
CHAPTER I I

MINIMUM SEMILATTICE CONGRUENCES

The p u rp o se  o f  t h i s  c h a p te r  i s  t o  s tu d y  th e  minimum s e m i l a t 
t i c e  c o n g ru e n c e s  on f a c t o r i z a b l e  se m ig ro u p s . I t  i s  shown t h a t  in  
any f a c t o r i z a b l e  sem ig ro u p  ร w ith  i d e n t i t y ,  th e  g ro u p  o f  u n i t s  fo rm s 
a c l a s s  o f  th e  minimum s e m i l a t t i c e  co n g ru e n c e  on ร . H ow ever, t h i s  
p r o p e r ty  i s  n o t a p r o p e r ty  o f  any r e g u l a r  sem ig ro u p  w i th  i d e n t i t y .
A c o u n te r  exam ple i s  g iv e n .

L e t ร be  a sem ig ro u p  w i th  a l e f t  i d e n t i t y  e .  S uppose p i s  
a s e m i l a t t i c e  c o n g ru e n c e  on ร . Then f o r  any x 6  ร ,
(x p )(e p )  = (e p )(x p )  = exp = x p . Then ep i s  th e  i d e n t i t y  o f  S / p . 
H ence, from  Lemma 1 .1 ,  th e  f o l lo w in g  p r o p o s i t i o n  fo l lo w s  ะ

2 .1  P r o p o s i t i o n . L e t a  sem ig ro u p  ร be f a c t o r i z a b l e  a s  GE an d  e i s  
th e  i d e n t i t y  o f  G. I f  p i s  a s e m i l a t t i c e  c o n g ru e n c e  on  ร , th e n  ep 
i s  th e  i d e n t i t y  o f  s /p.

L e t ร be  a se m ig ro u p . A c o n g ru e n c e  p on ร i s  a s e m i l a t t i c e  
c o n g ru e n c e  i f  and  o n ly  i f  f o r  a l l  a ,  b ร  ร , ap a^  and a b p b a . T hen , 
a r b i t r a r y  i n t e r s e c t i o n  o f  s e m i l a t t i c e  c o n g ru e n c e s  on ร i s  a se m i
l a t t i c e  co n g ru e n c e  on ร. H ence, th e  i n t e r s e c t i o n  o f  a l l  s e m i l a t t i c e  
c o n g ru e n c e s  on ร i s  th e  minimum s e m i l a t t i c e  co n g ru en ce  on ร.

T h ro u g h o u t t h i s  c h a p t e r ,  f o r  any sem ig ro u p  ร , l e t  n d e n o te
th e  minimum s e m i l a t t i c e  c o n g ru e n c e  on ร .
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i s  c a l l e d  a f i l t e r  o f  ร i f  f o r  any a ,  ๖ 6  ร , ab g T im p l ie s  a C- T 
and  b -  T. I f  a é  ร» l e t  N (a) d e n o te  th e  s m a l l e s t  f i l t e r  o f  ร 
c o n ta in in g  a ;  t h a t  i s ,  พ (a) i s  th e  i n t e r s e c t i o n  o f  a l l  f i l t e r s  o f  
ร c o n ta in in g  a .

L e t ร be a s e m ig ro u p . I t  h a s  b een  p ro v e d  in  [4 ] t h a t  th e  
minimum s e m i l a t t i c e  co n g ru e n c e  on ร. g ,  d e f in e d  a s  f o l lo w s :  agb  i f  
and o n ly  i f  N(a) = N(b) , and  h en ce  f o r  a >:- ร ,
an = { x &  ร /  N(x) = พ ( a ) } .  T h e re fo re  an ç  N (a) f o r  a l l  a £  ร . In  
g e n e r a l ,  f c r  a  ft ร , an and  N (a) a r e  n o t  n e c e s s a r i l y  e q u a l .  An exam
p l e  i s  g iv e n  a s  f o l lo w s  ะ

E xam ple . L e t ร = { l ,  2 , 3 , . . . }  and  d e f in e  an o p e r a t i o n  * on ร a s  
fo l lo w s  ะ X * y = maximum {x, y } . Then (ร , *) i s  a s e m i l a t t i c e  
h a v in g  1 a s  i t s  i d e n t i t y .  B ecau se  ร i s  a  s e m i l a t t i c e ,  ท on ร i s  
th e  i d e n t i t y  c o n g ru e n c e . Then 2ท = {2 }. I t  i s  c l e a r l y  s e e n  t h a t  
th e  s m a l l e s t  f i l t e r  on ร c o n ta in in g  2 i s  {1 , 2}; t h a t  i s ,  เ^ .
N(2) = {1 , 2 }. T h e re fo re  2ฦ ^ N (2 ) . #

L e t p b e  a co n g ru e n c e  on a sem ig ro u p  ร . L e t a <c ร . T hen , 
ap i s  an id e m p o te n t o f  s /p  i f  and o n ly  i f  ap fo rm s a su b sem ig ro u p  
o f  ร . H ence , i f  p i s  a s e m i l a t t i c e  c o n g ru e n c e  on ร , th e n  e v e ry  
p - c l a s s  form s a su b se m ig ro u p  o f  ร .

