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C h a p t e r  I I I

3 . 1  I n t r o d u c t i o n

M O D E L I N G

T h e  s i m p l e  e q u a t i o n s  o f  t h e  m o t i o n  o f  a  f i n - s t a b i l i z e d  

s h o r t - r a n g e  r o c k e t  h a v e  b e e n  d e r i v e d  f r o m  N e w t o n ' s  l a w  d e s ­

c r i b e d  i n  t h e  p r e v i o u s  c h a p t e r .  F o r  t h e  f u r t h e r  i m p l e m e n t a ­

t i o n ,  i t  i s  s e e n  t h a t  t h e  e q u a t i o n s  o f  t h e  m o t i o n  p r e v i o u s l y  

d e s c r i b e d  c a n  b e  d i v i d e d  i n t o  t w o  p a r t s .

(a)  T h e  m o t i o n  a l o n g  t h e  p a t h  o f  t h e  r o c k e t .

(b) T h e  m o t i o n  a r o u n d  t h e  p a t h  o f  t h e  r o c k e t .

I n  t h i s  s e c t i o n ,  t h r e e  k i n d s  o f  a c t u a l  a c t i o n s  a r e  

e n c o u n t e r e d  i n  t h e  e q u a t i o n s  o f  t h e  m o t i o n s .  T h e s e  a r e  p i t c h ,  

y a w  a n d  r o l l  a c t i o n s .

(a)  P i t c h

P i t c h i n g  i s  t h e  a n g u l a r  m o t i o n  a b o u t  c e n t e r  o f  

m a s s  i n  t h e  v e r t i c a l  p l a n e .

(b)  Y aw

Y a w i n g  i s  t h e  a n g u l a r  m o t i o n  a b o u t  c e n t e r  o f  m a s s  

i n  t h e  l a t e r a l  o r  h o r i z o n t a l  p l a n e  i f  t h e  r o c k e t  i s  t r a v e l l i n g  

h o r i z o n t a l l y .

( c )  R o l l

R o l l i n g  i s  t h e  a n g u l a r  m o t i o n  a b o u t  t h e  l o n g i t u d i ­

n a l  a x i s .
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F o r  a  f i n - s t a b i l i z e d  r o c k e t ,  t h e  m o t i o n s  i n  t h e  v e r t i ­

c a l  a n d  t h e  h o r i z o n t a l  p l a n e  a r e  s y m m e t r i c a l  d u e  t o  t h e  s h a p e  

o f  f i n s  f i x e d  a t  t h e  r e a r  o f  t h e  r o c k e t .  A c c o r d i n g  t o  t h i s  

s y m m e t r i c a l  a x i s ,  p i t c h i n g  a n d  y a w i n g  c a n  b e  r e p r e s e n t e d  b y  

t h e  s a m e  e q u a t i o n .  T h u s  t h e  m o t i o n  c a n  b e  d i v i d e d  i n t o  tw o  

m a i n  p o r t i o n s .  T h e s e  m o t i o n s  - c o n s i s t  o f  t h e  t r a j e c t o r y ,  p i t c h ­

i n g ,  y a w i n g  a n d  r o l l i n g  w h i c h  a r e  d e s c r i b e d  i n  t h e  n e x t  s e c t i o n s .

3 . 2  M o t i o n  D u r i n g  B u r n i n g

i s  c o m p l e t e l y  b u r n t .  T h e  m o t i o n  c o m p r i s e s  o n l y  t h r e e  k i n d s  

o f  a c t i o n s .

o f  t h e  a c t u a l  t r a j e c t o r y  d u r i n g  b u r n i n g  c a n  b e  o b t a i n e d  b y  

t h e  a s s u m p t i o n  t h a t  t h e  s t a b i l i z i n g  a c t i o n  o f  t h e  f i n s  i s  

p e r f e c t  s o  t h a t  t h e  a x i s  o f  t h e  r o c k e t  a l w a y s  p a r a l l e l s  t o  

i t s  d i r e c t i o n  o f  t h e  m o t i o n .  H e n c e  t h e  r o c k e t  a x i s  i s  a l w a y s  

t a n g e n t  t o  t h e  t r a j e c t o r y  a n d  t h e  y a w  a n g l e  i s  a l w a y s  z e r o .

