
CHAPTER IV

THE FOKKER-PLANCK EQUATION

4.1 Introduction (6)
In th is  chapter, we w ill emphasize the essential stochastic 

nature of the phenomenon and seek a description in terms of the 
probability  d is trib u tio n s  of position and/or velocity a t a la te r 
time s ta rtin g  from given in i t i a l  d is tribu tion s. Thus, in our 
discussion of the Brownian movement of a free p a rtic le  we obtain 
ex p lic itly  the d is trib u tio n  functionsW dl^  ■ jUp') 0 e) and

given in i t i a l  values of ไ*6 and u  0 ; sim ilarly, we 
determined the d is tr ib u tio n s '^  CUjtjXp jU 0) jW ( X ; X c 110) and YV X 0 ,u 0')
for a harmonically bound p a rtic le  describing Brownian motion. In 
deriving these d is trib u tio n s  we s ta rted  with the Langevin equation 
C E q . ( 9 )  in the f ie ld -fre e  case, and Eq.(63) when an external f ie ld  
is present! and solved i t  in a manner appropriate to  the problem. We 
shall now consider the question whether we cannot reduce the 
determination of these d is tribu tion  functions to  appropriate 
boundary value problems of suitably chosen p a rtia l d iffe ren tia l 
equations, of which the solution can be obtained as solutions of 
boundary-value problems long fam iliar in the theory of diffusion or 
conduction of heat (8).

I t  is  c lear th a t for the solutions 'O f  the most general problem 
we require the density functionWCV’j’Û L); in other words, we should 
rea lly  consider the problem in the six-dimensional phase space. But 
before we proceed to  estab lish  such a general theorem i t  w ill be 
instructive  to  consider the simplest problem of the Erownian motion
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of a free  p a rtic le  in the velocity space and obtain a d iffe ren tia l 
equation for W e ft,!)  ; th is  leads US to the discussion of the 
Fokker-Planck equation in i t s  most familiar form.

4.2 The derivation of Fokker-Planck equation (6,8)

(1) The Fokker-Planck equation in velocity space to  describe 
the Brownian motion of a free p artic le  (6)

Let A t  denote an in terval of time long compared to  the 
periods of fluctuations of the acceleration ~̂ occurring in the 
Langevin equation but short compared to intervals during which the 
velocity of a Brownian p a rtic le  changes by appreciable amounts. 
Under these circumstances we expect to derive the d istribution  
W o ^ t + z i U  a t time -Vistand a knowledge of the transition  
probability  ไ^ClZ^ÀTr) th a t l î suffers an increment Â\X in time A^1 . 
More p a rticu la rly , we expect the relation

W cF 1!  + û t)  = (  \ H & -  ÀÜ 1!') ไเ.(ไ! - Â F  ûtX) d  o u )  , 95)

to  be valid . We may remark th a t in expecting th is  integral equation 
between ฬ  and พ (น . , t )  to }»e true we are supposing that
the course which a Brownian p a rtic le  will take depends only on the 
instantaneous values of i t s  physical parameters and is entirely 
independent of i t s  whole previous history. In general probability 
theory, a stochastic process which has th is  ch aracteristic , namely, 
th a t what happens a t a given instant of time t  depends only on the 
s ta te  of the system a t time t  is  said to be a Markoff process (6,8). 
But we should be careful not to  conclude that every stochastic
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process is  necessarily of the Markoff type. For, i t  can happen that 
the future course of a system is  conditioned by i t s  past history: i . 
e .,  what happens a t a given instan t of time t  may depend on what has 
already happened during a l l  time preceding t .
Returning to  Eq.(95), for the case under discussion we have

) (96)•บ ุ*(น ีเ•ฬ.1=  ^ e ï - p f - U U j r ô û t l y V A t V  C \  - f r i e r /

For, according to  the Langevin equation Icf. Eq.(19)D, integrate
AU =  - f t :นิt  A t  +  S c  A l l  (97)

where "Be A t) denotes the net acceleration arising from fluctuations 
which a Brownian p a rtic le  suffers in time A t  • and, since the 
d is tribu tion  of is  given by Eq.(21), the tran sition
probability  (95) follows a t once.

