
CHAPTER IV

INVERTIBLE MATRICES OVER A SEMIFIELD

I t  i s  v ery  w ell-know n t h a t  a sq uare  m a tr ix  A o v e r a f i e l d  F 
i s  i n v e r t i b l e  o v e r F i f  and o n ly  i f  det(A ) t  0. By th e  d e f in i t i o n  o f 
s e m if ie ld s ,  ev ery  f i e l d  i s  a s e m if ie ld .  The aim o f  t h i s  c h a p te r  i s  
to  c h a r a c te r iz e  i n v e r t i b l e  m a tr ic e s  over a s e m if ie ld  which i s  n o t a 
f i e l d .  A lso , we s tu d y  i n v e r t i b l e  m a tr ic e s  o v er a s e m if ie ld  o f  
n o n n eg a tiv e  r e a l  numbers under th e  u su a l m u l t i p l i c a t io n .

The fo llo w in g  se m irin g s  a re  s e m if ie ld s  which a re  n o t f i e l d s  ะ 
(IR+บ{o}, + , - ) , (Q+บ{0}, + , - ) ,  (IR+บ (o } ,m a x ,.) ,  (Q+บ{0 } 5max 5•) where + 
and • a re  th e  u su a l  a d d i t io n  and m u l t ip l i c a t io n  o f  r e a l  num bers, 
r e s p e c t iv e ly .

Theorem 4 .1 . L et ร be a s e m if ie ld  which i s  n o t a  f i e l d  and A a sq u a re  
m a tr ix  o v er ร. Then th e  m a tr ix  A i s  i n v e r t ib l e  o v er ร i f  and o n ly  i f  
every  row and every  column o f  A has e x a c t ly  one nonzero  e lem en t.

P ro o f ะ By Theorem 1 .4 ,  0 i s  th e  o n ly  a d d i t iv e ly  i n v e r t i b l e  
elem ent o f  ร. S ince  ร i s  a s e m if ie ld ,  Sv(o} i s  c lo s e d  under 
m u l t i p l i c a t i o n ,  so xy = 0 in  ร im p lie s  t h a t  X = 0 o r y = 0. By 
Theorem 1 .5 ,  th e  m a tr ix  A i s  i n v e r t i b l e  o v er ร i f  and o n ly  i f  every  
row and ev ery  column o f  A has e x a c t ly  one nonzero  e lem ent and every  
nonzero  e lem en t o f  A i s  a m u l t ip l i c a t iv e ly  i n v e r t i b l e  e lem ent o f  ร.
But ev ery  n on zero  e lem en t o f  ร i s  m u l t i p l i c a t iv e ly  i n v e r t i b l e  in  ร
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s in c e  s i s  a s e m i f ie ld ,  i t  th e n  fo llo w s t h a t  th e  m a tr ix  A i s  i n v e r t i b l e  
over ร i f  and o n ly  i f  ev ery  row and every  column o f  A has e x a c t ly  one 
nonzero  e le m e n t.

The fo u r  exam ples o f  s e m if ie ld s  g iven  above a re  s e m if ie id s  o f  
n o n n eg a tiv e  r e a l  numbers under th e  u s u a l  m u l t ip l i c a t io n  which a re  n o t 
f i e l d s .  However, we can prove by Theorem 1 .6  t h a t  th e r e  e x i s t s  an 
o p e ra tio n  ๏ on Q+บ{0 } such t h a t  (Q+u { o } ,® ,’ ) i s  a f i e l d  where • i s  
th e  u su a l m u l t i p l i c a t io n .  By Theorem 1 .6 ,  th e r e  e x i s t s  an o p e ra t io n  *
on NU{o} such t h a t  (Nu{0} , * , ' )  i s  a r in g  where • i s  th e  u su a l  
m u l t i p l i c a t io n .  D efine ๏ on Q+บ {o} by

™ a p = ™q*Pnท q nq
f o r  a l l  m,ท ,p ,q  £ Nu{o}, ท ^  0 , q t  0. To show t h a t  ๏ i s  w e l l - d e f in e d 5