F r o m  e q n s .  ( 2 . 2 )  a n d  ( 2 . 3 ) ,  t h e  a p p r o p r i a t e  e q u a t i o n s  

f o r  t h i s  c a s e  c a n  b e  w r i t t e n  a s  ะ

T h e s e  a r e  t h e  m o t i o n s  f r o m  l a u n c h i n g  u n t i l  t h e  p o w d e r

3 . 2 . 1  T r a j e c t o r y

I n  t h e  c a s e  o f  a  n o r m a l  f i r i n g ,  a  g o o d  a p p r o x i m a t i o n

T
m

-  g  S i n  e ( 3 . 1 )

T
m ( 3 . 2 )
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V e r t i c a l

F i g u r e  3 . 1

A D i a g r a m  o f  T r a j e c t o r y  D u r i n g  B u r n i n g .

0 0 0 9 3 8
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i n  w h i c h

V  = X  ( 3 . 3 )

a n d  V .  ^  = g  C o s  0

V . 0 = g  C o s  0 ( 3 . 4 )

E q u n s .  ( 3 . 2 )  a n d  ( 3 . 4 )  r e p r e s e n t  t h e  m o t i o n s  o f  t h e  c e n t e r  

o f  t h e  m a s s  f o r  a  f i n - s t a b i l i z e d  r o c k e t .  T h e  t r a j e c t o r y  o f  

t h e  r o c k e t  o c c u r s  o n l y  i n  t h e  v e r t i c a l  p l a n e .  F o r  a  s h o r t -  

r a n g e  r o c k e t  t h e  f i r i n g  r a n g e  i s  v e r y  m u c h  g r e a t e r  t h a n  t h e  

h e i g h t  o f  t h e  t r a j e c t o r y .

3 . 2 . 2  P i t c h i n g  a n d  Y a w i n g

I n  t h i s  c a s e ,  p i t c h i n g  a n d  y a w i n g  m a y  b e  c o n s i d e r e d  

t o g e t h e r .  w h e n  t h e  p i t c h  o r  y a w  b e h a v i o r  o f  a  v a r y i n g  m a s s  

i s  e n c o u n t e r e d  a n d  t h e  v a r i a t i o n  o f  t h e  m a s s  m a y  b e  c o n s t r a i n e d  

b y  t h e  a p p r o x i m a t e  e q u a t i o n .

m = m0  (1 -  c t )  ( 3 . 5 )

w h e r e  1ท๐  i s  t h e  i n i t i a l  m a s s

c  i s  t h e  r a t e  o f  t h e  m a s s  f l o w  

F r o m  e q n s .  ( 3 . 2 )  a n d  ( 3 . 5 ) ,  we o b t a i n

mo  (1 -  c t ) .  = T  -  \  C D p d 2v 2 ( 3 . 6 )

w h i c h  i s  a  R i c c a t i  e q u a t i o n  a n d  t h e  v e l o c i t y  V  c a n  b e  

s o l v e d  a s

/ T  { C o  + (1 -  c t ) B }

ร / 5 C D p d 2 { C Q -  (1 -  c t ) B }
V  ( t ) ( 3 . 7 )
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w h e r e

B

c

V^2C p T
cm_

=  V  +  4 r  
๐  d

2 T

ร ิp
V  — i -  

๐  d
2 T
c ”Dp

T h e  e q u a t i o n  o f  a  v a r y i n g  m a s s  r o c k e t  r e l a t e d  t o  t h e  y a w  a n g l e  

h a s  b e e n  d e r i v e d  b y  W . F .  B y r n e  a n d  ร .  R a y n o r ^  a s  ะ

mQk 2 (1 -  c t )  <j> + ( r 2 -  k 2 ) c m o .<t> + h C y i p l .  v 2d 2 . 0 = 0 ( 3 . 8 )

w h e r e  a  =  t h e  r o c k e t  l e n g t h

CM = a e r o d y n a m i c  r e s t o r i n g  m o m e n t  c o e f f i c i e n t  

r  = t h e  d i s t a n c e  f r o m  t h e  c e n t e r  o f  t h e  m a s s  t o

t h e  n o z z l e  a x i s .