E x p an d in g  W ( U , t M t ) , V V ( t l - A t l ,  - b  and  ^ C u - A ’ร ;  A \ i )  in  E q . (95)

y f u r f l  • a U )  A U ;  4- I Y  - p k ; A U f  i  T œ ^ l U A ^ +- * 4 d e A U ) ^ U ) d e A ]I } i  ? น 1 2 i< j  จ น . J
writing

( û U t >  ■ =  (  A u  1บ ุ'C i t ; A t t ) ^ ï ï )

< A ไ4 >  =  f ^ A l q  บุ .  ( Ü . - â U ) d c À i î )

( A V L i  AUj > -  1 ° *  AU- ü t ; ÂTX) cl c Â Û L )

- C O

(99.1)

(99.2)

(99.3)
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we h a v e  t h e r e f o r e  ฬ ฺ A t + O c A b 1  -  - I  Æ .  < A u j>  + JlI  1 Y Y  <  a u 2l >
3 t  น ^  ^

J â X A U ^ (100)
น ^  ? น ^ น ^  i  9 น ่1 ,  t  c>Uv 3 U -L

+ E  'èW  JL"(AUv Au A  + X X  < ท า4 > ฬ  + x  พ  ^  </\U ;AU.:>
i - ^ \  ^ - i  TfU-v. 2. . t  « iX v+ 0  (<a UtAÛ Auky> ' *

w here  t h e  r e m a in d e r  te rm  in v o lv e s  t h e  a v e ra g e s  o f  th e  q u a n t i t i e s
A u ^  7 A ll^ A U j and  A U ^A U -A U ^, ( i ^ / k - 1 , 2 ^  

T h e r e f o r e ,  E q (1 0 0 ) can  b e  w r i t t e n  a s  w i à t  + 0 ( i h

=  - l 3  ( พ < A U i » + ๙ : 2 ( พ < û ^ > )  + T  Ü L C Y K A U i A U h h w 1 '
A  จ ^  ว น . ^ น ^

+  0  « A u l a น ^ น 4 > ไ
w hich  i s  t h e  F o k k e r -P la n c k  e q u a t io n  in  i t s  m ost g e n e r a l  fo rm .
F o r t h e  t r a n s i t i o n  p r o b a b i l i t y  (9B) an d  from  E q (9 9 ) , we g e t

<AU-i> = - f i V L  A;<ûU(AUj> -  0  ๙ )  )  < AU1)  = A t + 0  t i t 1) 1102,

H ence, E q .( lO l )  r e d u c e s  t o

l Y M t  + 0 [ A t Z) -  j  p  j i v ^ e W u )  +  Y Y ^  a I  4  O C A t  )  (103)

f o r  t h e  l i m i t  A t ~ 0  we have

=  p j - y w »  +  ^ % ;  ฬ

We s h a l l  now show t h a t  t h e  d i s t r i b u t i o n  f u n c t io n  w < a t - v t o
o b ta in e d  in  E q .(3 8 )  i s  t h e  fu n d a m e n ta l  s o l u t i o n  o f  t h e  F o k k e r -P la n c k
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Eq.(104) in the sense th a t th is  is  the solution which tends to  the 
ร  function

วS c u - เ - น , 1 0 )  S c u . 2 -- ' « 21t )  k u . 3 - u ? ; 0 ) (105)
as พ  0. To prove th is , we f i r s t  note th a t but for the Laplacian 
term, Eq.(104) is  a linear p a r tia l  d iffe ren tia l equation of the 
f i r s t  order. Hence, i t  is  natural to  expect tha t the general 
solution of Eq.(104) w ill be connected with tha t of the associated 
f irs t-o rd e r  equation

