
CHAPTER I

FACTORIZABLE SEMIGROUPS

In t h i s  c h a p te r , v a r io u s  g e n e r a l p r o p e r t ie s  o f  f a c t o r iz a b le  
sem igroups are in tr o d u c e d . In p a r t ic u la r ,  i t  i s  shown th a t  ev ery  
f a c t o r iz a b le  sem igroup i s  a r e g u la r  sem igroup and an id e a l  o f  a f a c 
t o r iz a b le  sem igroup i s  n o t n e c e s s a r i ly  f a c t o r i z a b le .  N ecessa ry  and 
s u f f i c i e n t  c o n d it io n s  o f  an id e a l  o f  a f a c t o r iz a b le  sem igroup t o  be 
f a c t o r iz a b le  are g iv e n .

The f i r s t  theorem  shows th a t  every  f a c t o r i z a b le  sem igroup i s  
a r e g u la r  sem igroup. The fo l lo w in g  Lemma i s  re q u ir e d  :

1 .1  Lemma. L et a sem igroup ร be f a c t o r iz a b le  a s  GE, Then th e  id e n 
t i t y  o f  G i s  a l e f t  id e n t i t y  o f  ร.

P roof ะ L et e be th e  id e n t i t y  o f  th e  group G, L et x £  ร . 
Then X =  g f  fo r  some g e  G, f  e  E. T h erefo re  eg =  g ,  and so  
ex  =  e ( g f )  =  ( e g ) f  =  g f  =  X .  T his shows t h a t  e i s  a l e f t  i d e n t i t y  
o f  ร , a s  r e q u ir e d . #

1 .2  C o r o lla r y . L et ร be a sem igroup w hich i s  f a c t o r iz a b le  as GE. 
Then th e  id e n t i t y  o f  G b e lo n g s  t o  E.

P roof ะ L et e be th e  id e n t i t y  o f  G. B ecause ร = GE, e = g f  
fo r  some g 6  G, f  £  E . By Lemma 1 .1 ,  e i s  a l e f t  i d e n t i t y  o f  ร .
Thus f  = e f  = g ^gf = g "'"e = g G G. T h erefo re  f  i s  an id em p oten t
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in  th e  group G, so  f  i s  th e  id e n t i t y  o f  G, Hence f  = e w hich im p lie s  
e €  E. #

1 .3  Theorem. Every f a c t o r iz a b le  sem igroup i s  a r e g u la r  sem igroup.

P roof ะ L et ร be a f a c t o r iz a b le  sem igroup . Then ร = GE fo r
some subgroup G o f  ร and some su b s e t  E o f  E (ร ) .  L et e be th e  id e n 
t i t y  o f  G. By Lemma 1 .1 ,  e i s  a l e f t  id e n t i t y  o f  ร . L et x S  ร .
Then X = g f  fo r  some g e  G, f  e  E. B ecause e i s  a l e f t  i d e n t i t y  o f  
ร , e f  = f .  T h erefore  xg "̂x = (g f )g   ̂(g f)  = g f e f  = g f f  = g f  = X ,  so  
X i s  r e g u la r . T h is shows th a t  ร i s  a r e g u la r  sem igroup. H ence, th e  
theorem  i s  p roved . #

L et ร be a sem igroup. For a £  ร , l e t  H d en o te  th e^ 6  - c l a s scl
c o n ta in in g  a . I f  e ร  E(s),  th en  H  ̂ i s  a, maximal subgroup o f  ร or
th e  maximum subgroup o f  ร h av in g  e as i t s  i d e n t i t y ,  and

H_ = {a 0  ร I ae = ea = a and a a '  = e = a ' a  f o r  some a 1 ร}. e '
Then i f  ร has an id e n t i t y  1 , th en

H  ̂ = ( a £  S I a a 1 = 1 = a 'a  fo r  some a ' ç  ร} 
and i t  i s  th e  group o f  u n it s  o f  ร.

We show in  th e  n e x t  p r o p o s it io n  th a t  i f  a sem igroup ร i s  
f a c t o r iz a b le  as GE, th en  G i s  a maximal subgroup o f  ร .