2 .2  Lemma. L e t ร be a se m ig ro u p  w ith  a l e f t  i d e n t i t y  e .  Then 
eg = N ( e ) ; t h a t  i s ,  eg i s  th e  s m a l l e s t  f i l t e r  c o n ta in in g  e .
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P ro o f  : B ecause  e £  ell Ç N (e ) ,  i t  s u f f i c e s  to  show t h a t  en
i s  a f i l t e r  o f  ร . s in c e  ท i s  a s e m i l a t t i c e  c o n g ru e n c e  ๐ท ร , en i s  a 
su b sem ig ro u p  o f  ร . L e t a ,  ๖ 6  ร su ch  t h a t  ab e  e n . Thus abn = e n . 
B ecause  e i s  a l e f t  i d e n t i t y  o f  ร and  ท i s  a s e m i l a t t i c e  co n g ru e n c e  
on ร , i t  f e l lo w s  t h a t  an = ( e a ) ท = ( e n ) (an) = (a b )n a n  = ( a 2n ) (b n )  = 
abn = en and bn = (e b )n  = ( e n ) (bn) = (a b )n (b n )  = ( a n ) ( b 2p) = abn = en .

Ac*sT h e re fo re  a ,  b Q e n . T h is  p ro v e s  en i s  a f i l t e r ,  a s  d e s i r e d .  #
L e t p be a s e m i l a t t i c e  c o n g ru e n c e  ๐ท a sem ig ro u p  ร . L e t 

a £  ร . I f  a '  i s  an in v e r s e  o f  a in  ร , th e n  ap = a 'p .  To p ro v e  th i s : ,  
l e t  a ' S  ร su ch  t h a t  a = a a 'a  and a 1 = a ' a a ' .  s i n c e  p i s  a s e m i l a t 
t i c e  c o n g ru e n c e  on ร , ap = ( a a 'a ) p  = ( a p ) 2 ( a 'p )  = a p a 'p  = a p ( a 'p ) 2 = 
a 'p a p a 'p  = ( a 'a a ' ) p  = a 'p .

L e t p be a  s e m i l a t t i c e  c o n g ru e n c e  on a sem ig ro u p  ร and G be 
a su b g ro u p  o f  ร . I£  e i s  th e  i d e n t i t y  o f  G, th e n  f o r  g ç  G, 
gp = gpgp = gpg "'"p = e p . Hence G i s  c o n ta in e d  in  a s i n g l e  p - c l a s s .

From th e  above f a c t ,  Lemma 1 .1  and Lemma 2 .2 ,  we th e n  h ave

2 .3  P r o p o s i t i o n . L e t ร be  a ร:em ig roup  w h ich  i s  f a c t o r i z a b l e  a s  GE. 
Then G Ç eg = N ( e ) , th e  s m a l l e s t  f i l t e r  c o n ta in in g  e ,  w here e i s  th e  
i d e n t i t y  o f  G.

We have a f o l lo w in g  q u e s t io n  : " I f  a sem ig ro u p  ร i s  f a c t o -
r i z a b l e  a s  GE, d o es  G fo rm  a ฦ- c l a s s ?  o r ,  i s  G e q u a l  t o  e n ? , w here 
e i s  th e  i d e n t i t y  o f  G". The an sw er i s  "N o". I t  i s  shown by th e  
f o l lo w in g  exam ple : L e t ร be a n o n t r i v i a l  r i g h t  z e ro  se m ig ro u p .
Then E (ร) = ร and  f o r  a £  ร , {a} i s  a su b g ro u p  o f  ร and  ร = { a} E ( ร ) .
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B ecau se  f o r  a l l  X, y 6  ร , xy = y and  ท i s  a s e m i l a t t i c e  c o n g ru e n c e  
on ร , ฦ i s  a  u n i v e r s a l  c o n g ru e n c e  on ร . Thus xp = ร f o r  a l l  x é  ร . 
Hence { a } ^  รฤ f o r  a l l  a ร  ร .