พ / ? t - ”  0  (106)
The general solution of th is  firs t-o rd e r equation (106) involves the 
three f i r s t  in tegrals of

d u / d  t  =  ”  ^ ‘น . (107)
The required f i r s t  in teg rals are

น / น  0 = C 0 f l 3 t a . n i  < 1 0 8 )
Accordingly, for solving Eq.(104) we introduce a vector defined by

f -  1)9 , ท “ น .  P (109)
Equation (104) now becomes

พ / ^
Introducing the variable

พ becomes 2 A 2
พ / a t  -  S(ïW  + ^  ๆ

t  - W i

We have from Eqs.(llO) and (111)

( 1 1 0 )

( 1 1 1 )

-  A&
2  ( i t /  1  2  2
I  ■ £ £  +  £ *  +  £ £

V  d t  พ
( 1 1 2 )

The solution of th is  equation can be obtained using the
following lemma ะ
Lemma I. If ®(t) is  an a rb itra ry  function of time, the solution of
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the p a rtia l d iffe re n tia l equation 2.
' i J h  =  < j ( h  v y r

where Ç ะ= j3 0 a t time t  = 0 is
(113)

X 114)r. r - s พ - ! ? - ? » 1X ( / c b i t )
[ 4 I P  0

Applying th is  lemma to  Eq.(112) we have the solution .
x l ~  T  f x p

น ิ พ ุ *  ^  1 5 ) 0  <“ * •
Then according to  E q .( lll)  we have

ฬ ( ร ! ) - ฬ 1.') =  1 a t  ■ «̂  I 
’ ’ ฟ่  ^ 0 - i * V ^ v L  ท J

which agrees w ith.the re su lt in Eq.(38)

(116)

(2) The generalization of the Fokker-Planck equation(ธ)

We shall now consider the general problem of a p a rtic le
describing Brownian motion and under the influence of an external 
f ie ld  of force.

Let A t again denote an in terval of time which is  
compared to  the periods of fluctuations of the acceleration t e l )  
occurring in the Langevin Eq. (63) but short compared to the 
in tervals in which any of the physical parameters change 
appreciably. Then, the increments Air andÀ ïtin  position and velocity 
which the p a rtic le  suffers during A t are

A f - U i t  • a U =  - ( s i x - K ) a I  + " § ( £ * • )
(117)
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where K  denotes the acceleration per unit mass caused by the 
external f ie ld  of force and”êcAV) the net acceleration arising from 
fluctuations which the p a rtic le  suffers in time ฬ .  The 
d is tribu tion  o f$ (A h ) is  again given by Eq.(21)

Assuming as before th a t the Brownian movement can be idealized
as a Markoff process the probability  d is trib u tio n พ น ^  in
phase space a t time can be derived from the d istribu tion
Y l ( x ) x ^ ja t  the e a rlie r  time t  by means of the integral equation

+Ai) =   ̂ ( พ C f - • AT,ATX) 1118, 

A c c o r d i n g  t o  t h e  E q s .  ( 1 1 7 )

ไ ! Af  Alt) =  ?Aไ*) S c A i - u , A t )  S c A U ~ u zâ t ) S C A ใ :-น.3A Ï)
?  ̂ (119)

where the &’s denote Dirac’s de lta  functions andljAlfj'น -ร ) the tran sitio n  
probability  in the velocity space. With th is  form for the tran sition  
probability  in the phase space the integration over A f in Eq. (118) 
is  immediately performed and we get
W c r  โ ?  t  + a 1 )  =  ( v J e f - U A t  ไน ' A u i )  น c t o t  A l , i t -  a U ) Â f t )  i  £ Â î£ )

5 } '  ( 1 2 0 )

A lternatively, we can write

Wc ? - n t  Ah ;U  + 41ไ =^ พ  ( V 3  ■- All 5 à i ) \  c ?  f t  - A lt• à t ) d (At)  ( 121 )