1 .4  P r o p o s i t io n . L et a sem igroup ร be f a c t o r iz a b le  a s  GE. Then
G = H , where e i s  th e  id e n t i t y  o f  G. e

P roof ะ B ecause Hg i s  th e  maximum subgroup o f  ร h av in g  e 
as i t s  i d e n t i t y ,  G ร. H^. To show G, l e t  X e H^. Then X = g f
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fo r  some g g  G, f  e  E. T h erefo re  g e  H^, B ecause e i s  a l e f t  id e n 
t i t y  o f  ร by Lemma 1 .1 ,  e f  = f .  Thus f  = e f  = g ^gf = g  6  Hg 
s in c e  g , X £  H . I t  th en  fo l lo w s  th a t  f  = e ,  so  X = ge = g G. 
Hence G = H . #

A f a c t o r iz a b le  sem igroup need n o t have an i d e n t i t y  and need  
n ot be an in v e r s e  sem igroup. An exam ple i s  g iv e n  a s  fo l lo w s  ะ

L et ร be a n o n t r iv ia l  r ig h t  zero  sem igroup; t h a t  i s ,  Iร I > 1 
and xy = y fo r  a l l  X ,  y £  ร . Then ร has no i d e n t i t y .  B ecause  
E (ร) = ร and any two d i s t i n c t  e lem en ts  o f  ร do n o t commute w ith  ea ch  
o th e r ,  ร i s  n o t an in v e r s e  sem igroup. I t  i s  c le a r  t h a t  fo r  each  
a g  ร , {a} i s  a subgroup o f  ร and ร = {a}s = {a }E (S ) . Hence ร i s  
f a c t o r i z a b l e .

The n e x t theorem  shows th a t  i f  a sem igroup ร i s  f a c t o r iz a b le  
as GE and ร has an i d e n t i t y ,  th en  G i s  th e  group o f  u n i t s  o f  ร . To 
prove t h i s ,  th e  fo l lo w in g  Lemma i s  r e q u ir e d  ะ

1 .5  Lemma. L et a sem igroup ร be f a c t o r iz a b le  as GE. L et ร have an 
id e n t i t y  1 . Then 1 G G.

P roof ะ L et e be th e  id e n t i t y  o f  G. By Lemma 1 .1 ,  e i s  a 
l e f t  id e n t i t y  o f  ร . Thus 1 = e l  = e 6  G. #

The fo l lo w in g  c o r o l la r y  fo l lo w s  d i r e c t l y  from Lemma 1 .5  and 
C o r o lla r y  1 .2 .

1 .6  C o r o lla r y . L et a sem igroup ร be f a c t o r iz a b le  as GE. I f  ร has  
an id e n t i t y  1 , th en  1 6  E.
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1 .7  Theorem. L et ร be a sem igroup w hich i s  f a c t o r iz a b le  a s  GE.
I f  ร has an i d e n t i t y ,  th en  G i s  th e  group o f  u n it s  o f  ร.

P roof : L et 1 be th e  id e n t i t y  o f  ร . By Lemma 1 .5 ,  1 ç  G.
Then G = H  ̂ by P r o p o s it io n  1 .4 .  Hence G i s  th e  group o f  u n i t s  o f
ร .  #

I f  ร i s  a f a c t o r iz a b le  sem igroup w hich f a c t o r s  a s  GE, i t  i s  
c le a r  th a t  ร = GE(ร ) .

I t  has been shown by Chen and H sieh  in  [3] t h a t  i f  an i n 
v e r s e  sem igroup ร i s  f a c t o r iz a b le  a s  GE, th en  E = E (ร ) .  The f o l 
low in g  exam ple shows th a t  any f a c t o r iz a b le  sem igroup need  n o t have 
t h i s  p r o p e r ty  ะ

Exam ple. Leu X = {1 , 2 , 3} and Tx be th e  p a r t i a l  tra n sfo r m a tio n
sem igroup on th e  s e t  X. I t  i s  shown in  th e  l a s t  ch a p ter  th a t  any
p a r t i a l  tr a n sfo r m a tio n  sem igroup on a f i n i t e  s e t  i s  f a c t o r i z a b le .
Then T i s  f a c t o r iz a b le  and by Theorem 1 .7 ,  T = G E (T ) where G X X X X X
i s  th e  p erm u tation  group on X; t h a t  i s ,
Gx = { l ç ,  (1 2 ) ,  (1 3 ) ,  (2 3 ) ,  (1 2 3 ) , (1 3 2 )}  where l ç  d e n o te s  th e  id e n 
t i t y  map on X. L et a ,  B, Y d en ote  th e  p a r t i a l  tr a n sfo r m a tio n s  on X 
d e f in e d  by Au = ( 1 ,  2 } ,  Va = { 1 } ,  AB = น ,  3 } ,  VB = น } ,  Ay = { 2 ,  3} 
and Vy = { l } .  Then a ,  B E (T ^ ). M oreover, G^B = {B , Y, a} and 
a  = l^ a , B = (2 3 )a ,  Y = (1 3 2 )a . T his shows th a t  
GXE(TX) = GX(E(TX) \  (B )) . L et E = E(TX) \  { 3 } .  Hence E /  E(TX) 
and Tx = GXE. #
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L et s  be a sem igroup. Assume t h a t  th e  sem igroup ร i s  f a c t o r i -  
z a b le  as GE. Then I ร I < I GI IEI. L et e d en ote  th e  id e n t i t y  o f  th e  
group G. I f  th e  c a r d in a l i t y  o f  E i s  o n e , th e n , by C o r o lla r y  1 .2 ,
E = { e } ,  and th e r e fo r e  ร = G w hich im p lie s  th a t  E = {e} = E (ร) . I f  
ร i s  a f i n i t e  sem igroup and IE I = I ร I , th en  ร = E and hence E = E (ร)
= ร .

