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A il D e t e r m i n a t i o n  of f i t t i n g  e q u a tio n  o f boundary p o t e n t i a l .

The f i t t i n g  e q u a tio n  o f boundary  p o t e n t i a l  which was rec o rd e d  
d u r i n g  t h e  e x p e r i m e n t  i s  de term ined  by means o f method o f l e a s t  
s q u a r e .  The b o u n d a r y  c o n d it io n  i s  in  form o f ะ-

V = ร1 (x2+y2) + 0 ใ

In  case of th e  square used, i n  t h i s  experim ent, one v a r ia b le  i s  
equal to  10, the  equation  i s  reduced to

V = ร.1X2 + 0ๅ

Let X = X2 f o r  square and X = x 2+y2 fo r  th e  o th e r,

V  =  3 - jX  +  C-|

The c o e f f i c i e n t  ร^ and th e  c o n s ta n t  can be de te rm in ed  by 
means o f th e  method o f l e a s t  sq u a re  as f o l lo w :-

mS-เ + ( J* X.) <=1 = 1  q
i  = 1 i  = 1

m in Q
c . ^ v  s ! + ( .ร ิ' 5  > =1i-1 i  = 1

m = number of d a ta s .

(B .1 )

The fo llo w in g  ta b le  shows a p a r t  o f  th e  c a l c u l a t i n g  table"!

F u ll  d a ta s  of X, y and V are in  ta b le  1.
1
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X j y V X X2 x*v

! M
i
11 !

Ïf i
i

!
I

T  ----
!

. . .

1
1

~ jI
Î

i
I

10.0 5.2  1 2.80 2 7 .0 4 7 3 1 . 1 6 7 5 .7 1

10.0 5 .4  ! 3.10 2 9 .1 6 850.31 87.77
10.0 5 .6  I 3.22 31.36 1.983.45 1 0 0 .9 3

10.0 5 .8  I 3 .4 3 3 3 .6 4 1,131.65 1 1 5 .3 9

10.0 6 .0  I 3.63 3 6 .0 0 1 , 2 9 6 .0 0 130.63
I ! 1 I i! : I I ! ; ! : i
i > 1 « I j !

- ... - ' __ j- __i ____
1f!i!sum j 3 2 4 » 3 7 4

i .......!

I
3 , 2 3 4 .0 0  |1 9 0 ,1 3 7 .4 3

■Î j
• J

18,391.82

S u b s t i t u t i n g  i n t o  e q . ( A - l )

98 ร1 + 3234 «1 = 324.87 
3234 3 1 +190,137.43 0ๅ = 18,891.82

ร1 = .09796 
0า = .08250

Thus t h e  f i t t i n g  e q u a t i o n  o f  b o u n d a ry  p o t e n t i a l  i s  
V = .09796 X 2  + .0825
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A. 2 T ran sfo rm a tio n  o f p o t e n t i a l  to  c o n ju g a te  f u n c t io n .

On th e  boundary , th e  v a lu e s  o f c o n ju g a te  fu n c tio n  a re

I j j  =  2 (x2 + y2)

For sh a ft o f square cro ss se c tio n , t h e  boundary p o te n t ia l  i s  given 
by eq. (2 .2 7 )

V = 0 .1  (x2 + y2 ) -  10 

So th e  r e l a t i o n  betw een ^ a n d  V a re

l j j =  5 (v + 10) น . 2 )

a lso  from eq. (2- 3 ๆ  ) and eq. (2-34)

For re c ta n g u la r  !j/ = 5 (v + 2 .5 ) (A. 3)

For I  -  s e c t io n  Ÿ  (v + 0 .6 )  (A. 4)

For example, th e  p o te n t ia l  2 .4  V on square sh a ft w il l  rep re se n t 
th e  conjugate  fu n c tio n ,

w  = 5 (2 .4  + 1C.0) = 62.0

but on I  -  s e c tio n , i t  w il l  re p re se n t

I f /  = ^  (2 .4  + 0 .6 ) = 10.0
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A .3 C o n s tru c tio n  o f th e  sh e a r  s t r e s s  l i n e .

The conjugate fu n c tio n  a t  any p o in t can be transfo rm  to  shearing 
s t r e s s  fu n c tio n  by eq. (2 .   ๆ5)

<p = * fc2 + y2) = พ ุ -  2 r 2

The shear s t r e s s  l i n e s  can be co n stru c ted  by means o f the  
e q u ip o te n tia l  l i n e  ob tained  from th e  ex p erim en t as f o l lo w :-

Let hi hj  i ff hj  be th e  v a lu e s  of conjugate fu n c tio n!o ) b  i  )-  -   ------ ) เก
corresponding to  e q u ip o te n tia l  l i n e .