Expanding the functions in the foregoing equation in the form of 
Taylor series and proceeding as in our derivation of the 
Fokker-Planck equation, we obtain Ccf. Eq.(98)l

I \C2QAZ02
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(  M  t +  0 ( ๕ ) -  - I  2 . <A'น ^
I  ^  J ^  /C า ) น h  ( 1 2 2 )

* ' 1 ๕  /ฬ <Al4>ไ+1 s L  (พ<AU1AU  ̂+ O k A U ^ A U ^
2 I  w £  l < ^  ’è U c 'à b ù

This is  the analog in the phase space of the Fokker-Planck equation 
in the velocity space.
For the case (117) ,th e  tran s itio n  probability ( :2.^ /£u)
is  given by Ccf. Eq. (21)11
y < X ; A U ) = (123)

And with th is  expression for the transition  probability  we have
< A u y - M u . L- K  1'ฟ : ;  l a f i t -  t u l + O u ê ) ]  < A U i ,A U j > =  0 c A t 2 )

'  ® (124)
Accordingly Eq.(122) sim plifies to
i  SûM + f t .  a x a à j L .  ( ( /ร น -;- K 0 V i )
\ n  à  ?  I  I t ô U i  I 1 (125)+ ป ี ร  A  A t + 0  ฟ ุ ^ )
and passing to  the lim it A t  = 0 and a fte r some minor rearranging of 
the terms
^  +  น .  ^  ฟ y V \l 4- K  . ช ุw =  (h k ๕

This equation represents the generalization of the Fokker-Planck 
Eq.(104) to  the phase space.

4.3 The solution for the f ie ld  free case (6)
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W hen n o  e x t e r n a l  f i e l d  i s  p r e s e n t  E q . ( 1 2 6 )  b e c o m e s

2 W  +  u  . =  $  p /  +  ฟ - ฐ พ  +  /I M t t ‘พ

T o  s o l v e  t h i s  e q u a t i o n  w e  a g a i n  n o t e  t h a t  t h e  e q u a t i o n

( 1 2 7 )

+  ไ ! .
e f t

d e r i v e d  f r o m  ( 1 2 7 )  b y  i g n o r i n g  t h e  L a p l a c i a n  t e r m  พ  i s  a  l i n e a r
h o m o g e n e o u s  f i r s t - o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n .
A c c o r d i n g l y ,  t h e  g e n e r a l  s o l u t i o n  o f  E q . ( 1 2 8 )  c a n  b e  e x p r e s s e d  i n  

t e r m s  o f  a n y  s i x  i n d e p e n d e n t  i n t e g r a l s  o f

d h r / i t  =  น > ( 1 2 9 )

T w o v e c t o r  i n t e g r a l s  o f  E q .  ( 1 2 9 )  a r e

7 * u /  (5  =  I 2 ( 3 3 0 )

I n t r o d u c e  t h e  n e w  v a r i a b l e s

? ■ = . ^ , V ) X  =  f ฟ  ? = ( x , Y , i )  - Ÿ H - n / p  , 1 3 1 1

T h e n ,  f o r  t h i s  t r a n s f o r m a t i o n  o f  t h e  v a r i a b l e s  w e  h a v e

^ เ ท  -  ^ 1?  1อ / ^  +  ( $ ? . ช ุฟ 7 ฬ

-  X *  +  i

( 132)
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a v J  พ  +  เ  +  I J f W

S u b s t i t u t i n g  E q . ( 1 3 2 )  i n  E q . ( 1 2 7 )  w e  o b t a i n

i n t r o d u c e  t h e  v a r i a b l e

X  =  ท ่! i  ^  < 1 3 4 ,

E q u a t i o n  ( 1 3 3 )  r e d u c e s  t o

f  ว .f i t
j /  จ i x  *  1 • f y X  +

4 -

o r ,  w r i t t e n  o u t  e x p l i c ï i t l y
,  t f - vKlร-^ (  T > X  

^ d ï 2-
+ " à V  + L X ] ไ ^

' b y c t y

? T  ไ +  i  ( l x  +  i x +  i x น
^ x 2  V / 2- 7 X 2 y j

T o  s o l v e  t h i s  e q u a t i o n  w e  f i r s t  p r o v e  t h e  f o l l o w i n g  le m m a :
Lemma I I  L e t ^ c f e a n d ^ c b b e  t w o  a r b i t r a r y  f u n c t i o n s  o f  t i m e .  T h e  