L e t 3 be a  sem ig ro u p  w ith  i d e n t i t y  1. By Lemma 2 .2 ,
In, = N ( 1) . L e t G be th e  g ro u p  o f  u n i t s  o f  ร .  Then G Ç  I n  = N (l)  .
We show in  th e  n e x t  th eo rem  t h a t  i n  any f a c t o r i z a b l e  sem ig ro u p  ร 
w ith  i d e n t i t y  1 , th e  g ro u p  o f  u n i t s  c o in c id e s  w ith  1ฤ. We f i r s t  
g iv e  an  exam ple to  show t h a t  in  a  r e g u l a r  sem ig ro u p  ร w ith  i d e n t i t y
1, th e  g ro u p  o f  u n i t s  o f  ร and  lri a r e  n o t  n e c e s s a r i l y  e q u a l .

E xam ple . L e t  X = { x ^  x 2 , x ^ , . . . }  w here  X .  ^  X .  i f  i  ^ j ,  and I x 
be th e  sym m etric  in v e r s e  sem ig ro u p  on th e  s e t  X. Then G^, th e  p e r 
m u ta t io n  g ro u p  on X, i s  th e  g ro u p  o f  u n i t s  o f  I  . T h e re fo re
G Ç 1ฦ = N (1) w here 1 i s  th e  i d e n t i t y  map on X. To show t h a t  

X

Gx ^ 1 ไา, i t  s u f f i c e s  t o  show Gx i s  n o t  a f i l t e r  o f  1 ^ . L e t ct be th e
map on X d e f in e d  by x ^a  = X2^ f o r  a l l  i  ร  { l ,  2 , 3 , . . . } .  Then
a £  I  . M o reo v er, a a  ^ =  1 £  G . B u t a and a ^ a r e  n o t  e le m e n ts  X X
o f  G^. Hence Gx i s  n o t  a f i l t e r  o f  1 ^ . T h e r e f o r e  G^ i s  a p r o p e r  
s u b s e t  o f  1ๆ. #

2 .4  Lemma. L e t ร b e  a  sem ig ro u p  w ith  i d e n t i t y  1 . I f  ร i s  f a c t o r i 
z a b le ,  th e n  th e  g ro u p  o f  u n i t s  o f  ร i s  a f i l t e r  o f  ร .

P ro o f  : Assume ร i s  f a c t o r i z a b l e  a s  GE. T hen , by Theorem
1 .7 ,  G i s  th e  g ro u p  o f  u n i t s  o f  ร . To show G i s  a f i l t e r  o f  ร , l e t  
X ,  y G ร su ch  t h a t  xy 6  G. S in c e  ร = GE, X = g f ,  and  y = h f 1 f o r  
some g , h G, f ,  f ' £ E .  Thus g f h f ' £r G w h ich  im p l ie s  t h a t  f h f ' ç  G.
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T h e re fo re  ( f h f )  ‘'" ( f h f 1) = 1. Hence
1 = ( f h f ' ) - 1 ( f h f ')  = ( f h f ' ) - 1 ( f h f ' ) f 1 = I f 1 = f ' .  Thus 
y = h f  = h €  G. B ut f h f '  ë  G and f '  = 1 .  Then f h g  G and ร๐ 
fh h  1 = f  e  G. T h e re fo re  f = l ,  so  X  = g 6  G. T h is  p ro v e s  G i s  a 
f i l t e r  o f  ร a s  r e q u i r e d .  #

2 .5  T heorem . I f  ร i s  a f a c t o r i z a b l e  sem ig ro u p  w i th  i d e n t i t y  1 , 
th e n  th e  g ro u p  o f  u n i t s  i s  th e  ฦ- c l a s s  c o n ta in in g  1.

P ro o f  ะ I t  fo l lo w s  d i r e c t l y  from  P r o p o s i t i o n  2 .3  and Lemma
2 .4 .  #

We know t h a t  any f a c t o r i z a b l e  in v e r s e  se m ig ro u p  h a s  an  id e n 
t i t y .  T hen , from  Theorem  2 .5 ,  we have t h a t  t h e  g ro u p  o f  u n i t s  o f  a 
f a c t o r i z a b l e  in v e r s e  sem ig ro u p  ร i s  a ฦ- c l a s s  o f  ร .

A sem ig ro u p  ร i s  c a l l e d  ฦ- s im p le  i f  ร h as  o n ly  one ฦ- c l a s s .  
H ence, th e  f o l lo w in g  c o r o l l a r i e s  f o l lo w  ะ

2 .6  C o r o l l a r y . Any ฦ- s im p le  f a c t o r i z a b l e  sem ig ro u p  w ith  i d e n t i t y  
i s  a g ro u p .

2 .7  C o r o l l a r y .  Any ฦ- s im p le  f a c t o r i z a b l e  in v e r s e  sem ig ro u p  i s  a
g ro u p .
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