F r o m  e q n .  ( 3 . 8 )  we m a y  w r i t e

0 +
( r 2 -  k 2 ) . cin

mQk  (1 -  c t )
. (f> +

CM p £ v 2 d 2 

2mQ k 2 ( 1 - c t )
<J> = 0 ( 3 . 9 )

S u b s t i t u t i n g  v ( t )  f r o m  e q n .  ( 3 . 7 )  i n t o  e q n .  ( 3 . 9 ) ,  we o b t a i n

B
CM£T

* + X  -  c t !  • * + c „ m  k 2 ( l - c t )D o

C o  + ( 1 - c t )

C o  -  ( 1 - c t )
B . <p

= 0 ( 3 . 1 0 )

W h en  a  s m a l l  r o c k e t  i s  c o n c e r n e d ,  t h e  r a t i o  o f  t h e  

f i n a l  m a s s  t o  t h e  i n i t i a l  m a s s  i s  g r e a t e r  t h a n  0 . 8 .  T h u s  

t h e  m a s s  r a t i o  i s  ะ 

M f i n a l
M i n i t i a l X  1 0 0 80%
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V e r t i c a l

F i g u r e  3 . 2

A D i a g r a m  S h o w in g  t h e  A n g l e  o f  Yaw w i t h  R e f e r e n c e  t o

P r o j e c t i l e  P a t h
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F o r  a  s h o r t - r a n g e  r o c k e t  s y s t e m ,  t h e  i n i t i a l  m a s s  i s  

a b o u t  2 k g .  a n d  t h e  b u r n  o u t  m a s s  r e m a i n s  0 . 2  k g .  H e n c e  t h e  

m a s s  r a t i o  i s  90%.  T h e  t e r m  (  ̂  ̂ ■) i n v o l v e d  i n  e q n .  ( 3 . 1 1 )

c a n  b e  e x p r e s s e d  a s

1 j; c t  = 1 + c t  + c 2 t 2 + c 3 t 3 + ...............  ( 3 . 1 1 )

F o r  t h e  m a s s  r a t i o  i s  g r e a t e r  t h a n  80%,  t h e  a b o v e  e q u a t i o n  

m a y  b e  a p p r o x i m a t e d  a s^

Y ~ - c t  ~  1 + c t  + ° 2 ^  -  (1 + c t ) 2  ( 3 . 1 2 )

S i n c e  t h e  r a t e  o f  m a s s  f l o w  i s  e q u a l  t o  t h e  i n v e r s e  o f  t h e  

b u r n i n g  t i m e  T b .  H e n c e ,  e q n .  ( 3 . 1 2 )  b e c o m e s

A s s u m e  t h a t  t h e  v e l o c i t y  d u r i n g  v e r y  s h o r t  b u r n i n g  t i m e  i s  

c o n s t a n t ,  t h a t  i s

V ( t )  = V o  ( 3 . 1 4 )

F r o m  e q n s .  ( 3 . 1 0 ) ,  ( 3 . 1 3 )  a n d  ( 3 . 1 4 ) ,  t h e  e q n s .  ( 3 . 1 0 )  b e c o m e s

<t> + 2  K .  i  + K 2 V 2  ( 1  +  l ^ ) 2  .  4> =  0  ( 3 . 1 5 )

w h e r e  K = ^ — - 2-k  } (1 + I  ) 2 ( 3 . 1 6 )

ะ,ะ S r  ะะะะ:ะ
L e t

1 + ^  =
n o n - d i m e n s i o n  t i m e

d T



We h a v e  cf> =
dcf) d(j) . = 1 *  

V
d t T b d x

1 d 2 ( j ) 1
2 , 2 2

T b
d x T b

T h e r e f o r e ,  t h e e q n . ( 3 . 1 5 ) b e c o m e s

%  d 2 f  + 2K +
K 2 V 2 X 2

T b  dT T b
d x

1 o

( 3 . 1 8 )

