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CHAPTER I

INTRODUCTION

In many scientific and technological fields, especially the computer experiment,

we always face the problem of computing a value of integral over a high dimensional

domain. Among numerical integration techniques, Monte Carlo methods are especially

useful and often competitive for high dimensional integration(see, Davis and Rabinowitz

([1]), chap. 5.10, Niederreiter([2]), Evans and Swartz ([3])). The simple Monte Carlo

method may be formulated as follows:

Consider a deterministic function Y = f(x) ∈ R where x ∈ [0, 1]d and f is known

but hard to calculate. Then our aim is to estimate∫
[0,1]d

f(x)dx,

that is the mean, µ = E(f◦X), of f◦X where X is a random vector uniformly distributed

on a unit hypercube [0, 1]d. The simplest way is to draw the samplings X1, X2, ..., Xn

independently and uniformly distributed from [0, 1]d and use

µ̂ =
1
n

n∑
i=1

f ◦Xi

as an estimator of µ.

Beside the uniform sampling, there are various alternative ways to select the points

Xi’s for µ̂. For examples, lattice sampling(see Patterson([4]), Latin hypercube sam-

pling(see, McKay, Conover and Beckman([5]), Owen([6]), the orthogonal arrays(see,

Loh([7]), Owen([8]), Tang([9])), scrambled net(see, Owen([10]) and ([11])). In this work,

we investigate orthogonal arrays sampling.

An orthogonal array of strength t with index λ (λ ≥ 1), is an n × d matrix with

elements taken from the set {0, 1, ..., q − 1} such that for any n × t submatrix, each of

the qt possible rows appears the same number λ of times where d, n, q and t are positive

integers with t ≤ d and q ≥ 2. Of course n = λqt. A class of these arrays are denoted

by OA(n, d, q, t)(see Raghavarao([12]) for more details).
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Loh(1996) considered the class OA(n, 3, q, 2) when n = q2 and constructed the sam-

pling X1, X2, ..., Xq2 on the unit cube [0, 1]3 as follows: Let

(a) π1, π2, π3 be random permutations of {0, 1, ..., q − 1},

(b) Ui1,i2,i3,j be [0, 1] uniform random variables where i1, i2, i3 ∈ {0, 1, ..., q − 1}, j ∈

{1, 2, 3}; and

(c) Ui1,i2,i3,j ’s and πk’s be all stochastically independent.

An orthogonal array-based sample of size q2, {X1, X2, ..., Xq2}, is defined to be

{X(π1(ai,1), π2(ai,2), π3(ai,3)) : 1 ≤ i ≤ q2},

where, for each i1, i2, i3 ∈ {0, 1, ..., q − 1} and j ∈ {1, 2, 3},

X
(
i1, i2, i3

)
=

(
T1(i1, i2, i3), T2(i1, i2, i3), T3(i1, i2, i3)

)
,

Tj(i1, i2, i3) =
ij + Ui1,i2,i3,j

q
,

and ai,j is the (i, j)th element of some arbitary but fixed A ∈ OA(q2, 3, q, 2).

So the estimator µ̂ of µ in (1.1) can be express in the form of

µ̂ =
1
q2

q2∑
i=1

f ◦X(π1(ai,1), π2(ai,2), π3(ai,3)).

Owen([8]) gave an expression for the asymptotic variance of µ̂ that if E(f ◦ X)2 < ∞

then, as q →∞, we have

q2V ar(µ̂) =
∫

[0,1]3
f2

rem(x)dx + o(1),

where, for each i1, i2, i3 ∈ {0, 1, ..., q − 1} and j ∈ {1, 2, 3},

frem(x) = f(x)− µ−
3∑

j=1

fj(xj)−
∑

1≤k<l≤3

fk,l(xk, xj)

fk,l(xk, xj) =
∫ 1

0

[
f(x)− µ− fk(xk)− fl(xl)

] ∏
j 6=k,l

dxj

fj(xj) =
∫

[0,1]2

[
f(x)− µ

] ∏
k 6=j

dxk.

Assume that V ar(µ̂) > 0. We define

W =
µ̂− µ√
V ar(µ̂)

.



3

From Owen[8], we note that

EW = 0 and V arW = EW 2 = 1. (1.1)

From now on, we let X be a uniform random vector on [0, 1]3 and Φ the standard nor-

mal distribution. Loh([7]) gave a uniform bound on the normal approximation of W in

Theorem 1.1.

Theorem 1.1. Suppose that E(f ◦X)r < ∞ for some even integer r ≥ 4. Then

sup
{∣∣P (W ≤ w)− Φ(w)

∣∣ : −∞ < w < ∞
}

= O(q
2−r
2r−2 ) as q →∞.

In Theorem 1.1 we observe that the order of a bound is O(q−
2
5 ) when we assume E(f ◦

X)6 < ∞.

In this work, we improve it to O(q−
1
2 ) and give a non-uniform bound. Furthermore,

we find concentration inequalities of W in case of uniform and non-uniform. These are

our main results.

Theorem 1.2. (A Uniform concentration inequality)

Assume that E(f ◦X)4 < ∞. Then as q →∞,

P (a ≤ W ≤ a + λ) ≤ 2λ
(
1 +

1
q − 1

)
+ O(

1
√

q
),

for any real number a and λ ≥ 0.

Theorem 1.3. (A Non-uniform concentration inequality)

Assume that E(f ◦X)4 < ∞. Then there exists a constant C such that

P (z ≤ W ≤ z + λ) ≤ Cλ

1 + z
+

1
1 + z

O(
1
√

q
), as q →∞,

for any real number z, λ ≥ 0.

Theorem 1.4. (A Uniform bound for randomized orthogonal array sampling designs)

Suppose that E(f ◦X)6 < ∞. Then as q →∞,

sup
{∣∣P (W ≤ w)− Φ(w)

∣∣ : −∞ < w < ∞
}

= O(q−
1
2 ).
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Theorem 1.5. (A Non-uniform bound for randomized orthogonal array sampling de-

signs)

Suppose that E(f ◦X)r < ∞ for even number r ≥ 8. Then for z ∈ R,

∣∣P (W ≤ z)− Φ(z)
∣∣ ≤ max

( 1

(1 + |z|)1−
2
r

O(
1

q
r−8
2r

),
1

(1 + |z|)
11
12

O(
1

q
1
6

)
)

as q →∞.

In this thesis, we organize as follows. In chapter 2, we give some definitions in

elementary probability theory, a background of Stein’s method and some useful prop-

erties of Stein’s solution. In chapter 3, we give a uniform concentration inequality. A

non-uniform concentration inequality is stated in chapter 4. The proofs of a uniform

bound and non-uniform bound for randomized orthogonal array are shown in chapter 5

and chapter 6 respectively.



CHAPTER II

PRELIMINARIES

In this chapter, we give some basic concepts in probability which will be used in

our work. The proof is omited but can be found in Stein([13]), Petrov([14]) and Barbour

and Chen([15]).

2.1 Probability Space and Random Variables

A probability space is a measure space (Ω,F , P ) for which P (Ω) = 1. The measure P

is called a probability measure. The set Ω will be referred as a sample space and

its elements are called points or elementary events. The elements of F are called

events. For any event A, the value P (A) is called the probability of A.

Let (Ω,F , P ) be a probability space. A function X : Ω → R is called a random

variable if for every Borel set B in R, X−1(B) belongs to F . A random vector

X = (X1, X2, ..., Xk) is a finite family of random variables X1, X2, X3, ..., Xk and for

each i = 1, 2, ..., k, Xi is called component of the random vector. We shall use the

notation P (X ∈ B) in place of P ({ω ∈ Ω|X(ω) ∈ B}). In the case where B = (−∞, a]

or [a, b], P (X ∈ B) is denoted by P (X ≤ a) or P (a ≤ X ≤ b), respectively.

