
C H A PT E R  I I I

M ATHEM ATICAL D I S C U S S I O N  OF THE D IF F E R E N C E S  BETW EEN m - P ^ C c )

3 . 1  C u m u l a n t  A v e r a g e  o f  t h e  G r e e n ' s  f u n c t i o n ^ ’ ^

I f  w e  d e n o t e  " A "  a s  t h e  c h a n g e  i n  t h e  e n e r g y  w h e n  o n e  m o l e c u l e  

i s  r e m o v e d  t o  c r e a t e  a  v a c a n c y  o r  o n e  m o l e c u l e  i s  r e p l a c e d  b y  a n o t h e r  

t y p e ,  t h e  t w o  s i t u a t i o n s  a r e  m a t h e m a t i c a l l y  t h e  s a m e .  H o w e \ e r  t h e  

p e r t u r b a t i o n  i s  n o t  j u s t  t h i s  c h a n g e  i n  e n e r g y  A ,  B e c a u s e  t h e  

r e p l a c e m e n t  ( o r  r e m o v a l )  o f  t h e  m o l e c u l e  i s  o c c u r i n g  a t  r a n d o m  s i t e s ,  

t h e  c o n f i g u r a t i o n  a v e r a g i n g  o f  t h e s e  r a n d o m  s i t e s  w i l l  a l s o  b e  a  

p e r t u r b a t i o n .  W e m u s t  i n t r o d u c e  a n  o p e r a t o r  c  t o  d e n o t e  t h e  s i t e  

o c c u p a n c y  w h i c h  h a v e  t h e  c o n v e n t i o n  t h a t ะ

c ^  =  1  ะ i f  t h e  B m o l e c u l e  ( i m p u r i t y )  i s  o n  t h e  s i t e  i  o r

i f  t h e  s i t e  i  i s  v a c a n t .

c ^  =  o  ; i f  i t  i s  n o t .

T h e r e f o r e  t h e  t o t a l  H a m i l t o n i a n  i n  t h e  p r e s e n c e  o f  i m p u r i t i e s  i s  

h '  =  Ho +  a  £1  c t  ( 3 . 1 . 1 )

T h e  G r e e n ' s  f u n c t i o n  f o r  t h e  d i s o r d e r e d  s y s t e m  c a n  b e  w r i t t e n  i n

t h e  f o r m
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ริะH'

E - H o -  A

E-H_
ï  C1

O \ A Z
1 - E -  H

( 3 . 1 . 2 )

U s i n g  t h e  g e o m e t r i c a l  s e r i e s  e x p a n s i o n

1

w h e r e

1  +  X +  x ^  +  . . .  +  x n  +  . . .
1 -  X

( 3 . 1 . 3 )

- 4 -  I  . 1
E ~  H

(  — A _ _  i  c i  w  - 4 - -  i  c i  )
E - H  1  1  )  \  E  -  H 2  2  /

A°___  z
(E  -  H )  i .  , i 0 . . . , i  1  2c i ,  c i „  • • •  c i

( 3 . 1 . 4 )

s o  t h e  G r e e n * ร  f u n c t i o n  c a n  b e  w r i t t e n  a s  ( l a t e r  w e  w i l l  u s e  o n l y  c ^  f o r

c ^  o r  i  ■  ท ,  ท ' 3 1 , 2 , 3 , . . . )
1 n  n

A . . { 1 + — 4—  Ec -(------- 4-
! - » o  1 ( E -E  ■  Ho  1  ( E  -  Ho ) 2 1 ,2  C1 c 2

(E  -  Ho ) 3  1 , 2 , 3  C 1  c 2  c 3

+ . . . +
( E  -  Hq )  1 , 2 , 3 . . . ท

Cj  ̂ c ^ c ^ . . ( 4 “ . . .  }

( 3 . 1 . 5 )
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T h e  a b o v e  G r e e n ' s  f u n c t i o n  i s  f o r  a  p a r t i c u l a r  c r y s t a l  o n  w h i c h

t h e  s i t e s  o c c u p i e d  b y  t h e  B a t o m s  a r e  s p e c i f i e d .  S i n c e  w e  n e e d  t h e