The n e x t  p r o p o s it io n  shows t h a t  a f i n i t e  f a c t o r iz a b le  sem i
group ร w ith  I ร I < 4  has th e  f o l lo w in g  p r o p er ty  : L et a sem igroup ร
be f a c t o r i z a b le  as GE. I f  I ร I < 4 ,  th en  E c o in c id e s  w ith  E (ร ) .

1 .8  P r o p o s i t io n . L et a sem igroup ร be f a c t o r iz a b le  as GE. I f  
I ร I < 4 ,  th en  E = E (ร ) .

P roof ะ As th e  above m en tion , i f  IEI = 1 or IEI = | s | ,  th en  
E = E (ร ) .

Assume th a t  1 < IE I < I ร I f o r  th e  rem ain in g  o f  th e  p r o o f .
L et e d en o te  th e  i d e n t i t y  o f  G. Then e i s  a l e f t  i d e n t i t y  o f  ร by
Lemma 1 .1 . Thus, i f  | g = 1 , th en  ร ;= E, so  1 E 1 = 1 ร 1 , and i f
| g| = 1 ร 1 , th en  G = ร w hich im p lie s  E (ร) = {e }  = E , so 1E 1 = 1 . Then
n e it h e r  1 G1 = 1  nor 1 g | = 1 ร . Hence 1  < | g | < 1 ร 1 . S in c e
1  < 1E 1 < 1 ร and | s|  < 4 , i t  fo l lo w s th a t ร has e x a c t ly  th r e e  e l e -
m en ts. B ecause 1 < | g | < 1 ร 1 and 1  < 1 e | < 1 ร 1 , 1 G1 = 2 and 1E 1 = 2 .
Then th e r e e x i s t s g 6  G such th a t  g 4z E (ร) T h erefo re  2 = 1E 1 <
j E (ร) I < I ร I -  1 = 3 -1  = 2 and h en ce E = E (ร ) .

T h erefo re  th e  p r o p o s it io n  i s  c o m p le te ly  p ro v ed . #
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L et A be an id e a l  o f  a f a c t o r iz a b le  sem igroup ร w hich f a c t o r s  
a s GE. Then e i t h e r  A ท  G = <t> or A = ร . To prove t h i s ,  supp ose th a t  
A โ') G ^ if). Then th e r e  e x i s t s  an elem en t g o f  ร s u c h t h a t g  G-A f)G . 
B ecause A i s  an id e a l  o f  ร and g £  G, gg 1  = e  £  A where e i s  th e  
i d e n t i t y  o f  G. By Lemma 1 .1 ,  e i s  a l e f t  id e n t i t y  o f  ร . Hence fo r  
each  X €  ร , X = ex  G A. T h erefore  A = ร.

We n o te  t h a t ,  from th e  above p r o o f ,  i t  i s  c l e a r ly  seen  t h a t  
i f  R i s  a r ig h t  id e a l  o f  a f a c t o r iz a b le  sem igroup ร which f a c t o r s
as GE, we a l s o  have th a t  e i t h e r  Rf l  G = if or  R = s .

A homomorphic image o f  a f a c t o r iz a b le  sem igroup i s  c l e a r ly  
a f a c t o r iz a b le  sem igroup. An id e a l  o f  a r e g u la r  sem igroup ร i s  a 
r e g u la r  subsem igroup o f  ร . However, an id e a l  o f  a f a c t o r iz a b le  s e 
m igroup i s  n o t n e c e s s a r i ly  f a c to r iz a b le o  An exam ple i s  g iv e n  as f o l 
low s :

Exam ple. L et X = { a , b} and I be th e  sym m etric in v e r s e  sem igroup  
on th e  s e t  X. L et 0 and 1 d en o te  th e  zero  and th e  id e n t i t y  o f  I r 
r e s p e c t iv e ly ,  and l e t  a^, a^ , a^, a^ , otj. be o n e - to -o n e  p a r t ia l  
tr a n sfo r m a tio n s  on X d e f in e d  by Aa^ = Va^ = { a } ,  Ac*2 = Va^ = { b } ,
Aâ  = {a}, Va3 = {b}, Aâ  = {b}, V(*4 = {a}, and Aâ  = v<«5 = {a, b}
such that ac5 = b, ba 5 = a. Then Ix = {o, 1, «1 , a 2 , <«3/ a 4 ,

000568
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and th e  m u lt ip l ic a t io n  ๐ท I i s  a s  fo l lo w s  ะ

