
CHAPTER 6

CONCLUSION

6. า Conclusion

In the case of simply connected region, the method of conducting 
paper analogue is reliable to determine shear stress distribution including 
magnitude of maximum shear stress occured in normal condition and also 
torsional stiffness. But it is inaccurateto determine the stress 
concentration which shear stress is increased rapidly in a small region 
and the region where the increment of conjugate function is high 
comparing to other regions of the specimen.

6 .2  Suggestion fo r  fu tu re  work

6 . 2 .  ๆ To determine the stress concentration at the reentrant 

corner more accurately.

To determine the stress concentration at the reentrant corner 
accurately, the following attempts may be done.

า. The specimen is enlarged, since the size of conducting paper is 
limited, so it is impossible for conducting paper analogue to follow7 this 
waŷ but for other type of electrical analogue such as electrolytic tank
i t  is practicable.
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2. The f i l l e t  reg ion  should be en larged  ๖:/ transfo rm ing  th e  cross 
se c tio n  to  a more s u i t a b le  form . A ll  p o in ts  in  th e  re g io n  of c ro ss  se c tio n  
are mapped on to  another reg io n  by s u ita b le  tra n sfo rm a tio n  and th en  form 
a new shape o f c ro ss s e c tio n . The boundary p o te n t ia l  s u p p lie d  to  th e  
p o in ts  on the  t  ransform ed reg io n  must c o rre sp o n d  to  th o se  on th e  

o r i g i n a l  c r o s s - s e c t io n ,  hihen e q u ip o te n t i a l  l i n e s  a re  o b ta in e d  in  th e  
tra n sfo rm e d  c r o s s - s e c t io n ,  th ey  a re  r e - tra n s fo rm e d  to  th e  o r i g i n a l  
c r o s s - s e c t io n ,  th en  o th e r  r e s u l t s  can be de term ined  by th e  p re v io u s  
m ethod.

Example f o r  th e  use o f t r a n s fo rm a tio n : -

น + iv  = m co th  X -  iy
2

as D.3. Ross"' used in  case of c i r c u la r  sh a ft con ta in ing  a key way, 
transform  the  equal angle in  z “ reg ion  on to  a new shape in  w -  reg io n . 

Real and im aginary p a r ts  are ob ta ined  as fo llo w e d :-
r

น = m s in h  X_____ ,v = m sin  y________
cosh X -  cos y cosh X -  cos y

The o r ig in a l  and transform ed c ro ss -  s e c tio n  are  shown in  f i g . 23(a)
and (๖)

R oss ,D J3 .and  Q u re s h i ,I .H . "Boundary Value Problems in  Two 
Dimension E la s t ic i ty  by Conducting Paper Analogue." Journal o f S c ie n t if ic  
Instrum ents;, Vole 40( 1963) :P.513 -  5า7.

1
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F ig , 23 (a )
The c r o s s - s e c t io n  o f th e  eq u a l an g le  in  z - re g io n
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F i g . 2 3 ( b )

The cross-section  of the equal angle in  พ*»region 
(The transformation of z-region)
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6 ,2 .2  T o rs io n  problem  o f an an is-Q tro p ic  s h a f t  -eoiv 0(5 by 
conducting paper analogue.

L et th e  a n is o t r o p ic  s h a f t  has th re e  m utual o r th o g o n a l p ia n o s  
o f e l a s t i c  sym m etry. The a x is  o f th e  s h a f t  i s  p e r p e n d ic u la r 'to  one o f 
th e  p lan e  o f  e l a s t i c  sym m etry. For t h i s  s p e c ia l  c a s e ,  th e  a n a l y t i c a l  
e q u a tio n s 'h a v e  been so lv e d  in  r a t h e r  c o m p lica ted  forms► 'These 

e q u a tio n s  can be reduced  to  th e  sim p le  form s o f i s o t r o p i c  s h a f t  by 
c h o o s in g - th e  c o - o r d in a te  axes o f th e  c r o s s - s e c t io n  to  c o in c id e  w ith  

th e  lo n g i tu d in a l  p lan e  o f e l a s t i c  symmetry and in t r o d u c in g  new v a r ia b le s

I t  means th e  boundary equation  changed from f  (x ,y ) = 0 to  F (x ,y ) 
= 0. Then th e  equations of is o tro p ic  sh a f t become

T)

Ù น * '  ช น ' *

and boundary co n d itio n

c  y
where J /x s  the  normal to  t h e  boundary G*

ๆ Si ท'น-ทไท-!พก ff.I . ร . Mathematical Theory of Elasticity, p . า93~า97«
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Since th e  fu n c tio n  y j  (x,y ) i s  harmonic, i t  i s  p o ss ib le  to  
in troduce  a conjugate fu n c tio n  (น,y ) r e la te d  to  tp  (น,v) by Cauchy -  
Riemann equatio ns

à #  -  à V  M L
~  j  è v  à u

and a lso  in troduced  in  th e  same way as is o tro p ic  sh a ft 

0  ( น , v )  =  ไ เ/  ( น , v )  -  •ฐ- ( น 2  +  V 2 )

The fo llow ing  equations are proved by th e  same method as 
is o tro p ic  s h a f t ,

£  '.ะ !f e 1.
£>  aV

น)

B .c. Y  = i  (i 2 + V2) + c
A  4. A . = -  2
à u x à  VA

B .c, 0  = c

M = 2  o c  A < f ' j j  (f) dudv
R

These equations are  d i f f e re n t  from th e  equations of is o tro p ic  sh a f t 
only by th e  co n stan ts  o f th e  shear s t r e s s  components and to r s io n a l  s t i f f n e s s .  
So the conducting paper analogue can be extended to  solve th ese  problems 
by transform ing  th e  c ro ss  -  s e c tio n  req u ired  which i s  governed by eq u a tio n
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f  (x ,y ) = 0 to  be a new cross -  s e c tio n  which i s  governed ' by cthe e q u a tio n  
F (น, v) = 0 . Boundary p o te n t ia l  i s  s e t  by mean of boundary cond itio n  
W ' -g- (น2 + V2) + c. Then shear s t r e s s  components and torsional s t i f f n e s s  
can be determ ined from e q u ip o te n tia l  l i n e  by th e  above e q u a t io n .