s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n

^  =  ( X c t )  L X  +  < 1 3 7 ,
' H  ^  T  1 ^ T > x  L X 2-

w h e n  â - X - 0  a t  t = 0  i s



( 1 3 8 )
. e x p  +  z \ i ^ L  +  k x  A  j

a  =  v p ( t ) A i '1 k , =  - z |  ç t e î j - t t i d t  ;  k  = ^ | 0  $ { t ) ^

a n d  A  ~  £ x k  -  k

;  k '  2 , n  ■ - ( 1 3 9 )

A a (x\ d -  k 2, ( 1 4 0 )
T o  p r o v e  t h i s  lem m a  w e  s u b s t i t u t e  f o r  %  a c c o r d i n g  t o  E q .  ( 1 3 8 )

i n  E q .  ( 1 3 7 )  w e  f i n d  l  +  ^  d j l i  4- 2  +  X  d k j  4-

2 ( f > %( a ]  2 Û ,  k  I é X  4  h *  X 2-  A  1)  - t - 4 ç t y (  k ^ x k - ^ x  (

k j 1 +  A , k }  -  It , )  - f  £ ใ ! ,1 ( k f É,2 +  z k , l ^ x  +  k j  X -  k , )  =  0

w h e r e

( 1 4 2 )

E q u a t  i n g  t h e

(X\= a / A  •5 k | = k /A   ̂ b, -  เว/ a
2.

c o e f f i c i e n t s  o f  f , a  a n d  X  i n  ( 1 4 1 ) ,  w e  o b t a i n

d f i \ / A t =  - 2 C a { $  +  k , ^ ) 2  3  d  k \ / à t =  +  b , ไ ) , )

d  เท 1 / d t  =  - 2  (โ A, ( f  +  พ 1ช ุ, ’)  c  k ,  $  +  b  1ช ุ/ )

d û / d t  =  2 A  f A i  $ 2 - Y  2 k , +  b , ! ] * 2 )

From E q. ( 142) c U /d  t  -  A  ( d  A | / d  i )  4  a ,  ( d / L / d  t )

2

( 1 4 3 )

( 1 4 4 )
( 1 4 5 )

w e  h a v e  a c c o r d i n g  t o  E q s . ( 1 4 3 ) ,  ( 1 4 4 ) ,  a n d ( 1 4 5 )

d o / d t  = ~ Z A ( a  1$  ± k,?j;)2 4- 2 A ( r f  $ ^ 2 -  A,k, 4 fl,b , ใ)»1)
=  2L A  c  a , b |  -  k j1 ) ^
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From E q s . ( 1 4 0 ) and (,.1 4 6 ) ,  we have

(147)

S im ila r ly  we can p rove t h a t

^ o / c I t  = 2 ^ 2 ; è \ \ / à x  = -2.(f>ใl> ( 1 4 8 )

From E q s . ( 1 4 7 ) a n d (1 4 8 ) , in t e g r a t e  ; Hence

a  =  ;  เว =  2 (  j£ 2 c f t  ( 14£
0  0  0

The lemma i s  th e n  p roved .
In  o rd er  t o  a p p ly  t h e  fo r e g o in g  lemma t o  E q .( 1 3 6 ) we f i r s t  

n o t i c e  t h a t  th e  e q u a tio n  i s  se p a r a b le  in to  th e  p a ir s  o f  v a r ia b le s  
( k $ )  1 ( ท ุ ? )  and E x p ressin g  t h e r e f o r e  th e  s o lu t io n  in  th e

f<”  ’ Y - Y , É Y Y  f v V w , ^X - า x 2 ( ๆ ^ )  Ï Æ D

we s e e  t h a t  each  o f  th e  f u n c t io n s  X 1 and X j

Jd,: ̂
H ence, from lemma I I ,  th e  s o lu t io n  o f  Eq. ( 1 3 6 ) w ith  th e  boundary