From th e  t a b le  G (th e  p erm u tation  group on X) i s  { 1 , a } and X 5
E (IX) = { o , 0เ 2 , ! } •  B ecause X i s  f i n i t e ,  by C o r o lla r y  o f
Theorem 3 .1  in  [ 3 ] ,  I i s  a f a c t o r iz a b le  sem igroup. L et 
A = {o , a , a , a , a ^ } . Then A i s  an id e a l  o f X. M oreover, a l l  
subgroups o f  A are  { o } ,  {a^} and { }  and E(A) = {o , a , “ 2 } . But 
(0}E(A ) = {0} ?  A, {a }e (A) = (0 ,  c^} /  A and { a 2 >E(A) = {o , น2 > Ï  A. 
Hence A i s  n o t f a c t o r i z a b le .  #

The fo l lo w in g  p r o p o s it io n  shows th e  form o f  an id e a l  o f  a 
f a c t o r iz a b le  sem igroup :

1 .9  P r o p o s i t io n . L et A be an id e a l  o f  a f a c t o r iz a b le  sem igroup  
w hich f a c t o r s  as GE. Then A = GE(A).

P roof ะ B ecause A i s  an id e a l  o f  ร , GE(A) Ç A. N ex t, l e t
a £  A. S in ce  ร = GE, a = g f  fo r  some g £  G, f  6  E. By Lemma 1 .1 ,
f  = g ^ g f . But a = g f  €  A w hich i s  an id e a l  o f  ร . Then f  £  A and
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ร๐ f  €  E (A) . Thus a t  Gf t  GE (A) .
T h e r e f o r e ,  A = GE(A) a s  r e q u i r e d ,  #
N e c e ssa ry  and  s u f f i c i e n t  c o n d i t io n s  o f  an i d e a l  o f  a f a c t o -  

r i z a b l e  sem ig ro u p  t o  be f a c t o r i z a b l e  a r e  g iv e n  a s  fo l lo w s  :

1 .1 0  T heorem . An i d e a l  A o f  a f a c t o r i z a b l e  sem ig ro u p  ร i s  f a c t o 
r i z a b l e  i f  and o n ly  i f  A h a s  a l e f t  i d e n t i t y .

P ro o f  ะ Assume ร i s  f a c t o r i z a b l e  a s  GE and  l e t  e d e n o te  th e  
i d e n t i t y  o f  G. By Lemma 1 .1 ,  e i s  a l e f t  i d e n t i t y  o f  ร . S uppose 
th e  i d e a l  A h a s  a l e f t  i d e n t i t y ,  sa y  e .  Then e .E (A ) = E(A) and  
Ge Q  A. By P r o p o s i t io n  1 .9 ,  A = GE(A) = (G e)E (A ). N e x t, we show 
Ge i s  a su b g ro u p  o f  A. L e t g and h £  G. B ecause  he £  A and ë i s  a 
l e f t  i d e n t i t y  o f  A, (g ë ) (h ë )  = g ( ë ( h ë ) )  = g (h ë )  = (g h )ë £. Gë. A ls o , 
(g ë ) ( e ë )  = g ( ë ( e ë ) )  = g (e ë )  = gë s in c e  eë  ê  A and  e i s  a  l e f t  id e n 
t i t y  o f  ร . M o reo v er, g 0  A and (gë) (g "'"ë) = g ( ë ( g  ‘'“ë) = g (g ■ '"ë)
= e ë .  T h is  p ro v e s  t h a t  Gë i s  a su b g ro u p  o f  A. T h e re fo re  A i s  f a c 
t o r i z a b l e .

The c o n v e rs e  fo l lo w s  d i r e c t l y  from  Lemma 1 .1 .  #

1 .1 1  C o r o l l a r y . L e t A be an i d e a l  o f  a f a c t o r i z a b l e  se m ig ro u p .
I f  A h a s  an i d e n t i t y ,  th e n  A i s  f a c t o r i z a b l e .

I t  h a s  b een  p ro v e d  in  [3 ] t h a t  e v e ry  f a c t o r i z a b l e  in v e r s e  
sem ig ro u p  h a s  an i d e n t i t y .

L e t 3 be a f a c t o r i z a b l e  in v e r s e  se m ig ro u p . L e t A be an i d e a l
o f  ร . Then A i s  an in v e r s e  su b sem ig ro u p  o f  ร . I f  A h a s  an i d e n t i t y ,
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t h e n ,  by C o r o l la r y  1 .1 1 ,  A i s  f a c t o r i z a b l e .  T h e r e f o r e ,  we h ave

1 .1 2  C o r o l l a r y . L e t A be an i d e a l  o f  a f a c t o r i z a b l e  in v e r s e  se m i
g ro u p . Then A i s  f a c t o r i z a b l e  i f  and o n ly  i f  A h a s  an i d e n t i t y .
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