G r e e n ' s  f u n c t i o n  f o r  a n  a v e r a g e  C r y s t a l »  w e  m u s t  ร น ณ  o v e r  a l l  p o s s i b l e

c o n f i g u r a t i o n s .  D o i n g  t h i s  w e  w i l l  e n c o u n t e r  q u a n t i t i e s  s u c h  a s

< " c ,  c „ . . . c  "S _  w h e r e  (  )  d e n o t e s  a  c o n f i g u r a t i o n  a v e r a g e  o r1 2  ท /cum /cum °

c u m u l a n t  a v e r a g e .  T h u s  t h e  c u m u l a n t  a v e r a g e  G r e e n ' s  f u n c t i o n

<  G >  -  
c u m

+

+

r H ' l + > <C1

A 2  „ E /
( E  - Ï T ) 2  1 , 2  ^  C l C 2 ^ c u m

■- - ■1. E C1C2C3̂ >( E - H  ) 3  1 , 2 , 3  1 z  c u m

1 , 2 , . . .  ท  < -̂C l C 2 *  ■ , c ท  / c u m  +

>
c u m

ท
+ ‘ • พี:0 ) ท

. . . }  ( 3 . 1 . 6 )

3 . 2  E v a l u a t i o n  o f  < C c ^ c ^ . . . c ^  ^> i n  A n a l y t i c a l  E x p r e s s i o n * ' *

T h e  v a l u e  o f  < ^ c ^ >  I 3 d e t e r m i n e d  f r o m  i t s  d e f i n i t i o n

<  c ^  ^> =  a v e r a g e  v a l u e  o f  c ^

*  v a l u e  o f  c i  f o r  e a c h  d i f f e r e n t  c r y s t a l  a r r a g e m e n t  
n u m b e r s  o f  d i f f e r e n t  c r y s t a l  a r r a g e m e n t

o r N  , 1 V
y  c (k)

<  c^ >  = k =" 1 1 = c ( 3 . 2 . 1 )

w h e r e  c  ^  i s  t h e  v a l u e  o f  ^  f o r  t h e  k t h  a r r a g e m e n t  s o  c  c a n  b e  

i n t e r p r e t e d  t h a t  i s  t h e  c o n c e n t r a t i o n  o f  i m p u r i t i e s  i n  d i s o r d e r e d
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s y s t e m .  T h e r e f o r e ,  i f  w e  i n t r o d u c e  P Q ( c )  w h i c h  i s  t h e  o c c u p a n c y  

p o l y n o m i a l ,  w e  g e t

< c 1 >  =  c

=  p  1 ( c )  ( 3 . 2 . 2 a )

C o n s i d e r  f o r  i n s t a n c e  t h e  c o n f i g u r a t i o n  a v e r a g e  o f  t h e  p r o d u c t  o f  t w o  

s i t e  o p e r a t o r  ร  c ^ 2  ร  ,  w e  h a v e

< c l c 2 >  =

ร ) ; ;  -
i f  1 =  2 ;  0 ^ 2 =  C j

i f  1 / 2

W e w i l l  g e t

< c l c2 >  ■  =2 -  ( ° 2 -  c)  6 12
=  C2 +  ( c  -  c 2 )  <5^2 

=  p 2  ( c )  +  P 2  ( c )  ร 1 2

«12 - 1 , 1 - 2  

= 0 , 1 / 2

( 3 . 2 . 2 b )

C o n s i d e r  ร C 1 ° 2 C3 ร

< C 1 C 2 C 3 >  = < c l >  =  c i f 1 ss 2  ^  3 ? c  c  c  35 c1 L J  5 1 2  3  1

* ( c l X c 3 >  ■  ° 2 i f 1 =  2 / 3 ;  c  1 c 2 =

■ (ฯXc2> '  ° 2 i f 1 = 3 / 2  ; C 1 C 3 =  C 1

=  ( c l X c 2 >  “  c 2 i f 2 = 3 / 1  ; C 2 C3 =  c 2

- < c 1 > \ c 2X 0 3 >  - c 3 i f  1 /  2  /  3  ;
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We g e t ,