Let X be a random variable. A function F : R → [0, 1] which is defined by

F (x) = P (X ≤ x)

is called the distribution function of X.

Let X be a random variable with the distribution function F . X is said to be a

discrete random variable if the image of X is countable and X is called a continuous

random variable if F can be written in the form

F (x) =
∫ x

−∞
f(t)dt

for some nonnegative integrable function f on R. In this case, we say that f is the

probability function of X.

Now we will give some examples of random variables.
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We say that X is a normal random variable with parameter µ and σ2, written as

X ∼ N(µ, σ2), if its probability function is defined by

f(x) =
1√

2πσ2
exp

(
− 1

2σ2
(x− µ)2

)
.

Moreover, if X ∼ N(0, 1) then X is said to be a standard normal random variable.

We say that a discrete random variable X is uniform with parameter n if there exist

x1, x2, ..., xn such that P (X = xi) =
1
n

for any i = 1, 2, ..., n.

If X is a continuous random variable with probability function

f(t) =


1

b− a
if a ≤ x ≤ b,

0 if otherwise,

we call that X is uniform on [a, b].

We say that a random vector X is uniform on [0, 1]3 if its distribution function is

defined by

F (x1, x2, ..., xk) =


0 if at least one xi ≤ ai,
n∏

i=1

ci − ai

bi − ai
if otherwise,

where ci = xi if ai < xi ≤ bi and ci = bi if xi > bi.

2.2 Independence

Let (Ω,=,P) be a probability space and Fα are sub σ-algebra of F for all α ∈ Λ. We

say that {Fα|α ∈ Λ} is independent if and only if for any subset J = {1, 2, ..., k} of Λ,

P (
k⋂

m=1

Am) =
k∏

m=1

P (Am)

where Am ∈ Fm for m = 1, ..., k.

Let Eα ⊆ F for all α ∈ Λ. We say that {Eα|α ∈ Λ} is independent if and only if

{σ(Eα)|α ∈ Λ} is independent where σ(Eα) is the smallest σ-algebra with Eα ⊆ σ(Eα) .

We say that the set of random variables {Xα| α ∈ Λ} is independent if {σ(Xα)| α ∈

Λ} is independent, where σ(X) = {X−1(B) | B is a Borel subset of R}.

Theorem 2.1. Random variables X1, X2, ..., Xn are independent if for any Borel sets

B1, B2, ..., Bn we have

P (
n⋂

i=1

{Xi ∈ Bi}) =
n∏

i=1

P (Xi ∈ Bi).
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Proposition 2.2. If Xij ; i = 1, 2, ..., n, j = 1, 2, ...,mi are independent and fi : Rmi →

R are measurable, then {fi(Xi1, Xi2, ..., Ximi), i = 1, 2, ..., n} is independent.

2.3 Expectation, Variance and Conditional Expectation

Let X be any random variable on a probability space (Ω,F , P ).

If
∫

Ω
|X|dP < ∞, then we define its expected value to be

E(X) =
∫

Ω
XdP.

Proposition 2.3.

1. If X is a discrete random variable, then E(X) =
∑

x∈ImX

xP (X = x).

2. If X is a continuous random variable with probability function f , then

E(X) =
∫

R
xf(x)dx.

Proposition 2.4. Let X and Y be random variables such that E(|X|) < ∞ and E(|Y |) <

∞ and a, b ∈ R. Then we have the followings:

1. E(aX + bY ) = aE(X) + bE(Y ).

2. If X ≤ Y , then E(X) ≤ E(Y ).

3. |E(X)| ≤ E(|X|).

4. If X and Y are independent , then E(XY ) = E(X)E(Y ).

Let X be a random variable which E(|X|k) < ∞. Then E(|X|k) is called the k-th

moment of X about the origin and call E[(X−E(X))k] the k-th moment of X about

the mean.

We call the second moment of X about the mean, the variance of X, denoted by

V ar(X). Then

V ar(X) = E[X − E(X)]2.

We note that
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1. V ar(X) = E(X2)− E2(X).

2. If X ∼ N(µ, σ2) then E(X) = µ and V ar(X) = σ2.

Proposition 2.5. If X1, ..., Xn are independent and E|Xi| < ∞ for i = 1, 2, ..., n, then

1. E(X1X2...Xn) = E(X1)E(X2)...E(Xn),

2. V ar(a1X1 + · · · + anXn) = a2
1V ar(X1) + · · · + a2

nV ar(Xn) for any real number

a1, ..., an.

The following inequalities are useful in our work.

1. Hölder’s inequality :

E(|XY |) ≤ E
1
p (|X|p)E

1
q (|X|q)

where 0 < p, q < 1,
1
p

+
1
q

= 1 and E(|X|p) < ∞,E(|Y |q) < ∞.

2. Chebyshev’s inequality :

P ({|X − E(X)| ≥ ε}) ≤ V ar(X)
ε2

for all ε > 0

where E(X2) < ∞.

Let X be a random variable with finite expected value on a probability space (Ω,F ,P)

and D a sub σ-algebra of F . Define a probability measure PD : D → [0, 1] by

PD(E) = P (E)

and signed-measure QX : D → R by

QX(E) =
∫

E
XdP.

Then by Radon-Nikodym theorem we have QX � PD and there exists a unique measur-

able function ED(X) on (Ω,F ,P) such that∫
E

ED(X)dPD = QX(E) =
∫
E

XdP for any E ∈ D.

We will say that ED(X) is the conditional expectation of X with respect to D.

Moreover, for any random variables X and Y on the same probability space (Ω,F ,P)

such that E(|X|) < ∞, we will denote Eσ(Y )(X) by EY (X).
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Theorem 2.6. Let X be a random variable on probability space (Ω,F ,P) such that

E(|X|) < ∞, then the followings hold for any sub σ-algebra D of F .

1. If X is random variable on (Ω,D, PD), then ED(X) = X a.s.[PD].

2. EF (X) = X a.s.[P ].

3. If σ(X) and D are independent, then ED(X) = E(X) a.s.[PD].

Theorem 2.7. Let X and Y be random variables on the same probability space (Ω,F ,P)

such that E(|X|) and E(|Y |) are finite . Then for any sub σ-algebra D of F the

followings hold.

1. If X ≤ Y , then ED(X) ≤ ED(Y ) a.s. [PD].

2. ED(aX + bY ) = aED(X) + bED(X) a.s. [PD] for any a, b ∈ R.

Theorem 2.8. Let X and Y be random variables on the same probability space (Ω,F ,P)

such that E(|XY |) and E(|Y |) are finite and D1,D2 be any sub σ-algebra of F . If X

is a random variable with respect to D1, then

1. ED1(XY ) = XED1(Y ) a.s. [PD1 ].

2. ED2(XY ) = ED2(XED1(Y )) a.s. [PD2 ].

Let (Ω,F ,P) be a probability space and D be a sub σ-algebra of F . For any event

A on F , we defined the conditional probability of A given D by

P (A|D) = ED(1A)

where 1A is defined by

1A(w) =

1 if w ∈ A

0 if w /∈ A.

2.4 Stein’s Method for Normal Approximation

In 1972, Stein introduced a powerful and general method for obtaining an explicit bound

for the error in the normal approximation for dependent random variables. The technique

used was novel. Stein’s technique is free of Fourier methods and relied instead on the
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elementary differential equation. This method was adapted and applied to the Poisson

approximation by Chen in 1975. Since then, Stein’s method has stimulated an area of

intensive research in combinatorics, probability and statistics.

In this section we give basic results on the Stein’s equation and its solution.