According to  th e  experim ent, th e  increm ent of p o te n t ia l  between 
th e  e q u ip o te n tia l  l in e  s$  i^are co n stan t.

C h oose พ ุ0  = 0 ,  th us พ ุ  = A  พ ุ ) ig -- JL A  พ ุ } พุ3  - - 3  6  พ ุt ---------/ พ ุ- - ท Ù  พ ุ
Take th e  o r ig in  as cen te r of c i r c l e s  whose ra d iu s  are V y  r 0 , . , . . f r r1

Let r o =  0  a t o r ig in , r  1 พ ุ  > r 2  =s jÂ & ¥ j________1r n=j  Zh/ S  พุ

Consider th e  va lue  o f shear s t r e s s  fu n c tio n  at th e  in te r s e c t io n  of 
the  c i r c le s  and the  e q u ip o te n tia l  l i n e .

% พุ « L ---------------- —
-A L)l 0 ù พ ุ ______ ___ __________________ _ ท

- â y 0 ___________ _  _________บ'»-1 )ùพุ

I !
I 1 i i

r m -  m ù ÿ  - ( ท ] . ! ) ร ^  -  _  _  _  __(ท-ทาj û y
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We may conclude th a t  as ท = 1, 2, 3, 4>
th e  in te r s e c t io n  po in t o f Ijj  and r T1 w ill form shear s t r e s s  l i n e  = 0

!t 11 II ijj II r  II II II II _ A
ฯท ท-า

D e te rm in a tio n  o f sh e a r  s t r e s s  com ponents.

The shear s t r e s s  components can b e c a lc u la te d  from both }p  and (p  

since  the experim ent i s  done on I p  , so we w il l  c a lc u la te  from 7V

C o n sid e r on th e  ax is  y T . co n stan t, the  value  of Y i s  fu n c tio n  
of X only .Assuming th e  f i t t i n g  equation  i s  t  he fo u r th  degree polynom ial 
fu n c tio n .

O Q /V = a + bx + cx^ + d r  -I- e'jy"

According to  th e  method of l e a s t  square, the  c o - e f f ic ie n t  o 
f i t t i n g  eq u a tio n  can  be determ ined from th e  follow ing equ a tio n .

ma + ( g  * 1 ) b + ( § ^ )  0 + ( < ^ x j )  d + (^Vjjo e = ipj

( ^ 1 ) a + ( j r X ? ) b  + ( | x ? )  c + ( ^ X̂ ) d + l )  3 =if - |xi

a + ( f x ^ )  b + ( f  X4) c + d + ( |* q )  e

( j p ÿ  a  + ( jg x j)  b + (££๙ ) c + ( g  X V )  d + (-çbcp e =
i=1 i=1 i=1 i=  ๆ ■ i=1 i-1
mx 4'1 „ . t J f,5 \ u . 1 m„6N „ 1 / mr7̂  J , 1 J i A  „  _ m_4( | x j )  a + ( £ 2๙ ) b +  ( J p r )  c + ( J x j )  d +  ( A ? )  e * | x j #

— 1 i= ix i = r  i = r  i = r  i= 11 1

P1

C + e
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F o r  exam ple, when th e y  a re  s u b s t i t u t e d  by thv d a ta s  in  ta b le  7

18a + 107.57๖ + 735.77c + 5530.37d + 4 4 2 5 3 . 6e = 2 3 .3 6 5

107.57a + 735.77๖ + 5530.37c + 44253.6d + 3 6 9 13 9  e = 1 2 1 .5 2 7

735.77a +5 5 3 0 . 7 ๖ + 44253.6c + 3 6 9 1 3 9 ๖ + 3.l6779x106e = 7 2 0 .0 3 2  

5530.37a +44253.6๖+ 3 6 9 , 1 3 9 c + 3.l6779x106d + 27.73?6x106e = 4 , 7 3 3 .1 3  

4 4 2 5 3 . 6 a +3 6 9 ,139๖+- 3.l6779x1C6c + 27.7376x106d + 246.507x106e = 3 3 6 3 3 .8

Solve th e  equa tio n , we get

a = 1.686, ๖ = . 0 1 8 4 . c = - . 0 0 19 0 , d = - . 0 0 0 13 3 , e = - .0 0 0 1 5 4

Thus V = 1.686 + .0184X -.0 0 1 9x2- . 000138x3- . 000154*^ 
y !  = .0184 -.0038x -  .000414X2 -  .0006l6x3