<' C1C2C3^> 3 ° 3 + ^°2 ” c3) ^ 2 + \ 3+ ^3.)+ (0_3<ะ2+2<ะ3) 5123
zs P l 3 (c )  "  V c ) P 2 ( c ) ( 612+ 613+ 523 )

+ P3 (c )  ร123 ; ( 3 .2 .2 c )

The c o n d i t i o n  f o r 23 f u n c t io n

Ô123 ะC 1 f o r  1 = 2 = 3 ; {12 “  ai 3 S3 623 = 1

ร 0 f o r  1 = 2 ^ 3 b u t  <$1 2 = 1 , 6 ะร13 ร23 -  0

ระ 0 f o r  1 = 3 ^ 2 b u t  6. 3 = 1 , Ô12 - *23 “ °
S3 0 f o r  2 = 3 ^ 1 b u t  «2 3 -  1 , 512 3 ' 13 = 0

and so  f o r t h

< ° l c 2 c 3 c 4 >  - p i 4 <c )  +  p 1 2 < =>  P 2 ‘ c > <  W W W  

+  P 1 ( c ) P 3 ( c ) (  'ร1 2 3  +  6 เ 2 4  +  « 1 3 4  +  ร2 3 4 ^

+ P ^(c) ( ร  6 + 6  6 + 6  ร )2 KC} *• 12 34 13 24 14 23 ;
+ P4 (C) «1234 ( 3 . 2 . 2d)

< C1C2C3C4 C5 > -  P l 5 <‘ > + P l 3 ( c > V c> ( *12 +  *13 + *14 +  *15

+ *23 + *24 + *25 + *34 + *35 + V  
+ P1 (c ) p , ( c )  ( ''123 + ' 124 + ' 125 + ' 134 + ' 135

+ 6145 + 6234 + 5235 +  *245 + 6345)
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< C1C2C3

+ PjCc) P22 (c) ( «23 «45 + «24 «35 + «25 «34

+ *13 *45 +  V  s 35 +  *13 434 +  *12 *+5 +  '4น  *25 

+ S15 424 + " -)

+ V c> V c )  < 42345 +  *1345 + - " )

+ P2 (c )  p , ( e )  ( «12 «345 +  «13 «245 + • • • )

+ V c) *12345 ( 3 - 2 - 2e)

4 C5 ° 6 >  -  P j 6 (c )  +  p 1* (c )  P2 ( c )  ( «12+  «13 +  «14 + . . . )

+ Pj 3 (c) P 3 ( c ) (  «123 + «124 + . . . +  «4 5 6 )

P p ^ ('('ไ ( { 6_ + 6 6 + . . .+  *1 l c ;  *2 1 ; '  12 34 12 35
+ 5 6 )36 45 '
+  ? เ 2 ( 0) P4 (c )  ( «1 2 3 4 + «1 2 3 5 + . . . +  «3456)

+ r^ O F jtc )  Pj(c)< «12 «345 + «13 «245 + . . .
+ 6 6 )56 234 '
+  p ^ ( c  ไ c 6 _ 6 6 + 5  6 6 + . . .+ F2 Kc) K 12 34 56 12 35 46
J. 5 Ô Ô )16 25 34 ;

+ P j ( c )  P 5 (c )  ( 612345 + Ôi2 3 4 6  + , “ + 623456)

+ P2 (c) P4 (c)  ( 512 63456 + 613 52456 + *,>

+ 656 61234^

+ P32 <c > ( *123 6456 + 6124 Ô356 + • • - +  6156 พ  

+  p 6 (c )  6123456 ( 3 . 2 . 2 f)
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The r e s u l t s  f o r  p (c )  up to  ท = 6 a r e  p r e s e n te d  i n  T ab le  ( 3 .2 ,1 )ท
M a tsu b a ra  and Yonezawa and M aradu d in  h ad  p o in te d  o u t  t h a t  th e  PR( c )  a r e

c u m u la n ts  o f  th e  i n d i c a t o r  f u n c t io n  f o r  th e  p re s e n c e  o f ,  sa y  a  B a to m . 
So we c a l l e d  t h a t  p (c )  i s  th e  c u m u lan t c o e f f i c i e n t s  o f  th e  c u m u lan t

a v e r a g e .
T a b le  3 .2 .1  M u l t ip le  -  o ccu p an cy  p o ly n o m ia ls  o r  cum ulan t 

c o e f f i c i e n t s  p ( o ) f o r  ท £ 6 . ^

3 .3  D e s c r ip t io n  o f  Pn (c )  P o ly n o m ia ls  i n  Terms o f  G raph