Let Z be a standard normal distributed random variable and let Cbd be the set of

continuous and piecewise continuously differentiable functions g : R → R with E|f ′(Z)| <

∞.

For g ∈ Cbd and any real valued function I with E|I(Z)| < ∞, the equation

g′(w)− wg(w) = I(w)− EI(Z) (2.1)

is called Stein’s equation.

If Iz(w) = 1 (w ≤ z), then the Stein’s equation becomes

g′(w)− wg(w) = Iz(w)− Φ(z). (2.2)

Hence

E(g′(W )−Wg(W )) = P (W ≤ z)− Φ(z)

for any random variable W and the solution gz of Stein’s equation (2.2) is given by

gz(w) =


√

2πe
w2

2 Φ(w)[1− Φ(z)] if w ≤ z

√
2πe

w2

2 Φ(z)[1− Φ(w)] if w ≥ z.
(2.3)

The following properties of gz are used in this work.

Proposition 2.9. For all real w, u, v, we have

1. wgz(w) is an increasing function of w,

2. |g′z(w)| ≤ 1,

3. |g′z(w)− g′z(v)| ≤ 1,

4. 0 < gz(w) ≤ min(
√

2π

4
,

1
|z|

),

5. |(w + u)gz(w + u)− (w + v)gz(w + v)| ≤ (|w|+
√

2π
4 )(|u|+ |v|),

6. |g′z(w + u)− g′z(w + v)−
∫ u

v
h(w + u)du|

≤ 1 (z −max(u, v) < w ≤ z −min(u, v)) where h(w) = (wgz(w))′.
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Proposition 2.10. Let h(w) = (wgz(w))′. Then

0 ≤ h(w) ≤

4(1 + z2)e
z2

8 (1− Φ(z)) if w ≤ z
2

4(1 + z2)e
z2

2 (1− Φ(z)) if z
2 < w ≤ z.

Proposition 2.11. Let (X, Y ) be an exchangeable pair in the sense that

P (X ∈ A, Y ∈ B) = P (X ∈ B, Y ∈ A)

for every Borel measurable subsets A and B of R. Then, for all measurable functions

F : R2 → R that are antisymmetric in the sense that, for all x, x′ ∈ R

F (x, x′) = −F (x′, x)

we have

EEXF (X, Y ) = 0,

provided that

E|F (X, Y )| < ∞.



CHAPTER III

A UNIFORM CONCENTRATION INEQUALITY FOR

RANDOMIZED ORTHOGONAL ARRAY SAMPLING

DESIGNS

Let X be a random variable. The function QX : [0,∞) → R defined by

QX(λ) = sup
x

P (x ≤ X ≤ x + λ)

is called a uniform (Lévy) concentration function of X and the function

QX : R× [0,∞) → R defined by

QX(x;λ) = P (x ≤ X ≤ x + λ)

is called a non-uniform (Lévy) concentration function of X.

Upper bounds of uniform and non-uniform concentration functions are called uni-

form and non-uniform concentration inequalities respectively. In this chapter, we will

give a uniform concentration inequality for randomized orthogonal array sampling de-

signs.

With the same notation as in Chapter 1, let q ∈ {2, 3, 4, ...} and A = [ai,j ]q2×3 ∈

OA(q2, 3, q, 2) where OA(q2, 3, q, 2) is a class of the orthogonal arrays with strength 2

and index 1 and we also let

{X(π1(ai,1), π2(ai,2), π3(ai,3)) : 1 ≤ i ≤ q2}

be a class of the sample points with based on orthogonal array A = [ai,j ]q2×3 where

π1, π2, π3 are random permutations of {0, 1, ..., q − 1} and X(i1, i2, i3) is defined as in

chapter 1.

Let

W =
µ̂− µ√
V ar(µ̂)

(3.1)

Our main result in this chapter is to give an uniform concentration inequality of W

which is stated as follows.
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Theorem 3.1. Assume that E(f ◦X)4 < ∞. Then as q →∞,

P (a ≤ W ≤ a + λ) ≤ 2λ
(
1 +

1
q − 1

)
+ O(

1
√

q
),

for any real number a and λ ≥ 0.

To prove Theorem 3.1, it suffices to prove the following theorem.

Theorem 3.2. For any real number a ≤ b. Assume that E(f ◦ X)4 < ∞. Then as

q →∞,

P (a ≤ W ≤ b) ≤ 2(b− a)
(
1 +

1
q − 1

)
+ O(

1
√

q
).

Note that, if we choose b = a + λ where λ ≥ 0, then Theorem 3.1 follows directly from

Theorem 3.2.

3.1 Auxiliary Results

In this section, we give auxially results for proving Theorem 3.2.

For each i1, i2, i3 ∈ {0, 1, ..., q − 1} and j, k, l ∈ {1, 2, 3} such that k < l and for

any integrable function f , define

µ(i1, i2, i3) = Ef ◦X(i1, i2, i3),

µj(ij) =
1
q2

q−1∑
ik=0
k 6=j

[µ(i1, i2, i3)− µ],

µk,l(ik, il) =
1
q

q−1∑
ij=0
j 6=k,l

[µ(i1, i2, i3)− µ− µk(ik)− µl(il)],

Y (i1, i2, i3) =
1

q2
√

Var(µ̂)

[
f ◦X(i1, i2, i3)− µ−

3∑
j=1

µj(ij)−
∑

1≤k<l≤3

µk,l(ik, il)
]
,

µ̃(i1, i2, i3) = EY (i1, i2, i3).

Then W in (3.1) can be rewritten as

W =
q2∑

i=1

Y
(
π1(ai,1), π2(ai,2), π3(ai,3)

)
(3.2)
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and
q−1∑
ij=0

µ̃(i1, i2, i3) = 0. (3.3)

for each j ∈ {1, 2, 3}(Loh([7]): 1212). In 1996, Loh([7]) defined a random function

ρπ be such that (
i1, i2, ρπ(i1, i2)

)
=

(
π1(ai,1), π2(ai,2), π3(ai,3)

)
(3.4)

for some i ∈ {1, ..., q2} and showed that W in (3.2) can be rewritten again as the form

W =
q−1∑
i1=0

q−1∑
i2=0

Y
(
i1, i2, ρπ(i1, i2)

)
. (3.5)

Let I and K be uniformly distributed random variables on {0, 1, ..., q − 1},

(I, K) uniformly distributed on
{
(i, k)|i, k = 0, 1, ..., q − 1, i 6= k

}
and assume that they

are indenpendent of all π1, π2, π3 and Ui1,i2,i3,j ’s defined as in Chapter 1.

Define

W̃ = W − S1 − S2 + S3 + S4

where

S1 =
q−1∑
i2=0

Y
(
I, i2, ρπ(I, i2)

)
, S2 =

q−1∑
i2=0

Y
(
K, i2, ρπ(K, i2)

)
,

S3 =
q−1∑
i2=0

Y
(
I, i2, ρπ(K, i2)

)
, S4 =

q−1∑
i2=0

Y
(
K, i2, ρπ(I, i2)

)
.

Note that
(
W, W̃

)
is an exchangeable pair(see Loh([7]): 1213).

Lemma 3.3.

1. S1, S2, S3, S4 are identically distributed.

2. If E(f ◦ X)r < ∞ for any positive even integer r, then, for every i = 1, 2, 3, 4,

ESr
i = O(q−

r
2 ) as q →∞.

Proof. 1. Clearly S1 and S2 have the same distribution and so do S3 and S4. Thus, it

suffices to show that S1 and S3 have the same distribution. Let S(q) be the set of all

permutations on {0, 1, ..., q− 1} and for each i = 0, 1, ..., q− 1. Define a random variable

ρπ(i, ·) : {0, 1, ..., q − 1} → {0, 1, ..., q − 1} by

ρπ(i, ·)(j) = ρπ(i, j).
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From (3.4) and the fact that π1, π2, π3 are independent, we have

ρπ(i, ·) is a random permutation on {0, 1, ..., q − 1}.