Consider eq. (A -2 )

à £ÏX
'Zj z
y f o c

= 5 

= 5

(7  + 10)

fo r  example a t X = 8 .0

vf  = 1.686 + .0184x3 -  .0019(8)2 -  .00013ร(8)3 -  .000154(8)^ = 1.010 

îf/f  = 5 (1.010 + 10) = 55.05
À L f = .0 1 8 4  -  .0038(8) -  . 0 0 4 1 4 (B) 2 -  . 0 0 0 6 16(8 )3 = -  .3539 

= -  .3539 X 5 ะ*-!.7695

ffyg = 1 .7 6 9 5  + 8 .0 0  = 9.7695 ^  9 .77y f o C
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Since tile  method of so lv ing  th e  f i t t i n g  equation  i s  ra th e r  
la b o r io u s ly  i f  th e re  are se v e ra l s e ts  of d a ta s , so a computer program i s  
provided in  Appendix (b )

I f  a s in g le  p o in t in  th e  reg io n  i s  c o n s id e re d , i t  i s  much easy to
approximate from i t 1ร neighborhood p o in ts  by th e  fo llow ing  method. For
example, to e v a lu a te  ±11, a t X = 8 .0 , y « 0.ร'น. oC

I t  i s  observed th a t  y = 0

X = 7 .3 8 , V = 1.2
X = 8 .00 , V = 1.0
X = 8 .56 , V = 0 .8

A second degree polynom ial fu n c tio n  o f  X i s  assigned  to  be the 
va lue  of V.

Y = a + bx + cx2

a t  X = 7 .38 , a + 7 .38b + 54- 4 6 4 4 c = 1.2
a t  X = 8.00,, a + 8,00b + 64c' = 1.0
a t  X = 8 . 56, a + 8.56b + 73.2736c ะ, 0 .8

c = -  .0 2 9 2 9  

b = .1 2 7 9

a = 1.85
Yg = 1.85 + .1279* -  .02929X2

= 1.85 + .1279 X 8 -  . 0 2 9 2 9 (8 ) 2 = .9986



8 8

à —  = .12 7 9  -  .0585& :5 *
= .1 2 7 9  -  .0 5 8 5 8  X 8  = -  .3 4 0 7 4  

~ J =  -  .3 4 0 7 4  X 5 = -  า . 7037 
j T =  -  ( -  า . 7039) + 8 = 9 .7 0 3 9  ̂  9 .7 0

which is less than 1% different from the former value

-A~5 D e te rm in a tio n  o f th e  to r s io n a l  s t i f f n e s s .

From eq. (2 -  า7)

Since

M = 2 / { o £ j j ( p & z à y

Ijddxdy  = lim  ^  0 V ■ d X '  /\.y
ฉ7 £x-*o k=1 7

'The integral part can be approximated by dividing the area of 
specimen into many equal sqaures„ The value of <p at the center of each 

square is determined by interpolation. Since the specimen represents 
•a quarter of cross-sebti-on „

( f A% f i t e d y  ~  4  0 k- A V  4 yk

In case of equal squares.
\  = A x k / i y k

(A -  5)

M
yW'f'X & ■ *

constant
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For example, th e  square specimen i s  d iv ided  in to  2 5  equal squares, 
each square i s  equal to  4 u n its  as shown in  f ig .  20 . The va lu e  of (p  

of each  square are  in  ta b le  18,., we get

I 1 ( 4  = 709.6

M = 8 X 4  X 709.6 = 2 2 , 7 0 7 . 2

i  -  6 Determine K and K1

From eq. ( 2 - 2 7 )  and (2 -  28)

-  Z max

K, = _M___
y 4 /.c * t aeb

fo r  example, square specimen, -y — = 2 2 , 7 0 7 . 2 , _6jaax
ÿ Ç o h = 1 3 . 4 7

K = 13.47
20 = . 6 7 3 5 , ^ . 6 7 4

K, = 22,707.2
204

= . 1 4 1 9



APPENDIX B

COMPUTER PROGRAM AND FLOW CH-ART
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B . า COMPUTER p r o g r a m  for determining  f it t in g  equation .

c DETERMINE EMPIRICAL F0HMULA IN P0LYN0MIAL F0HM BY
c LEAST SQUARE MSTH0D
c

DIMENSION p (200) ,  PHI (200) ,  A (7 ,7 ), B (7), 0 (7 ), x (7 ) ,  E(7.y)
c
C READ DATA
C ND = N0.0F PR0BLEMS PUNCH IN A CARD
C N = N0.0F EQUATI0NS, M = N0.0F DATAS PUNCH IN A CARD
c p = VALUE 0F VARIABLES, PHI = VALUE 0F FUNCTI0N3 PUNCH 4 SETS EACH CARD
c