In  L e a th  and  Goodman’s s e c o n d  p a p e r ^

( พ )  - y  Bn c (1 -  c ) n  ~ 1 ( 3 .3 .1 )

i s  th e  e v a l u a t i o n  o f  th e  1 - cu m u la n t o f  G asp ard  and C y r o t -  L a c k m a n .^  

( y )  i s  th e  c u m u la n ts  o f  th e  random  v a r i a b l e  h a n d  y g =



TT

w h ere  Mr  i s  th e  i n t e r m e d ia t e  a to m ic  m a ss , tig i s  th e  a to m ic  m ass o f  atom  
ty p e  B, ผ i s  t h e  f r e q u e n c y .  F o r t h e  monomer s e l f - e n e r g y

y
£ 1 = ; + L__

The a p p ro x im a tio n s  o f  Pn ( c ) o f  Hong

Hong and Kopelman Pn (c )

C h a tu p o rn Pn (c )

1— 1. 1 " P  — I. ■ . - — 1 . . .

and K opelm an, C h a tu p o rn  a r e

= c

= S t i r l i n g  num bers o f  th e  
seco n d  k in d

An in c o n s i s t e n c y  i n  C h a tu p 'O rn 's  w ork  was th e  c a l c u l a t i o n  o f  Pn (c )  w h ich  
ta k e s  i n t o  a c c o u n te d  th e  e x i s t  o f  d im e r ,  t r i m e r ,  e t c  s e r i e s .  L e a th  and 
Goodman p o in te d  o u t  t h a t  th e  p ro p a g a to r  i n  t h e i r  c a s e  i s  b a s e d  on o n ly  
monomer c o n t r i b u t io n s  b e in g  p r e s e n t  when c a l c u l a t i n g  £ ^ . In  d e te rm in in g  

£ 1 i t  was a l s o  assum ed t h a t  th e  C isn u lan ts  w ere  c o n s t r u c te d  o n ly  from  
monomer g r a p h s .T o 'b e  s e l f - c o n s i s t e n t ,  th e  d im er s e l f  e n e rg y  sh o u ld  b e  
c a l c u l a t e d  u s in g  cu m u la n ts  c o n s t r u c te d  from  j u s t  monomer and d im er g r a p h s .

We w i l l  d e s c r ib e  th e  e x p a n s io n  o f  Pn (c )  i n  te rm s  o f  g ra p h  w h ich
was in t r o d u c e d  by A iy e r ,  E l l i o t t ,  K rum hansl and L eatfi^ f o r  s e l f  c o n s i s t e n c y .

Px (c ) ( 3 .3 .2 a )

P 2 (c )

P3 (c )

c -  c ( 3 .3 .2 b )
y  X .' y

c -  3 c (c  - c V c 3 c- 3 c2+ 2 c3 ( 3 .3 .2 c )
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= c - 4P1 ( c )P3 (c ) -  3P‘ (c )  -  6P ^ ( c )P 2 ( c ) -  p*(c>

= c -  4 c (c  -  3 c 2 + 2c3> -  3 (c  -  c 2) 2 -  6 c 2 (c  -  c 2) -
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P6 (c )

-  c -  5P1 ( c )P 4 ( c ) -  10P2 ( c ) P 3 (c )  10P3 (c ) P 3 (c )
-  15P1 (c )P 2 (c ) -  1 0 P ^ (c )P 2 (c )  -  p 5 (c )

= c -  5 c (c  -  7 c 2 + 1 2 c3 -  6 c4 ) -  1 0 (c  -  c 2) (c  -  3 c 2 
+ 2 c 3 ) -  1 0 c2 (c  -  3 c 2 + 2c3) -  1 5 c (c  -  c 2 ) 2
-  1 0 c3 (c  -  c 2) -  c 5

= c -  1 5 c 2 + 5 0 c3 -  60c4 +  2 4 c5 ( 3 .3 .2 c )

_ a l l  t h e  d i s t i n c t  g r a p h s  I  c a n  d raw

Some o f  th e  d i s t i n c t  g ra p h s  I
./V,/*'• •>\  /  1'' \  \L— —L - ' \  o r  «LJ.—L,J.

can  draw  from  P g (c )  

and so  f o r t h .