Then, for every a ∈ R, we have

P (S3 ≤ a) = P (
q−1∑
i2=0

Y
(
I, i2, ρπ(K, i2)

)
≤ a)

=
∑
i6=k

P (
q−1∑
i2=0

Y
(
i, i2, ρπ(k, i2)

)
≤ a, (I, K) = (i, k))

=
1

q(q − 1)

∑
i6=k

P (
q−1∑
i2=0

Y
(
i, i2, ρπ(k, i2)

)
≤ a)

=
1

q(q − 1)

∑
i6=k

∑
β∈S(q)

P (
q−1∑
i2=0

Y
(
i, i2, β(i2)

)
≤ a, ρπ(k, ·) = β)

=
1

q(q − 1)q!

∑
i6=k

∑
β∈S(q)

P (
q−1∑
i2=0

Y
(
i, i2, β(i2)

)
≤ a)

=
1

qq!

q−1∑
i=0

∑
β∈S(q)

P (
q−1∑
i2=0

Y
(
i, i2, β(i2)

)
≤ a)

=
1
q

q−1∑
i=0

∑
β∈S(q)

P (
q−1∑
i2=0

Y
(
i, i2, β(i2)

)
≤ a, ρπ(i, ·) = β)

=
1
q

q−1∑
i=0

P (
q−1∑
i2=0

Y
(
i, i2, ρπ(i, i2)

)
≤ a)

= P (
q−1∑
i2=0

Y
(
I, i2, ρπ(I, i2)

)
≤ a)

= P (S1 ≤ a).

Hence S3 has the same distribution as S1.

2. follows from 1 and the fact that ESr
1 = O(q−

r
2 )(Loh([7]): 1215).

Lemma 3.4.

1. If E(f ◦X)2 < ∞, then
1
q

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2(i, j, k) = 1 + O(
1
q
) as q →∞.

2. If E(f ◦X)r < ∞ for some positive even integer r,
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then
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY r(i, j, k) = O(q3−r) as q →∞.

3. If E(f ◦X)r < ∞ for some positive even integer r,

then E
(
W̃ −W

)r
≤ O(q−

r
2 ) as q →∞.

Proof.

1 and 2 follow from Loh([7]): 1215-1217.

3 follows from Lemma 3.3(1, 2) and the fact that

E
(
W̃ −W

)r = E
∣∣∣ q−1∑

i2=0

Y
(
I, i2, ρπ(I, i2)

)
+

q−1∑
i2=0

Y
(
K, i2, ρπ(K, i2)

)
−

q−1∑
i2=0

Y
(
I, i2, ρπ(K, i2)

)
−

q−1∑
i2=0

Y
(
K, i2, ρπ(I, i2)

)∣∣∣r
≤ 4rE

∣∣∣ q−1∑
i2=0

Y
(
I, i2, ρπ(I, i2)

)∣∣∣r
= 4rESr

1 .

Lemma 3.5. Let g : R → R be a continuous and piecewise continuously differentiable

function. Then

EWg(W ) = E

∫ ∞

−∞
g′(W + t)M(t)dt−∆g(W ) (3.6)

and

∣∣∆g(W )
∣∣ ≤ 1

q − 1

[
Eg2

(
W

)] 1
2
, (3.7)

where

M(t) =
q

4
(
W̃ −W

){
I
(
0 ≤ t ≤ W̃ −W

)
− I

(
W̃ −W ≤ t ≤ 0

)}
,

∆g
(
W

)
=

1
q − 1

Eg
(
W

) q−1∑
i=1

q−1∑
j=1

µ̃(i, j, ρπ(i, j))

and I is the indicator function.

Proof. Let A be the σ−algebra generated by

{
(
π1(ai,1), π2(ai,2), π3(ai,3)

)
, Uπ1(ai,1),π2(ai,2),π3(ai,3),j : 1 ≤ i ≤ q2, 1 ≤ j ≤ 3}
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and F : R2 → R be defined by

F (w, w̃) = (w̃ − w)(g(w̃) + g(w))

for each w, w̃ ∈ R. Then F is an antisymmetric function and by Proposition 2.11, we

have

EF (W, W̃ ) = 0. (3.8)

From (3.8) and the fact that

EA(W̃ −W ) = −2
q
W − 2

q(q − 1)

q−1∑
i=0

q−1∑
j=0

µ̃(i, j, ρπ(i, j)),

(Loh([7]): 1217), we have

0 = EF (W, W̃ )

= E(W̃ −W )(g(W̃ ) + g(W ))

= E(W̃ −W )(2g(W )) + E(W̃ −W )(g(W̃ )− g(W ))

= 2E
{

g(W )EA(W̃ −W )
}

+ E(W̃ −W )(g(W̃ )− g(W ))

= 2Eg(W )
{
− 2

q
W − 2

q(q − 1)

q−1∑
i=0

q−1∑
j=0

µ̃(i, j, ρπ(i, j))
}

+ E(W̃ −W )(g(W̃ )− g(W )) (3.9)

which implies that

EWg(W ) =
q

4
E(W̃ −W )(g(W̃ )− g(W ))− 1

q − 1
Eg(W )

q−1∑
i=0

q−1∑
j=0

µ̃(i, j, ρπ(i, j))

=
q

4
E(W̃ −W )(g(W̃ )− g(W ))−∆g(W ) (3.10)

=
q

4
E(W̃ −W )(

∫ W̃−W

0
g′(W + t)dt)−∆g(W )

= E

∫ ∞

−∞
g′(W + t)M(t)dt−∆g(W ).

From Loh([7]): 1216, we know that
∣∣∆g

(
W

)∣∣ ≤ 1
q − 1

[
Eg2

(
W

)] 1
2
[
EW 2

] 1
2
.

Hence, by (1.1),
∣∣∆g

(
W

)∣∣ ≤ 1
q − 1

[
Eg2

(
W

)] 1
2
.
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To prove Lemma 3.7-3.8, we introduce the following construction which is used in

K.Neammanee and J.Suntornchost([16]) and N. Chaidee([17]).

Let Ī , K̄, L̄ and M̄ be uniformly distributed random vectors on {0, 1, ..., q− 1} which

satisfy the followings:

1. (Ī , K̄) and (L̄, M̄) are uniformly distributed random vectors on{
(i, k)|i, k = 0, 1, ..., q − 1 and i 6= k

}
.

2.
[
(Ī , K̄), (L̄, M̄)

]
is uniformly on{[

(i, k), (l,m)
]
|i, k, l,m = 0, 1, ..., q − 1 and i 6= k, l 6= m and (i, k) 6= (l,m)

}
.

3. (Ī , K̄), (L̄, M̄) and Ui1,i2,i3,j ’s, π1, π2, π3 are mutually independent.

Hence

P
(
[(Ī , K̄), (L̄, M̄)] =

[
(i, k), (l, m)

])
=

1
q(q − 1)

[
q(q − 1)− 1

]
for any i, k, l,m = 0, 1, ..., q − 1 and i 6= k, l 6= m and (i, k) 6= (l,m).