READ (2 ,5 ) ND 
5 F0HMAT (12)

D0 500 พ  = 1, ND 
READ ( 2 , to ) N,M 

10 F0RMAT (12,14)
D0 20 I  = 1,M,4
READ (2,15) p ( l ) ,  P H I(i) , P (I+ 1), PHI(1+1), P (l+ 2 ), P in (l+ 2 ),P (l+ 3 ),P H I( 

11+3)
WRITS (3,15) P (I) ,P H l(l) ,P(I+1 ) , PHI (1+1 ) ,P ( l+ 2 ) , PHI(1+2) ,P (l+ 3) ,p in (  

11+3)
15 F0BMAL (8F9.4)
20 C0NTINUE:

IF(N.LB.O.0R.N.GT.7.0R.M.GT.2OO) G0 T0 480 

IF(M.LT.N) G0 T0 480
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c
c CLEAR ARRAY
c

ว0 25 I  = า ,7
G (I)  = 0 .0  
D = 0 .0  
X (I) = 0 .0  
3(1) = 0 .0 
D0 25 J = 1,7 
A (I,J )  = 0 .0  
3 ( 1 ,J )  = 0 .0  

25 C0NTINUE
c
c CALCULATE CONSTANT AND C0EFFICIENTS
c

D0 35 I  = ไ , N
D0 30 J  = 1,N
NA = I  + J  -  2 
D0 30 K = 1,M
A(l, J ,  ) = A (I,J)  + P(K)**NA 
B (I ,J )  = A (I,J)

30 C0NTINUE
D0 35 L = 1,N
G(i)  = C(I) + PHI(l )*P (L )**(I-1)

35 C0NTINUE
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40

50
60

G

c
G

c
G

C

110
G

G

WRITE (3,40)
FERMAT (6H0GIV3N/)
D0 60 I  = า ,N
WRITE (3 , 50) (A(I,J),  J = 1,N), ๐(1 )
FERMAT ( 1 '10,8 (E 13.6 2X) )
G0WTINUE

S0LVE SIMULTAME0U3 EQUATI0K BY METF0D 0F DIVI3I0N 31 LEADING 
C0EFFICIENT

PERF0HM DIVISI0N

D0 180 KA = 1 ,N 
D0 110 I = KA, N 
D = A (I,KA)
0(1) = G(I)/D 
D0 110 J = KA,N 
A(I,J)= A(I,J)/D 
C0NTTNUE

PSRF0RM รบBSTRACTI0N
G

KB = KA+1 
D0 160 I  = KB, N 
G(I) = 0 (1 )  -  G(KA)
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D0 160  J = KA, N 
A ( l , j )  = A (I,J )  -  A(KA, J )

160 CONTINUE
180 C0WTINUE

c
G COMPUTE R00T3 0F THS 3IMULTANS0US EqUAïT0NS
C

D0 210 I  = 1,N
K = N -  1+1
SUM ะ= 0 .0
D0 205 J  = 1, N
SUM = SOM + A(K, J )"'X(j)

205 CONTINUE
X(K) = C(K) -  SUM 

210 C0NTÏNQE
WRITE (3,220)

220 F0KMAT (27H0R00TS 0F THS EQUATIONS ARE / )
D0 240 I  = 1 ,N 
WRITE (3 , 2 3 0 ) I ,  x ( l )

230  FORMAT (3H0X( , 1 2 , 2H) =, E 1 3 .6 )
240 C0NTTNUE

G CHECK R00TS 0F EQUATIONS
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D0 260 I  = า , N 
D0 260 J  = 1,N 
B (I) = B (I) + E ( l , j )* x ( j )

260 CONTINUE
WRITE (3 ,270 )

270 F0RMAT (32F6 CHECK R00TS FR0M LEFT HKD SIDE/) 
D0 290 I  = 1,N 
WRITE (3 ,280) I ,  3 (1 )

280 F OR1''AT (3H0B (I2 ,2 h) = , E15.8)
290 C0FTIMJE

c

c C0MPÜTE SUM 0F SQUARE 0F DEVI ATI0N
c

รบMV = 0 . 0
D0 3า0 I  = 1,M
DE v=x (1)+X(2)*P(l)+X (3) " P ( l )  tt*2+X ( 4). *p ( I  ) **3+X ( 5 ) ■* p ( i  ) 'K'4+X (6 ) *p ( l  