I n  t h i s  r e s e a r c h  we w i l l  c o n s id e r  o n ly  monomer and  d im er g ra p h s  
and so  to  b e  s e l f  c o n s i s t ,  Pn (c )  w i l l  b e  e v a lu a te d  by c o n s id e r in g  o n ly
monomer and d im er g ra p h s  i n  th e  e x p a n s io n  o f  p ^ (c )
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In  1 -  cu m u la n t we w i l l  g e t  1 -  P (c )  by  c o n s id e r in g  o n ly
A  n

one -  com plex  g ra p h  *-----1 * i J J l  1 . .  •

1 -  P1 (c) 

1 -  P2 (c) 

1 -  P3 (c)

1 -  P4 (c)

= c

c -  c sc 0 H* 1 o

c -  2 c(c  - c 2) - 3c SB c -  2c2 + c 3
c ( l  -  c ) 2

c -  2c น - - P3(c) } -  ( 1  - P2 (c ) } 2
-  3c2 ( 1  -- P2(c) } 4-  c

1 -  P5 (c )

= c -  3 c 2 + 3 c 3 -  c 4 = c ( l  -  c ) 3

-  c -  2c { 1  -  P4 (c)} -  2 { 1 -  P^(c) }

X { 1  -  P 3 (c )  } -  3 c2 { 1  -  P3 (c )  } -  3c { 1  -  P 2 (c )  ? 
-  4 c 3 { 1  -  P2 (c )  } -  c 5

, 2  , 3  . 4  5 _ , 1 .4= c -  4c + 6c -  4c + c = c ( l  -  c )

1 -  P (c )  * c ( l  -  c ) n  ■  1 ( 3 .3 .3 )

I n  2 -  cu m u lan t we w i l l  g e t  2 -  P (c )  by c u n s id e r in g  o ne  -  com plex
, ' \  n  /  i \and two -  com plex g ra p h s  f o r  exam ple -—r 1—; o r  พ ุ่and  so  f o r t h\ ร  V,/X X

a r e  th e  two -  com plex  g ra p h . We g e t

2 -  ?1(c) = c

2 -  P2 (c )  = c -  c 2



61

2 -  P g (c )  ะ* c -  3 c 2 +  2 c 3

2 -  P4 (c )  -  c -  7 c 2 + 1 0 c 3 -  4 c4

2 -  P5 (c )  •ะ c -  1 5 c2+ 3 2 c3 -  2 4c4 + 6 c 5 ( 3 .3 .4 )

w h ich  c a n n o t b e  d e r iv e d  i n  th e  g e n e r a l  fo rm . The g e n e r a l  form  o f  1 -  l’n (c )  
i n  ( 3 . 3 . 3 )  c o r re s p o n d  to  ( 3 . 3 . 1 )  w h ich  w i l l  g e t  th e  monomer -  s e l f  -  
e n e rg y  i n  th e  same r e s u l t  o b ta in e d  by E l l i o t t  and T a y lo r 2 3 . ะ

' s  ET =  i  -  ( 1  -  c ) นg d 0  ( 3 . 3 . 5 a )

o u r  r e s u l t ,

E1 “  1 -  (1  -  c )  A Go

w h ere  Pg = A and d Q = GQ

( 3 .3 .5 b )

I f  i n  th e  c a s e  o f  1 -  c u m u lan t ร we c o u n t  t h e  one -  com plex
te rm  w h ich  h av e  th e  o th e r  i s o l a t e d  s c a t t e r i n g  t o g e th e r  su c h  t h a t

,'*1. ('ï ,
i.1 '> ,  ,1. ‘ , A- '■ , i  1. 1**» ะ , / ,  ‘ 1''. a n d  so  f o r t h