For each i, k ∈ {0, 1, ..., q − 1}, β, α ∈ S(q) and δ > 0 , we also let

zδ[(i, k), (β, α)] =
∣∣∣ q−1∑

j=0

{
Y (i, j, β(j)) + Y (k, j, α(j))− Y (i, j, α(j))− Y (k, j, β(j))

}∣∣∣
×min

(
δ,

∣∣∣ q−1∑
j=0

{
Y (i, j, β(j)) + Y (k, j, α(j))− Y (i, j, α(j))− Y (k, j, β(j))

}∣∣∣),

ẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))] = zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]− Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))],

Zδ =
∑
i6=k

ẑδ[(i, k), (ρπ(i, ·), ρπ(k, ·))],

and

Z̃δ = Zδ − ẑδ[(Ī , K̄), (ρπ(Ī , ·), ρπ(K̄, ·))]

− ẑδ[(L̄, M̄), (ρπ(L̄, ·), ρπ(M̄, ·))]

+ ẑδ[(Ī , K̄), (ρπ(L̄, ·), ρπ(M̄, ·))]

+ ẑδ[(L̄, M̄), (ρπ(Ī , ·), ρπ(K̄, ·))].
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We recall that an array

c11 c12 · · · c1q

c21 c22 · · · c2q

...
...

...

cp1 cp2 · · · cpq

is an Latin rectangle if each row contains the numbers 0, 1, ..., q − 1 in some order and

each column does not contain any digit repeated. To prove Lemma 3.7, we need a prop-

erty of Latin rectangle in Theorem 3.6.

Theorem 3.6. (Hall([18]): 50-51) The number of ways of adding a row to an r × q

Latin rectangle to give an (r + 1)× q Latin rectangle is at least (q − r)!.

First, we let

T1 = S(q) where S(q) is the set of all permutations on {0, 1, ..., q − 1}

and, for i = 2, 3, ...,

Ti =
{
(β1, β2, ..., βi)

∣∣ βj ∈ S(q) for j = 1, 2, ..., i and βj ’s are pairwise disjoint
}

=
⋃

(β1,β2,...,βi−1)∈Ti−1

{
(β1, β2, ..., βi−1, α)

∣∣ α ∈ S(β1, β2, ..., βi−1)
}

where S(β1, β2, ..., βi−1) =
{
α ∈ S(q)

∣∣ α ∩ βj = ∅ for j = 1, 2, ..., i− 1
}
.

Lemma 3.7. Let δ > 0. Then

1.
(
Zδ, Z̃δ

)
is an exchangeable pair.

2. Assume that E(f ◦X)2 < ∞. Then, as q →∞,

E
[
Zδ

∑
i6=k

∑
l 6=m

ẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]
]
≤ δ2O(q4).

Proof. First, we will show that if M ∈ OA(q2, 3, q, 2) then π(M) ∈ OA(q2, 3, q, 2), where

π(M) = [πj(aij)]. To do this, we suppose that π(M) is not an orthogonal array. Then
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there exist i, k ∈ {0, 1, ..., q − 1} and j1, j2 ∈ {1, 2, 3} such that i 6= k and j1 6= j2 and(
π1(ai,j1), π2(ai,j2)

)
=

(
π1(ak,j1), π2(ak,j2)

)
. So (ai,j1 , ai,j2) = (ak,j1 , ak,j2) which is a con-

tradiction to the property of A. Hence, π(M) is an orthogonal array. So, it implies that

ρπ(1, ·), ρπ(2, ·), ..., ρπ(q, ·) are pairwise disjoint. Then the exchangeability of Zδ and Z̃δ

follows from the following fact. For a, b ∈ R,

P (Zδ ≤ a, Z̃δ ≤ b)

=
∑
i6=k

∑
l 6=m

(l,m) 6=(i,k)

∑
(β,α,γ,η)∈T4

P
(
Zδ ≤ a, Z̃δ ≤ b,

[
(Ī , K̄), (L̄, M̄)

]
=

[
(i, k), (l, m)

]
, (ρπ(i, ·), ρπ(k, ·), ρπ(l, ·), ρπ(m, ·)) = (β, α, γ, η)

)
=

∑
i6=k

∑
l 6=m

(l,m) 6=(i,k)

∑
(β,α,γ,η)∈T4

P
(
Zδ ≤ a, Z̃δ ≤ b,

[
(Ī , K̄), (L̄, M̄)

]
=

[
(i, k), (l, m)

]
, (ρπ(i, ·), ρπ(k, ·), ρπ(l, ·), ρπ(m, ·)) = (γ, η, β, α)

)
=

∑
i6=k

∑
l 6=m

(l,m) 6=(i,k)

∑
(β,α,γ,η)∈T4

P
(
Z̃δ ≤ a, Zδ ≤ b,

[
(Ī , K̄), (L̄, M̄)

]
=

[
(i, k), (l, m)

]
, (ρπ(i, ·), ρπ(k, ·), ρπ(l, ·), ρπ(m, ·)) = (γ, η, β, α)

)
= P (Z̃δ ≤ a, Zδ ≤ b).

2. Note that

E
[
Zδ

∑
i6=k

∑
l 6=m

ẑ[(i, k), (ρπ(l, ·), ρπ(m, ·))]
]

=
∑
i6=k

∑
l 6=m

∑
u 6=v

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

=
∑
A

E
{
ẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

}
, (3.11)
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where A =
{

(i, k, l,m, u, v)
∣∣ i, k, l,m, u, v ∈ {0, 1, ..., q − 1}

and i 6= k, l 6= m, u 6= v
}

=
7⋃

i=1

Ai

and A1 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u = l, u 6= m, v 6= l, v = m
}

A2 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u = m, v = l, v 6= m
}

A3 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u 6= m, v 6= l, v = m
}

A4 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u = m, v 6= l, v 6= m
}

A5 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u 6= m, v = l, v 6= m
}

A6 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u = l, u 6= m, v 6= l, v 6= m
}

A7 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u 6= m, v 6= l, v 6= m
}
.

We first consider the sum on A1. Note that

∑
A1

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

=
∑
i6=k

∑
l 6=m

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(l, m), (ρπ(l, ·), ρπ(m, ·))]

=
∑
i6=k

∑
l 6=m

E
{

zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]− Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]
}

×
{

zδ[(l,m), (ρπ(l, ·), ρπ(m, ·))]− Ezδ[(l,m), (ρπ(l, ·), ρπ(m, ·))]
}

≤
∑
i6=k

∑
l 6=m

E
{

zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]zδ[(l, m), (ρπ(l, ·), ρπ(m, ·))]
}

+
∑
i6=k

∑
l 6=m

Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]Ezδ[(l, m), (ρπ(l, ·), ρπ(m, ·))]

= R11 + R12. (3.12)

where

R11 =
∑
i6=k

∑
l 6=m

E
{

zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]zδ[(l, m), (ρπ(l, ·), ρπ(m, ·))]
}
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and

R12 =
∑
i6=k

∑
l 6=m

Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]Ezδ[(l, m), (ρπ(l, ·), ρπ(m, ·))].