1 ) **5+X (7 )*p(I ) **6- PHI ( I  )
3DEV = DEV-"~"-2 
SUMV = SUMV + SDEV

310

320

C0UTIMJE
WRITS(3 ,320) SUMV
F0RMAT (30HO SUM 0F SQUARE 0F DEVIATI0N =, S15.8)
VJRITS (3,300)
FORMAT (121 HD#**********--------------------------------- ----------------- -*

ๆ  9HHRBHP____________ _________________________________ -_______ -̂-____

3 0 0



2 / / / )
G0 T0 500

480 WRITE (3,490)
490 E0RHAT (12HON0 S0LÜTI0N)

WRITE(3,300)
500 C0NTIMJE

3T0P 
END



B .2  Flow c h a r t, f o r  a o lT ln g  f i t t i n g  e q u a tio n



r
NO

0 fsj |/M
5i.

bi‘. I.
ไ

T:

>
A ะ;,/ '' - j

L. I*3tf s *3 «.รุ' I

/(?v + Xv sx ■‘•jV'ty-fj
2''ไ# c>r  ̂V 2x+'k= A3<r I 
— —f

□ ~£7’i7IFJ?

i นุ.
: '.L
1 I;1

X x ^! 4M
~JJ

■*̂ I
[ 'น»ก;- *j> -X̂ I

น! <■ . M-'-C 'น>

t-î ‘4

น,

l+N
M

-N
N



99

3 .3  COMPUTER PROGRAM FCE SOLVING ANALYTICAL EQUATION OF CON JUG 113 FACTION
AND SHEAR STRE,รร FUNCTION OF THE SQUARE SHAFT.

DIMENSION P(10),V(10)
A = า0.0 
B = 10.0 
IA = A 
IB = B 
ID = 2
D0 300 I  = 1 ,IB  
D0 300 J = 1 ,1 0 ,ID 
AI = I  
AJ = J
Y = (A I-1.) + (AJ -  1 .) /1 0  
WRITE (3,10) Y

10 F0RMAT (3H0Y=,F4.1, 24X„21HC0ÎTJUGATE FÜNCTI0N,
135X,17H STRESS FUNCTI0N/)
WRITE(3,20)

20 F0RMAT(lHb, I4 X, 3Hb.0, 7.x, 3Hb.2 , 7X,3Hb.4, 7X,3Hb.6,7X,3Hb.ร, 
1l2X,3Hb.0, 7X,3Hb.2, 7X,3Hb.4, 7X,3Hb.6, 7X,3Hb.8/)
D0 300 K = 1 , IA 
AK = K
D0 200 L = 1,10, ID 
AL = L
X = (AK -  1 .) + (AL -  1 .) /1 0 .



1 0 0

V(L) = pm  (x ,Y, A, B)
200 P(L) = V(L) -  0 .5 “ (X**2+Y**2)
230 Kl = K -  1

WRITS (3, 240) KI,(V(M), M =1,10,ID), (p (N), N = 1 ,1 0 ,ID) 
240 F0RMAT (31-1๖.X =, I1,7X,5F10./+, 5X, 5F10.4/ )
300 CONTINUS

3T0P 
END
FUNCTION PHE(X,Y, A,B)
PI = 3.1415927 
SIGMA = 0 .0  
N = 0

100 AN = N
BK = (2* AN + 1.)*X/(2.*A)
Kl = BK/20 
BI = 20*KE 
BK = BK -  BI 
BKN = BK*PT
AKN = (2.*AN+1.) *P l/(2 .*A )

M = N/ 2*2
IF (M.EQ.N) G0 T0 105 

ON = -  (2.*AMf1.)**3 
G 0  T 0  106

105 CK = (2.*AN+1.)**3
EXPY = EXP (AKN*Y)106



1Q1

C0SHY = 0,5'"" (EXP Y +1. /SXPY)
5XPB = EXp(AKM*B)
C0SHB= 0 .5" (EXPB +1 ./EXPB)
C0SX = COS (BKN)
TTJ ะ= C0SHY':'C0SX/C0SHB/CN

1 10 SIGMA = SIGMA + TN
IF ( ABS (C0SX).LT.0.001) G0 T0 25 

B= 0 .5 E-6
IF(ABS(G0SX),LT*0.001) G0 T0 120 

25 N=N+1

G0 T0 100

120- PEI =&* *2+0.5* ( T* *2-X* *2 ) - 3 2 . *Ii? *2*SIGMA/PI* * 3
RETURN
EKD



B,k  Flow chartL fog ' sa lv in g - a n a l y t i c a l  (Equation of th e  square shaft
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