( 1 5 0 ) 
s a t i s f  i e s

( 1 5 1 )

c o n d it io n

i s
7 = 1

f = f o  ,  f ’- f o  ,  a t  t = 0  <

t:X. p j -  ' ฟ  7 - f 0 1:*  2. k e f ' - f c ) . ( ? - Pe )  + y  f - -  F o l' I2 4 เ<
‘ริ■ ร'3 A ^ 2- V 1

w h e r e  a  =  2  เ^  P  ^ à . i l



41

(154)Id =  2 .^  ^  JL ^  f l i - t  = . ^  jb (  £ ^ -  0  

k -  - 2 ^  f  ^  J p t A t  = “ 2 ^ 2 C j e . ^ - 0

f - ? 0 «  A - H o  ,  ร - ? O - ? 0 - ^ / p  ( 1 5 5 )

In  Eq. ( 1 5 5 ) v~0 and 'น. 0  a r e  th e  p o s i t io n  and v e l o c i t y  o f  th e  
Brownian p a r t i c l e  a t  t im e  t  = 0 . T h erefore

w  ๆ a\f-fUbcf-tup - ? 0) 4 b  I ? - ? / }  , 1 8 8 ,

We w i l l  v e r i f y  t h a t  th e  fo r e g o in g  s o lu t io n  f o r  V'I o b ta in ed  
a s  t h e  fundam ental s o lu t io n  o f  Eq. ( 1 2 7 ) a g r e e s  w ith  what we 
o b ta in e d  th rou gh  a  d is c u s s io n  o f  th e  L angevin eq u a tio n :W ith  and 

d e f in e d  a s in  E q s .( 6 0 ) we h ave from E q . ( 1 5 5 )9-ไ?0 - Xs S ;  ̂ f  !i57’
A c c o r d in g ly , from Eq ( 1 5 7 ) ,  we o b ta in  CK l ^ 0  -4- 2 k ( p  - ^ 0 ' ) . c ? -

A  I F - P J  =  A  i f  i j f + 2  k  / (  R  . 1 4 ( 1 / 6 )  f S i 2  )  +  b i ? +  ( l / t o î  1 2  

=  i p t ( F i ? i  -  2 แ ? . 1  + & i ^ k ) ( 1 5 8 )I J I -  /  n  I N . J  T ( J | M  /where

W ith a , b and h a s  g iv e n  by E q s . ( 1 5 4 ) we f in d  t h a t
-i , -At -2Àt „ - l ,  -2At , ,  ,2 , ( 1

1 5 9 )

A ( 2 ^ t - j + 4 i ( î t -  ;  6  =  <t

%  F e - H ^ - U b - b h / ^ A l 2 ^T h e r e fo r e ( 1 6 1 )
Thus t h e  s o lu t io n  ( 1 5 6 ) can be e x p r e sse d  a l t e r n a t iv e ly  in  th e  form
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ฬ  =  1  f F i t i - z H ^ - ? + - H 2 )  [  ( 1 6 2 )
<&h \ f 6 - h V / z *- ^

Comparing E q s ( 1 6 0 ) and ( 1 6 2 ) w ith  E q s(5 7 ) 1 ( 6 1 )? ( 6 2 ) we s e e  th a t  
th e  v e r i f i c a t i o n  i s  c o m p le te .