By Lemma 3.4(2, 3) and Cauchy’s inequality, we note that

R11 =
∑
i6=k

∑
l 6=m

E
{

zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]zδ[(l,m), (ρπ(l, ·), ρπ(m, ·))]
}

≤ 1
2

∑
i6=k

∑
l 6=m

E
{
zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]

}2

+
1
2

∑
i6=k

∑
l 6=m

E
{
zδ[(l,m), (ρπ(l, ·), ρπ(m, ·))]

}2

=
1
2

∑
i6=k

∑
l 6=m

E
{
zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]

}2

+
q(q − 1)

2

∑
l 6=m

E
{
zδ[(l,m), (ρπ(l, ·), ρπ(m, ·))]

}2

≤ δ2

2

∑
i6=k

∑
l 6=m

E
{∣∣ q−1∑

i2=0

Y (i, i2, ρπ(l, i2)) +
q−1∑
i2=0

Y (k, i2, ρπ(m, i2))

−
q−1∑
i2=0

Y (i, i2, ρπ(m, i2))−
q−1∑
i2=0

Y (k, i2, ρπ(l, i2))
∣∣}2

+
δ2q(q − 1)

2

∑
i6=k

E
{∣∣ q−1∑

i2=0

Y (i, i2, ρπ(i, i2)) +
q−1∑
i2=0

Y (k, i2, ρπ(k, i2))

−
q−1∑
i2=0

Y (i, i2, ρπ(k, i2))−
q−1∑
i2=0

Y (k, i2, ρπ(i, i2))
∣∣}2

≤ 8δ2(q − 1)2
q−1∑
i=0

q−1∑
l=0

E
{ q−1∑

i2=0

Y (i, i2, ρπ(l, i2))
}2

+
δ2q2(q − 1)2

2
E(W̃ −W )2 (3.13)

= 8δ2q2(q − 1)2E
{ q−1∑

i2=0

Y (Ī , i2, ρπ(L̄, i2))
}2

+
δ2q2(q − 1)2

2
O(q−1)

= δ2O(q3) (3.14)

and

R12 =
{∑

i6=k

Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]
}2
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≤ δ2
{∑

i6=k

E
∣∣ q−1∑

i2=0

Y (i, i2, ρπ(i, i2)) +
q−1∑
i2=0

Y (k, i2, ρπ(k, i2))

−
q−1∑
i2=0

Y (i, i2, ρπ(k, i2))−
q−1∑
i2=0

Y (k, i2, ρπ(i, i2))
∣∣}2

= q2(q − 1)2δ2
{

E
∣∣ q−1∑

i2=0

Y (I, i2, ρπ(I, i2)) +
q−1∑
i2=0

Y (K, i2, ρπ(K, i2))

−
q−1∑
i2=0

Y (I, i2, ρπ(K, i2))−
q−1∑
i2=0

Y (K, i2, ρπ(I, i2))
∣∣}2

= q2(q − 1)2δ2
{

E
(
W̃ −W

)}2

= δ2O(q3). (3.15)

It follows from (3.12),(3.14) and (3.15) that∑
A1

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ δ2O(q3). (3.16)

Similar to A1, we can conclude that∑
A2

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ δ2O(q3). (3.17)

Next, we consider the sum on A3.∑
A3

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

=
∑
i6=k

∑
l 6=m

∑
u

u 6=l,m

ẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, m), (ρπ(u, ·), ρπ(m, ·))]

=
∑
i6=k

∑
l 6=m

∑
u

u 6=l,m

E
{

zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]− Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]
}

×
{

zδ[(u, m), (ρπ(u, ·), ρπ(m, ·))]− Ezδ[(u, m), (ρπ(u, ·), ρπ(m, ·))]
}

≤
∑
i6=k

∑
l 6=m

∑
u

u 6=l,m

E
{

zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]zδ[(u, m), (ρπ(u, ·), ρπ(m, ·))]
}

+ (q − 2)
∑
i6=k

∑
u 6=m

Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]Ezδ[(u, m), (ρπ(u, ·), ρπ(m, ·))]

= R31 + R32. (3.18)
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where

R31 =
∑
i6=k

∑
l 6=m

∑
u

u 6=l,m

E
{

zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]zδ[(u, m), (ρπ(u, ·), ρπ(m, ·))]
}

and

R32 = (q − 2)
∑
i6=k

∑
u 6=m

Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]Ezδ[(u, m), (ρπ(u, ·), ρπ(m, ·))]

Obviously,

R32 = (q − 2)R12 ≤ δ2O(q4). (3.19)

Now, it remains to bound R31. By Lemma 3.4(2, 3).

R31 =
∑
i6=k

∑
l 6=m

∑
u

u 6=l,m

E
{

zδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]zδ[(u, m), (ρπ(u, ·), ρπ(m, ·))]
}

≤ δ2
∑
i6=k

∑
l 6=m

∑
u

u 6=l,m

E
{∣∣∣ q−1∑

i2=0

Y (i, i2, ρπ(l, i2)) +
q−1∑
i2=0

Y (k, i2, ρπ(m, i2))

−
q−1∑
i2=0

Y (i, i2, ρπ(m, i2))−
q−1∑
i2=0

Y (k, i2, ρπ(l, i2))
∣∣∣}

×
{∣∣∣ q−1∑

t2=0

Y (u, t2, ρπ(u, t2)) +
q−1∑
t2=0

Y (m, t2, ρπ(m, t2))

−
q−1∑
t2=0

Y (u, t2, ρπ(m, t2))−
q−1∑
t2=0

Y (m, t2, ρπ(u, t2))
∣∣∣}

≤ 1
2
δ2

∑
i6=k

∑
l 6=m

∑
u

u 6=l,m

E
{∣∣∣ q−1∑

i2=0

Y (i, i2, ρπ(l, i2)) +
q−1∑
i2=0

Y (k, i2, ρπ(m, i2))

−
q−1∑
i2=0

Y (i, i2, ρπ(m, i2))−
q−1∑
i2=0

Y (k, i2, ρπ(l, i2))
∣∣∣}2

+
1
2
δ2

∑
i6=k

∑
l 6=m

∑
u

u 6=l,m

E
{∣∣∣ q−1∑

t2=0

Y (u, t2, ρπ(u, t2)) +
q−1∑
t2=0

Y (m, t2, ρπ(m, t2))

−
q−1∑
t2=0

Y (u, t2, ρπ(m, t2))−
q−1∑
t2=0

Y (m, t2, ρπ(u, t2))
∣∣∣}2

≤ δ2

2
(q − 2)

∑
i6=k

∑
l 6=m

E
{∣∣∣ q−1∑

i2=0

Y (i, i2, ρπ(l, i2)) +
q−1∑
i2=0

Y (k, i2, ρπ(m, i2))

−
q−1∑
i2=0

Y (i, i2, ρπ(m, i2))−
q−1∑
i2=0

Y (k, i2, ρπ(l, i2))
∣∣∣}2

+
δ2

2
q(q − 1)(q − 2)

∑
u 6=m

E
{∣∣∣ q−1∑

t2=0

Y (u, t2, ρπ(u, t2)) +
q−1∑
t2=0

Y (m, t2, ρπ(m, t2))
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−
q−1∑
t2=0

Y (u, t2, ρπ(m, t2))−
q−1∑
t2=0

Y (m, t2, ρπ(u, t2))
∣∣∣}2

≤ 8δ2(q − 1)2(q − 2)
q−1∑
i=0

q−1∑
l=0

E
∣∣∣ q−1∑

i2=0

Y (i, i2, ρπ(l, i2))
∣∣∣2

+
δ2

2
q2(q − 1)2(q − 2)E

{∣∣∣ q−1∑
t2=0

Y (Ī , t2, ρπ(Ī , t2)) +
q−1∑
t2=0

Y (K̄, t2, ρπ(K̄, t2))

−Y (Ī , t2, ρπ(K̄, t2))− Y (K̄, t2, ρπ(Ī , t2))
}∣∣∣}2

(3.20)

≤ 8δ2q2(q − 1)2(q − 2)E
∣∣∣ q−1∑

i2=0

{
Y (Ī , i2, ρπ(L̄, i2))

∣∣∣2
+ 4δ2q2(q − 1)2(q − 2)E(W̃ −W )2

≤ δ2O(q4). (3.21)

By (3.18),(3.19) and (3.21),∑
A3

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ δ2O(q3). (3.22)

By the same argement of (3.22), we obtain

∑
A4

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ δ2O(q3), (3.23)

∑
A5

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ δ2O(q3), (3.24)

∑
A6

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ δ2O(q3). (3.25)

Next, we consider the sums over A7.