ะ:. i  ik i  * » * i  * *
We w i l l  g e t  Pn (c )  w h ich  can  b e  d e r iv e d  i n  t h e  g e n e r a l  fo rm

P ^ (c )  = c

p ^ (c )  = c ( l  -  c)

p ^ (c )  =ะ c (1 -  c ) ( l  -  2c)

p ' ( c )  = c ( l  -  c ) ( l  -  2 c ) 2
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P 5 (c )

V c >

c ( l  -  c ) ( l  -  2c)

c ( l  -  c ) (1 -  2c)

p ' ( c ) = c ( l  -  c ) ( l  -  2 c )n  ■  2 , ท >  2 ( 3 .3 .6 )

w h ich  c o r re s p o n d  to  L e a th  and G oodm an'ร r e s u l t  ะ
K ' 11 (y )  -  c ( l  -  C>(1 -  2 c )n  ■  2 ( นA -  UB ) n

th e  monomer s e l f  -  e n e rg y  o f  L e a th  and Goodman’s r e s u l t  i s
( 3 .3 .7 )

(1 ) (1  -  c )  +  c  Pg -  pA PB d o
1 -  I c  นA +  (1  -  c )  ÿ  d 0 ( 3 .3 .8 )

w h ich  i s  fo rm a l ly  sy m m etric  w i th  r e s p e c t  to  in te r c h a n g e  o f  A and  B atom  
t y p e s .

3 .4  S e t up th e  S e l f  -  E nergy  f o r  th e  M ixed M o le c u la r  C r y s t a l

From ( 2 .3 .1 )  i n  c h a p te r  I I  , we h a v e  th e  monomer s e l f  -  e n e rg y  i n  

a n a l y t i c a l  fo rm  a s

l  1 = ( A/N)N p (c )  + ( A /N )2N P ,( c ) E  g (k )1 1 t  k '

+ (A /N ) 3N P 3 (c )  E E„G0 (k) Go (k) + . . .

( 3 .4 .1 )
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by s u b s t i t u t i n g  PR(c )  from  ( 3 .3 .6 )  i n t o  PI1(c )  we g e t

ะ = ( A /n )N c + ( A /N )2 N c ( l  -  c )  E, G (k )1 k
+ ( A/N)3N c ( l  -  c ) ( l  -  2c) รุ, รุ,, Gq(k) G0 (k )

k, 1c
+ ( A /n ) 4n c ( l  -  c ) ( l  -  2 c ) 2

* i  l "  k"'G° ๙ } G° (k//) G° (k//> + **’
£1 = (A /N)N c + (A /N )2 N2 c ( l  -  c )  GQ(E)

+ ( A /N )3 N3 c ( l  -  c ) U  -  2c) G2 (E)

+ ( A /N )4 N4 c ( l  -  c ) ( l  -  2 c ) 2 G^ (E) + . . .

-  ( A/N)N c {1 +  ( a /N )N (1 -  c )  Gq (E)

+ ( A /N )2 N2 ( l  -  c ) ( l  -  2c) G2 (E )

+ ( A /N )3 n 3 (1 -  c ) ( l  -  2 c ) 2 Gg (E) + . . .  }

ร 1 -  cA [ l  +  ( A /N )N(1 -  c )  Go (E)

x{ 1 + ( A/N)N(1 -  2c) Go (E)

+ ( A / N ) V ( 1  -  2 c ) 2 G2 (E)

+ ( A /N )3N3 (1  -  2 c ) 3 G3 (E) + . . . } ]

-  cA r 1 + (A พ -  c) Go (E> }
1 1 -  ( A /N )N (1  - 2 c ) Gq (E)



Bh

(1 -  c) AG (E)
1 -  (1 -  2 c )  AGo (E) }

= 0 M 1 -  (1 -  2c) AGo (E) + (1 -  c) Go (E) }
i  -  (1  -  2 c )  AGq (E)

1 -  AG (E) + 2c Ag (E) + Ag (e ) -  c a G (E): : ร , ะ'
I t  c an  b e  shown t h a t  i n  t h e  l i m i t  c 0 ,  th e  abo v e  re d u c e s  to  

t h e  monomer s e l f  e n e rg y  o b ta in e d  by Hong and K opelm an.
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