4 . 4  The s o lu t io n  f o r  t h e  c a s e  o f  a  h a rm o n ica lly  bound p a r t i c l e  (6 )

The m ethod o f  s o lu t io n  i s  i l l u s t r a t e d  by c o n s id e r in g  th e  
c a s e  o f  a  o n e -d im e n s io n a l o s c i l l a t o r  d e s c r ib in g  Brownian m otion . 
E q u a tio n . ( 1 2 6 ) th e n  r e d u c e s  t o

พ  +  ■ น พ - u x W  =  W + À W + i ' È l
' d t  ' ฐ น  ^ า ) น ^  D

( 1 6 3 )

In tr o d u c e  a s  v a r ia b le s  two f i r s t  in t e g r a ls  o f  th e  a s s o c ia t e d  
s u b s id ia r y  sy stem :

d ^ c /d t  = 1A. ‘ d  t  = - ^ ' น .- Co X  ( 1 6 4 )
From tw o in d ep en d en t f i r s t  in t e g r a l s  o f  E q s(1 6 4 ) , we o b ta in

( x j l t , - ฬ  b 2 1 )  C V r A  C X ^ - น.') € X p C ÿ น 1 1 ) ( 1 6 5 )
where JU.| andJLf2h ave th e  same m eanings a s  in  E q s .( 6 7 ) and ( 6 8 ) .  
A c c o r d in g ly  we s e t

{• « C x ^ 1- น ) * x p C y L i) ‘ Y) = C x j u ^ i Q j z t f C y j L f i )  (166)
+  « x r c - c / r / 1 , t i | k

+  x r p C - 2  น 1'  ■ " v K ' N
( 1 6 7 )

3  ท ุ2-
In tr o d u c in g  t h e  tr a n s fo r m a tio n

ฬ  =  ไ ’น ,
( i t ( 1 6 8 )
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we f i n a l l y  o b ta in  from E q s ( 1 6 7 ) and ( 1 6 8 )
H  ^ 0 1 [ . ^ * . ) น ^

+  1 2 ’  j

T h is e q u a tio n  i s  o f  th e  same form a s  E q(1 3 7 ) in  lemma I I .  Hence 
th e  s o lu t io n  o f  t h i s  e q u a tio n  w hich te n d s  t o

x  ฟ ? ^  f o i c i ? - ท ุ0ใ + เ ^ - ท ุ ?  I  <170)

where
0 “ =  p c - 2 ^ 1 )  -  . f c X p t - 2 , น \ b \  ( 1 7 1 . 1 )

b  =  2 ^ J ^ j e X p C - 2 ^ l ) < * t  =  J r ^ l  - £ £ { > £ - 2 ^ 2* b }  ( 1 7 1 . 2 )

เ  = -
F u rth er , from E q .( 1 6 6 )

i X p l - 2 ^ t )  r t c  =  X  ^ 1  -  £ X p C - 2 ^ 2 t ) J  ( 1 7 1 . 2 )
I < t  L i r a i t 1! 4 t  =  - ü  1 1 - x x j > ( - <7น , - t , น 2? ! ) !

0  yU|-fyU -2 ( 1 7 1 . 3 ) ^im Eq. ( 1 6 6 )
£ —  T T | .  * | |  - V I  _  V  I I  \ ,  ,^ 0 =  ^ o ^ IX j - U o ^  VJ 0 =  x 0/)d 2_ - K o  ( 1 7 2 )

where X 0  a n d ‘น 0  d e n o te  th e  p o s i t io n  and v e l o c i t y  o f  th e  p a r t i c l e
at t im e  il
พ -- j à

= 0 . From E q s . ( 1 6 8 ) and ( 1 7 0 ) ,  we can v e r i f y  th a t
* x p j - [ a ( f  - Ç p ^ - n l a C Ç  - ( ๆ - ๆ 0) * น ๆ - ๆ ร } J î : a }

o b ta in e d  a s  th e  s o lu t io n  o f  E q .( 1 6 3 ) w hich i s  in  agreem ent w ith  th e  
d i s t r ib u t io n s  o b ta in e d  th ro u g h  a  d is c u s s io n  o f  th e  L angevin  e q u a tio n .
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