Observe that, for each u, v ∈ {0, 1, ..., q − 1} such that u 6= v,∑
u 6=v

∑
(γ,η)∈T2

Eẑδ[(u, v), (γ, η)]

=
∑
u 6=v

∑
(γ,η)∈T2

Ezδ[(u, v), (γ, η)]− |T2|
∑
u 6=v

Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

=
∑
u 6=v

∑
(γ,η)∈T2

Ezδ[(u, v), (γ, η)]−
∑
u 6=v

∑
(γ,η)∈T2

Ezδ[(u, v), (γ, η)]

= 0. (3.26)
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Then, from (3.26), we have∑
A7

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

=
∑
i6=k

∑
l 6=m

∑
u 6=v

u 6=l,m
v 6=l,m

Eẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

=
∑
i6=k

∑
l 6=m

∑
u 6=v

u 6=l,m
v 6=l,m

1∣∣ T4

∣∣ ∑
(β,α,γ,η)∈T4

Eẑδ[(i, k), (β, α)]ẑδ[(u, v), (γ, η)]

=
(q − 2)(q − 3)∣∣ T4

∣∣ ∑
i6=k

∑
u 6=v

∑
(β,α,γ,η)∈T4

Eẑδ[(i, k), (β, α)]Eẑδ[(u, v), (γ, η)]

=
(q − 2)(q − 3)∣∣ T4

∣∣ ∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Eẑδ[(i, k), (β, α)]
{ ∑

(γ,η)∈T2

Eẑδ[(u, v), (γ, η)]

− Eẑδ[(u, v), (β, α)]− Eẑδ[(u, v), (α, β)]

−
∑

γ∈S(β,α)

Eẑδ[(u, v), (γ, α)]−
∑

η∈S(β,α)

Eẑδ[(u, v), (α, η)]

−
∑

γ∈S(β,α)

Eẑδ[(u, v), (γ, β)]−
∑

η∈S(β,α)

Eẑδ[(u, v), (β, η)]
}

= B1 + B2 + B3 + B4 + B5 + B6 (3.27)

where

B1 = −(q − 2)(q − 3)∣∣ T4

∣∣ ∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Eẑδ[(i, k), (β, α)]Eẑδ[(u, v), (β, α)]

B2 = −(q − 2)(q − 3)∣∣ T4

∣∣ ∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Eẑδ[(i, k), (β, α)]Eẑδ[(u, v), (α, β)]

B3 = −(q − 2)(q − 3)∣∣ T4

∣∣ ∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Eẑδ[(i, k), (β, α)]
∑

γ∈S(β,α)

Eẑδ[(u, v), (γ, α)]

B4 = −(q − 2)(q − 3)∣∣ T4

∣∣ ∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Eẑδ[(i, k), (β, α)]
∑

η∈S(β,α)

Eẑδ[(u, v), (α, η)]

B5 = −(q − 2)(q − 3)∣∣ T4

∣∣ ∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Eẑδ[(i, k), (β, α)]
∑

γ∈S(β,α)

Eẑ[(u, v), (γ, β)]

B6 = −(q − 2)(q − 3)∣∣ T4

∣∣ ∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Eẑδ[(i, k), (β, α)]
∑

η∈S(β,α)

Eẑδ[(u, v), (β, η)].
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To complete the lemma, we have to bound the terms Bi’s in (3.27).

We now consider the term B1.

−
∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Eẑδ[(i, k), (β, α)]Eẑδ[(u, v), (β, α)]

= −
∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

{
Ezδ[(i, k), (β, α)]− Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]

}
×

{
Ezδ[(u, v), (β, α)]− Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

}
≤

∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

{
Ezδ[(i, k), (β, α)]Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

+ Ezδ[(u, v), (β, α)]Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]
}

= 2
∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Ezδ[(i, k), (β, α)]Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

= 2
∣∣T2

∣∣ ∑
i6=k

∑
u 6=v

Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

= 2
∣∣T2

∣∣R12

≤
∣∣T2

∣∣δ2O(q3)

where we have used (3.15) in the last inequality. From this fact and the fact that (see

theorem 3.6), for any positive integer i,∣∣Ti+1

∣∣ ≥ ∣∣Ti

∣∣(q − i)!. (3.28)

Thus

B1 ≤
(q − 2)(q − 3)∣∣ T4

∣∣ ∣∣T2

∣∣δ2O(q3) ≤ (q − 2)(q − 3)∣∣ T2

∣∣(q − 2)!(q − 3)!

∣∣T2

∣∣δ2O(q3) ≤ δ2O(q4). (3.29)

By using the same argument of B1, we can show that

B2 ≤ δ2O(q4). (3.30)

Next, we consider the term B3. By (3.15),we note that

−
∑
i6=k

∑
u 6=v

∑
(β,α,γ)∈T3

Eẑδ[(i, k), (β, α)]Eẑδ[(u, v), (γ, α)]

= −
∑
i6=k

∑
u 6=v

∑
(β,α,γ)∈T3

{
Ezδ[(i, k), (β, α)]− Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]

}
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×
{
Ezδ[(u, v), (γ, α)]− Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

}
≤

∑
i6=k

∑
u 6=v

∑
(β,α,γ)∈T3

{
Ezδ[(i, k), (β, α)]Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

+ Ezδ[(u, v), (γ, α)]Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]
}

=
∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

∣∣S(β, α)
∣∣Ezδ[(i, k), (β, α)]Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

≤ q!
∑
i6=k

∑
u 6=v

∑
(β,α)∈T2

Ezδ[(i, k), (β, α)]Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

= q!
∣∣T2

∣∣ ∑
i6=k

∑
u 6=v

Ezδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]Ezδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

= q!
∣∣T2

∣∣R12

≤ q!
∣∣T2

∣∣δ2O(q3).

From this fact and (3.28),

B3 ≤
(q − 2)(q − 3)q!

∣∣T2

∣∣δ2O(q3)∣∣T4

∣∣ ≤
(q − 2)(q − 3)q!

∣∣T2

∣∣δ2O(q3)∣∣T2

∣∣(q − 2)!(q − 3)!
≤ δ2O(q4). (3.31)

Using the same technique, we obtain

B4 ≤ δ2O(q4), B5 ≤ δ2O(q4) and B6 ≤ δ2O(q4). (3.32)

Thus, by (3.27)-(3.32)∑
A7

E
[
ẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]ẑδ[(u, v), (ρπ(u, ·), ρπ(v, ·))]

]
≤ δ2O(q4). (3.33)

Hence, by (3.11),(3.16),(3.17),(3.22)-(3.25) and (3.33)

E
[∑

i6=k

∑
l 6=m

ẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]Zδ

]
≤ δ2O(q4).

Lemma 3.8. Let δ > 0 and

Gδ =
∑
i6=k

zδ

[
(i, k), (ρπ(i, ·), ρπ(k, ·))

]
.

Assume that E(f ◦X)4 < ∞. Then as q →∞,

V ar(Gδ) ≤ δ2O(q2).
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Proof. Since V ar(Gδ) = EZ2
δ , it suffices to show that EZ2

δ < δ2O(q2).