( 3 . 1 9 )

S i m p l i f y i n g ,  we o b t a i n

< p "  +  2 K T b < r +  K 2 V o  Tb 2 H to
-e

- II 0 ( 3 . 2 0 )

L e t  (J> (  X  )  =
- K T ,  X  

e  b e  ( T )

< T ( t )  =
- K T ,  T  

e  b 0 "  ( t ) -  K T b e _ K T b T 0 ( t )

< p "  ( T )  =
- K T .  T  e  b K \ 2 0 ( X )  -  2 e ' K T b T K T b 0 ( x ) + e - K T b T e ~ ( x )

S u b s t i t u t i n g  < p "  , a n d  4> i n t o  e q n .  ( 3 . 2 0 ) ,  we h a v e  f i n a l l y

e " ( T )  + K 2  V 2 T 2 ( t 2 -  ■ - y  -2- )  0 ( T )  = 0  ( 3 . 2 1 )

K1 V o

F o r  t h e  s m a l l  s i z e  o f  t h e  r o c k e t  i s  c o n c e r n e d  a n d  t h e  m a s s

r a t i o  > 80%,  t h e  v a l u e  o f  ( -̂ ) 2 i s  a p p r o x i m a t e d  t o  t h r e e ^ .
K1

H o w e v e r ,  t h e  i n i t i a l  v e l o c i t y  V Q i s  v e r y  l a r g e  c o m p a r i n g  t o

(^ ) 2 , t h e  t e r m  (^ ) 2 ^2 m a y  b e  n e g l e c t e d .  T h u s  t h e  e q n .  
K1 K1 Vo
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( 3 . 2 1 )  b e c o m e s

e~(T)  + K-jV^k T2 0(T) = 0 ( 3 . 2 2 )
T h e  s o l u t i o n  o f  t h e  a b o v e  e q u a t i o n  c a n  b e  o b t a i n e d  i n  t h e  

t e r m s  o f  B e s s e l  F u n c t i o n s  a s

0(T) = At^ J ^ K j V0 Tb :ๆ2 ) + BT^Y35(35K1Vo Tb T2 ) ( 3 . 2 3 )

w h e r e  A  a n d  B a r e  c o n s t a n t  a n d  d e t e r m i n e d  f r o m  t h e  i n i t i a l  

c o n d i t i o n s .

I t  c a n  b e  s e e n  t h a t  t h e  f a c t o r  h K-j V̂ T b  2 w h i c h  i s  t h e  

a r g u m e n t  o f  t h e  B e s s e l  F u n c t i o n s  i s  l a r g e .

F i n a l l y ,  t h e  y a w  a n g l e  <j> m a y  b e  e x p r e s s e d  a s

4) ( t )  = A ^ - ^ e -1^ 1 C o s  (JgK jV 0 Tb T2 -  B  1 )  ( 3 . 2 4 )

w h e r e  t h e  c o n s t a n t s  A^ a n d  B-  ̂ a r e  d e t e r m i n e d  f r o m  t h e  i n i t i a l  

c o n d i t i o n s .

3 . 2 . 3  R o l l i n g

F o r  a  s y m m e t r i c a l  r o c k e t  i n  a  p e r f e c t  r o l l i n g  f l i g h t ,  

t h e  e q u a t i o n  o f  t h e  r o t a t i o n  o f  a  r i g i d  b o d y  f o r  t h e  a n g l e  

o f  r o l l ,  ÿ  i s  g i v e n  b y

I .  ̂ = -  Ç ( 3 . 2 5 )

w h e r e  I  = t h e  a x i a l  m o m e n t  o f  i n e r t i a  ( S l u g  -  f t 2 )

Ç = t h e  r o l l  d a m p i n g  m o m e n t

T h e  r o l l  d a m p i n g  m o m e n t  h a s  b e e n  d e r i v e d  b y  R a y  E .