According to  Sokolnikoff1, th e  CO -  o rd in a te  axes are not chosen to  
coincide w ith the  lo n g itu d in a l p lane5of e l a s t i c  symmetry. I t  i s  considered  
th a t  conducting paper analogue i s  a lso  a p p lica b le , but transform ed c ro ss- 
se c tio n  may be awkward and th e  equation  of shear s t r e s s  components are  in  
more complicated fo rm s.

6 .2 .3  T o rs io n  problem of multiply connected  re g io n  s h a f t  
solved by c o n d u c tin g  paper analogue.

I n c a s e  of sh aft whose cross -  s e c t io n  . i s  m ultip ly  connected 
reg io n , the conjugate fu n c tio n  lj/ must s a t i s f y

T T Ï  +  f -y *  = 0 in  R
2 2.and 3.C . y/j = k (x  +y ) + k^ on Gi  ( i  = 0 ,ๆ , 2 . . . ท)

Gq i s  the  e x te r io r  contour o f s h a f t£ . j ,  C2J C y * .* .,C n 3X8 th e  
contours o f h o les . R i s  th e  reg io n  in s id e  Cq and o u ts id e  C-j, ท*

The value  o f k. should be determ ined so th a t  th e  d isplacem ents are  
s in g le  v a lu e . The v a lue  of kQ can be assigned  a r b i t r a r i l y ,  bu t the 
rem aining ท constan t k^ must be determ ined so th a t  they s a t i s f y  the  se t 
o f ท c o n d itio n s .

^ S o k o ln ik o f f ,1 .ร.Mathematical Theory of Elasticity. p.193~197



ท

ci
(  ( à J f  dx dy) = 0

J * y  d x
(i = 1,2... ,ท)

When the conducting paper analogue is applied to this case, the 
problem is what the valuesof ท constants k̂  are.

aV.Consider the condition of potential distributed in thin conducting 
sheet which is the analogous system, since^and V may have different scale.

V .  ร2f  *82

.  0 in R
d x  d y

B.G. V = S.J (x +y ) + (c.j+k^) on {x = 0 , 1 , 2 , . . . , ท)

and set of ท condition will be

/ à  V , b V . X ก
Ü  * *  -  b i ฬ  ‘ 0

Since 1 = - i i V  i* f  ôx ’ y 1  i v
f  à y
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C o n s id e r  t h e  c u r r e n t  f lo w  a c r o s s  a  c lo s e d  c u r v e  c ,  t h e  c u r r e n t
f lo w  a c r o s s  A s  w h ich  i s  a  p o r t io n  o f  c u rv e  c i s  i  ' A S  ' S in c e .

So th e  t o t a l  c u rre n t flows across boundary c i s

I  = i .  • AS-- s in  ^  .i h  1 1  1
Since oc = 180 -  (. pi t  .'โ;}

= i .  i s in ( P i ♦  3 1) - A 3 i

= i .  i s in  1) ° o s ^ ’A 3 i + i .  i cos fj  ̂ s in

= i . cos X .-A3. + i.„_ s in 1 . 'Û  iv 1 — X IX v i  ü  i

f - J h . !  ■ + 1ix  ■ A yi  -A3,
L j AsV

= -  i y 4 * i  + พ ^ .

A 1 (* ^ * ร  + h # - ' )

l im i t  ท —> oc:.
I  =ะ /  ( - i  dx + i  dy)*  y  x

/
I t  i s  proved th a t  th e  ex p ressio n  ji ( - i  dx + i x 8y) i s  th e  t o t a ly j

cu rre n t flow  across th e  boundary c .  The se t of ท co n d itio n s  i  ( - i  dx
i  y

i x dy) = 0 me a n .th a t  the cu rren t flow  in to  any i n t e r i o r  boundary and 
th e  cu rren t flow  out of th a t  boundary are equal.

The conducting paper analogue may be extended to  so lve the problem
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Vo = S1 fc2 + y2) + °า on °0

The i n t e r i o r  boundary p o te n t ia ls  a re

\  = ร 1 (x2+y2) + (0ใ + k±) on Gi  

'The fo llow ing ways may be done,

.ๆ The value o f may be se t equal to  zero , th e n  g radua lly  in c rea se s  
u n t i l  t  he c u rre n t flow  in to  and out o f th e  boundary a-e equal,

2. The supply in strum en ts o f each boundary a re  used sep e ra te ly  so 
th e  cu rren t flow in to  and out of th e  instrum ent must be equal.

o f  m u l t ip ly  c o n n e c te d  r e g io n .  The c o n s t a n t  kQ i s  s e l e c t e d  e q u a l t o  z e r o ,
t h e n ,  t h e  e x t e r i o r  boundary p o t e n t i a l s  a r e  s e t  so  t h a t
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