i=1 (1 + (1/x)ri)
bi ∈ N.

Proposition 4.20. Let B =
∏∞

i=1 (1 + (1/x)ri)
bi ∈ Q′ r {1} be a product rep-

resentation of Type III∞. If bi = b ∈ {1, 2, . . . , p− 1} and ri+1 = 2ri, for all i

sufficiently large, then B ∈ Fq(x).
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