B o l z  a n d  J o h n  D .  N i c o l a i d e s 2 a n d  e x p r e s s e d  a s

= k J vÇ ( 3 . 2 6 )
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w h e r e  Ip i s  t h e  a n g l e  o f  r o l l

___  __ __ 4112 1
K  i s  t h e  r o l l  d a m p i n g  c o e f f i c i e n t  = — =

R d  V  a

T h u s ,  e q n .  ( 3 . 2 6 ) b e c o m e s

l i p + K R i v  = 0 ( 3 . 2 7 )

F o r  a  s h o r t - r a n g e r o c k e t  d u r i n g b u r n i n g  t i m e , we h a v e

l i p + ( K r .  a t )  i =  0

o r  I p + ( K r  a )  t  i =  0 ( 3 . 2 8 )

l e t  z b e  t h e  h o r i z o n t a l  d i s t a n c e  a n d  V  - ^ ,  e q n .  ( 3 . 2 8 )  

b e c o m e s

+ V  ( ^ + ^ )  = 0 ( 3 . 2 9 )

w h e r e  t h e  p r i m e  d e n o t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  z .

Now c o n s i d e r  t h e  f o r c e s  i n  h o r i z o n t a l  p l a n e ,  we m a y

w r i t e

mV = -  { j  d 2 C D ) V 2 = -  C RV 2 ( 3 . 3 0 )

w h e r e  C R i s  a  c o n s t a n t .

I t  c a n  b e  f o u n d  t h a t  

C T
J R
m ( 3 . 3 1 )

S u b s t i t u t i n g  e q n .  ( 3 . 3 1 )  i n t o  e q n .  ( 3 . 2 9 ) ,  we o b t a i n

i p " +  i p - R  - R
m

( 3 . 3 2 )

I t  c a n  b e  s e e n  t h a t  t h i s  e q u a t i o n  i s  s t a b l e  f o r  > ^ R  .
I  m

T h e r e f o r e  t h e  s o l u t i o n  o f  a b o v e  e q u a t i o n  c a n  b e  o b t a i n e d  a s
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\ p '  ( z ) ( 3 . 3 3 )

a n d  \ p  ( z ) = -  = 2 e  -  c l z + r
c  3 น 1

( 3 . 3 4 )

I t  i s  k n o w n  t h a t t h e  a n g l e  o f  r o l l  i s  z e r o  w h e n  t = 0 .

c 2
H e n c e  = Q —  . F i n a l l y ,  we h a v e

( z ) = ^  (1 -  e - c l ฯ ( 3 . 3 5 )

a n d  ^ ( t ) = a c 2 t e ' c i a |

T h e r e f o r e

Ip ( t )
c 2 1, - c , a t 2 , 

= ^  u  -  e  I f ) ( 3 . 3 6 )

w h e r e

C1
_ ^

I  m

c 2 = c o n s t a n t

F o r  s i m p l i c i t y , we m a y  w r i t e

ÿ  ( t )
1 / า - k t 2 , = ipQ (1 -  e  ) ( 3 . 3 7 )

3 . 3  M o t i o n  A f t e r  B u r n i n g

A s  m e n t i o n e d  i n  C h a p t e r  1 ,  t h e  m o t i o n s  o f  t h e  r o c k e t  

a f t e r  t h e  p r o p e l l a n t  c o m p l e t e l y  b u r n t  a r e  s i m i l a r  t o  t h o s e  o f  

a n  a r t i l l e r y  p r o j e c t i l e .  H o w e v e r ,  t h e  a n a l y s i s  o f  t h e s e  m o t i o n s  

w i l l  b e  d i s c u s s e d  i n  m o r e  d e t a i l s  i n  t h e  f o l l o w i n g  s e c t i o n s .