I โ
l e t  = —1 and £. = £.1 where m,m ,p ,p  £ Nu{o} and ท,ท 5q ,q  £ N. Then

n ท ^ q
mn = m ท and pq = p q , so mn qq = m nqq and nn pq = nn p q . Thus 
ท q (mq'ๆ?ท) = ท q mq*n q pn = m nqq *nn p q = nq(m q *p ท ) and hence

m a p = mq*Pn _ m q '" P  ท _ m 0 p 'ท" q nq 1 ' ' 'u ^ ท q ท q
I t  i s  s t r a ig h t f o r w a r d  to  v e r i f y  t h a t  th e  o p e ra tio n  ® i s  a s s o c ia t iv e  
on Q+U{o}, th e  u su a l  m u l t i p l i c a t io n  i s  d i s t r i b u t i v e  o v er th e  o p e ra t io n  @ 
on Q+บ{0 } and 0®x = x®0 = X f o r  a l l  X £ Q+u{o}. Because th e  o p e ra t io n  
i s  com m utative on Nu{o}, th e  o p e ra tio n  ร i s  com m utative on <Ç+u{o}.
I t  rem ains to  show t h a t  f o r  each  X £ Q+บ { 0 } ,  x®y = 0  f o r  some 
y £ Q+u{o}. L et £  Q+u{o} where m £ Nu{o} and ท £ N. S ince 
(N u{o},:‘) i s  a  g ro u p , m*p = p*m = 0 f o r  some p £ Nu{o}. Then 
£  £ Q+บ{o} and

m p mn:‘pn_  a .  =  £._ m*p _ 0
ทnn ท 0.
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We s n a i l  p ro v e  in  th e  n e x t  p r o p o s i t io n  t h a t  f o r  any s e m if ie ld .  ร 

o f  n o n n e g a tiv e  r e a l  num bers u n d e r th e  u s u a l m u l t i p l i c a t i o n ,  i f  ร i s  

a f i e l d ,  th e n  th e  c h a r a c t e r i s t i c  o f  ร i s  2 ,  and i f  1®1 = 0 w here  ® i s  

th e  a d d i t io n  o f  th e  s e m i f ie id  ร ,  th e n  ร i s  a f i e l d .

P r o p o s i t io n  4-.2.  L e t ร be a s e m i f ie ld  c f  n o n n e g a tiv e  r e a l  num bers 

u n d e r th e  u s u a l m u l t i p l i c a t i o n .  Then ร i s  a f i e l d  i f  and o n ly  i f  

1®1 = 0 w here ๏ i s  th e  a d d i t io n  o f  th e  s e m i f ie ld  ร .

P ro o f  ะ Assume t h a t  ร i s  a f i e l d .  Then 1®X = 0 f o r  some X ธ ร .  

Thus 0 = xO = x ( l ® x )  = x® x2 w h ic h  im p l ie s  t h a t  X2 = 1 because  ( ร , ® )  

i s  a g ro u p . S in c e  X2 = 1 and X > 0 ,  X = 1 . Hence 1®1 = 0 .

F o r th e  c o n v e rs e , assume t h a t  1๏1 ะะ 0 . Then X®X = x ( l ® l )  = 

xO = 0 f o r  a l l  x  ธ ร ,  so ( ร , ® )  i s  a g ro u p . Hence ร i s  a f i e l d .  £

The n e x t  th e o re m  r e la t e d  t o  i n v e r t i b l e  m a tr ic e s  o v e r  any 

s e m i f ie ld  o f  n o n n e g a tiv e  r e a l  num bers u n d e r th e  u s u a l m u l t i p l i c a t i o n  

f o l lo w s  e a s i l y  fro m  th e  w e ll-k n o w n  r e s u l t  m e n tio n e d  a t  th e  b e g in n in g  

o f  t h i s  c h a p te r ,  Theorem  4 .1  and P r o p o s i t io n  4 . 2 .

Theorem  4 . 3 .  L e t ร be a s e m i f ie ld  o f  n o n n e g a tiv e  r e a l  num bers u n d e r  * 1

th e  u s u a l m u l t i p l i c a t i o n  and A a sq u a re  m a t r ix  o v e r  ร .  Suppose t h a t  

th e  a d d i t io n  o f  ร i s  ®. Then th e  f o l lo w in g  s ta te m e n ts  h o ld  ะ

( 1 )  I f  1®1 = 0 , th e n  th e  m a t r ix  A i s  i n v e r t i b l e  o v e r  ร i f  and 

o n ly  i f  deu+A f  d e t  A.
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(2 ) I f  1๏1 f  0 , th e n  th e  m a tr ix  A i s  i n v e r t i b l e  o v er ร i f  and 
on ly  i f  ev e ry  row and ev ery  column o f  A has e x a c t ly  one nonzero  e le m e n t.
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