3 . 3 . 1  T r a j e c t o r y  A f t e r  B u r n  O u t

T h e  f o r c e s  a c t i n g  o n  t h e  r o c k e t  c a n  b e  d i v i d e d  i n t o  

t h e  t a n g e n t i a l  a n d  n o r m a l  c o m p o n e n t s  a s  f o l l o w s .
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A D ia g r a m  o f  F o r c e s  o n  t h e  R o c k e t  a f t e r  B u r n  O u t .
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(a) Tangential Component 
The trajectory along the tangential direction is

เ^  = - -jP V2 - g Sin 0 (3.38)
CR 2where the drag —— V is defined in the previous section.  ̂ m

(b) Normal Component
The centrifugal force as shown in Fig. (3.3) is 

mp = - mg Cos 0 (3.39)

From the radius of curvature, we have

1
r

- d 2y / d x 2
<:l > 2

3
2

p = ~(d2y/dx2) Cos20

we obtain
-, 2 _ 1d y _ -1 ______
d x 2 r  COS2 0

Substituting eqn. (3.39) into the above equation,

Ù  -
From eqn. (3.39), we may write

(3.40)

we obtain 

(3.41)

v |t  = - g Cos 0 (3.42)

From eqn.
dv
dt

(3.38), we have 

= -c f(v) - g Sin 0



26

where c = -jp

For a short-range rocket with speed about 60 mph 
to 1 Mach3-̂ , f (v) is expressed as V 2 . The equation in the 
horizontal line is

^  Cos 0 = -C f(v) COS0

Multiplying both sides of this equation by d0 , we obtain

d (VCOS0) = -c f(v) Cos0d0dt
Replacing by the value given in eqn. (3.42), we obtain 

g d (v Cos0) = VC f(v) d0

= cv3 d0

Since the velocity in the horizontal line is

VX
dx
dt = V Cos0 = X

Therefore g d (X) = CV3 d0
dx = CV3d0

gx
= cv3d 0

gV Cos0
= CV2 d 0

g Cos0
dx
X

= -C d ร

which gives i = Xoe-Cs (3.43)

Substituting eqn. (3.43) into eqn (3.41), we have
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H o r iz o n ta l Component
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dx2 (x’I ' cV

For a f la t trajectory, the trajectory path ร is about the 
distance X  or ร -  X ,  and for high elevation ร - -■-(j-Q-gQ-

Thus d2y
dx2

-g . 2Cx
(xo»

Integrating, we have
dy
dx

• ge2Cx
2C(Xo)

+ (3.44)

Cl x + c 2

To find and C2 , consider Fig. (3.5), when XQ = 0
we have tan 0 +

2C(Xo)
(3.45)

4C2(Xo)2
(3.46)

The complete solution is
2Cx

y  =  xtanG - —;— + —2 Î —_ + —2 —; 
4C2 (X ) 2 C (X )^  4 C (X )O

(3.47)
where 0 = the launcher angle

XQ = the velocity at in itia l  of after burning 
(see Chapter 4)

c -  5
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3.3=2 Pure Roll after Burn Out
Refering to the section (3.2.3), we have the equation 

of ro ll in the form

lip + (K at)ÿ ะะ: 0 (3.48)
K„v

=: 0 (3.49)

Assume t h a t  th e  v e l o c i t y  a f t e r  th e  powder i s  c o m p le te ly  b u rn t  
i s  d e c r e a s e d  a s  an e x p o n e n t ia l  form .

- b tV(t) V e m
This equation may be approximated as

v<*> = m

(3.50)

(3.51)
1 + bt

where Vm is the maximum in itia l  velocity after burning 
b is a constant which can be determined from an 

experiment
Substituting eqn. (3.51) into eqn. (3.49), we have

-bt ไ.Ip + KVme (3.52)

The horizontal distance can be directly evaluated 
by simple integrating from eqn. (3.50)

H ence m ,1 -bt. 
z = zo + b (1 -  e 1 (3.53)

From eqn. (3.52), the yaw motion may be expressed as
KV.

4» + m ifj 
1 + bt

le t p = , A = KV = constantc  d t  m
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Then I f
The s o lu t io n  o f  

p
T h erefo re  Ip 

Thus Ip (t)

+ (1 *  b t)  - p  -  0 <3 - 5 4 >
eqn. (3 .5 4 ) can be sim p ly  d eterm in ed  as
= (1 + b t ) _A /๖ (3 .5 5 )
= f p d t

= f ( 1 + b t )" A/b d t
= i  (1 + b t ) 1 + (A/b) (3 .5 6 )
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