By Lemma 3.3(2), we observe that

E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(L̄, j))
∣∣∣2

=
1
q2

q−1∑
i=0

q−1∑
l=0

E
∣∣∣ q−1∑

j=0

Y (i, j, ρπ(l, j))
∣∣∣2

=
1
q2

q−1∑
i=0

E
∣∣∣ q−1∑

j=0

Y (i, j, ρπ(i, j))
∣∣∣2 +

1
q2

∑
i6=l

E
∣∣∣ q−1∑

j=0

Y (i, j, ρπ(l, j))
∣∣∣2

=
1
q
E

∣∣∣ q−1∑
j=0

Y (Ī , j, ρπ(Ī , j))
∣∣∣2 +

q − 1
q

E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(K̄, j))
∣∣∣2

=
1
q
ES2

1 +
q − 1

q
ES2

3

= O(
1
q
). (3.34)

From (3.34) and Lemma 3.4(3), we have

E
[
Z̃δ − Zδ

]2

= E
[
ẑδ[(Ī , K̄), (ρπ(Ī , ·), ρπ(K̄, ·))] + ẑδ[(L̄, M̄), (ρπ(L̄, ·), ρπ(M̄, ·))]

− ẑδ[(Ī , K̄), (ρπ(L̄, ·), ρπ(M̄, ·))]− ẑδ[(L̄, M̄), (ρπ(Ī , ·), ρπ(K̄, ·))]
]2

≤ 8E
[(

zδ[(Ī , K̄), (ρπ(L̄, ·), ρπ(M̄, ·))]
)2 + E

(
zδ[(Ī , K̄), (ρπ(Ī , ·), ρπ(K̄, ·))]

)2
]

≤ 8δ2
{

E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(L̄, j)) + Y (K̄, j, ρπ(M̄, j))

− Y (Ī , j, ρπ(M̄, j))− Y (K̄, j, ρπ(L̄, j))
∣∣∣2

+ E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(Ī , j)) + Y (K̄, j, ρπ(K̄, j))

− Y (Ī , j, ρπ(K̄, j))− Y (K̄, j, ρπ(Ī , j))
∣∣∣2}

≤ 8δ2
{

16E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(L̄, j))
∣∣∣2 + E|W̃ −W |2

}
= δ2O(

1
q
). (3.35)
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Let B be the σ−algebra generated by πi’s and Ui1,i2,i3,j ’s. Hence

EB[
Z̃δ − Zδ

]
= EB

[
− ẑδ[(Ī , K̄), (ρπ(Ī , ·), ρπ(K̄, ·))]− ẑδ[(L̄, M̄), (ρπ(L̄, ·), ρπ(M̄, ·))]

+ ẑδ[(Ī , K̄), (ρπ(L̄, ·), ρπ(M̄, ·))] + ẑδ[(L̄, M̄), (ρπ(Ī , ·), ρπ(K̄, ·))]
]

=
2

q(q − 1)[q(q − 1)− 1]

∑
i6=k

∑
l 6=m

(l,m) 6=(i,k)

EBẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]

− 2
q(q − 1)

∑
i6=k

EBẑδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]

=
2

q(q − 1)[q(q − 1)− 1]

∑
i6=k

∑
l 6=m

(l,m) 6=(i,k)

ẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]

− 2
q(q − 1)

∑
i6=k

ẑδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]

=
2

q(q − 1)[q(q − 1)− 1]

∑
i6=k

∑
l 6=m

ẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]

− 2
q(q − 1)− 1

∑
i6=k

ẑδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]

=
2

q(q − 1)[q(q − 1)− 1]

∑
i6=k

∑
l 6=m

ẑδ[(i, k), (ρπ(l, ·), ρπ(m, ·))]− 2Zδ

q(q − 1)− 1
. (3.36)

From this fact and the exchangeability of
(
Zδ, Z̃δ

)
, we can use the same argument of

(3.10) with g(x) = x to show that

EZ2
δ =

q(q − 1)
4

E
(
Z̃δ − Zδ

)2

+
1

q(q − 1)

∑
i6=k

∑
l 6=m

Eẑδ[(i, k), (ρπ(i, ·), ρπ(k, ·))]Zδ. (3.37)

Hence, by (3.35), (3.37) and Lemma 3.7(2),

EZ2
δ ≤

q(q − 1)
4

(δ2O(
1
q
)) +

1
q(q − 1)

(δ2O(q4))

≤ δ2O(q2).

Now, we are ready to prove the uniform concentration inequality stated in Theorem 3.2.
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3.2 Proof of Theorem 3.2

Proof.

Let δ = max(
q

4
E|W̃ −W |3, 1

√
q
) and Gδ defined as in Lemma 3.8.

First, we note from Lemma 3.4(3) that δ ≤ O(
1
√

q
)

and

E
∣∣W̃ −W

∣∣ min(δ,
∣∣W̃ −W

∣∣) =
1

q(q − 1)
EGδ.

Using the same argument of (3.10) with g(x) = x, we have

q

4
E

(
W̃ −W

)2 = EW 2 + ∆W.

Hence, from this fact, (3.7) and EW 2 = 1,

q

4
E

(
W̃ −W

)2 ≥ 1− 1
q − 1

. (3.38)

By (3.38) and the fact that min(a, b) ≥ b− b2

4a
for any a, b > 0, we have

EGδ = q(q − 1)E
∣∣W̃ −W

∣∣ min(δ,
∣∣W̃ −W

∣∣)
≥ q(q − 1)E

(
W̃ −W

)2 − q(q − 1)
4δ

E
∣∣W̃ −W

∣∣3
≥ 4(q − 1)

{
1− 1

q − 1
}
− (q − 1)

= 3q − 7. (3.39)

Define function f : R → R by

f(t) =


−1

2(b− a)− δ if t < a− δ,

−1
2(b + a) + t if a− δ ≤ t ≤ b + δ,

1
2(b− a) + δ if b + δ < t.

(3.40)



32

We observe that

E

∫ ∞

−∞
f ′(W + t)M(t)dt

≥ EI(a ≤ W ≤ b)
∫
|t|≤δ

M(t)dt

=
q

4
EI(a ≤ W ≤ b)|W̃ −W |min(δ, |W̃ −W |)

=
1

4(q − 1)
EI(a ≤ W ≤ b)Gδ

≥ 1
4(q − 1)

EI(a ≤ W ≤ b)GδI(Gδ > q − 1)

≥ 1
4
EI(a ≤ W ≤ b)I(Gδ > q − 1)

=
1
4
E{I(a ≤ W ≤ b)− I(a ≤ W ≤ b, Gδ ≤ q − 1)}

≥ 1
4
P (a ≤ W ≤ b)− 1

4
P (Gδ ≤ q − 1).

Hence

P (a ≤ W ≤ b) ≤ 4E

∫ ∞

−∞
f ′(W + t)M(t)dt + P (Gδ ≤ q − 1). (3.41)

Using the same argument of (3.6), we have

EWf(W ) = E

∫ ∞

−∞
f ′(W + t)M(t)dt−∆f(W ) (3.42)

and

∣∣∆f(W )
∣∣ ≤ 1

q − 1

[
Ef2

(
W

)] 1
2
.

Thus by (3.41), (3.42), Lemma 3.8 and the fact that δ ≤ O(
1
√

q
), we have

P (a ≤ W ≤ b)

≤ 4EWf(W ) + P (Gδ ≤ q − 1) +
4

q − 1
{Ef2(W )}

1
2

≤ 4
{1

2
(b− a) + δ

}
+ P (EGδ −Gδ ≥ 3q − 7− q + 1) +

4
q − 1

{Ef2(W )}
1
2

= 2(b− a) + 4δ +
V arGδ

(2q − 6)2
+

4
q − 1

{(1
2
(b− a) + δ

)2} 1
2

≤ 2(b− a) + 4δ +
O(q)

(2q − 6)2
+

4
q − 1

(1
2
(b− a) + δ

)
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= 2(b− a)
(
1 +

1
q − 1

)
+ 4δ +

4δ

q − 1
+ O(

1
q
)

≤ 2(b− a)
(
1 +

1
q − 1

)
+ O(

1
√

q
).



CHAPTER IV

A NON-UNIFORM CONCENTRATION INEQUALITY

FOR RANDOMIZED ORTHOGONAL ARRAY

SAMPLING DESIGNS

In this chapter, we give a non-uniform concentration inequality for orthogonal array

of W defined in (3.5). Now, we state the main result of this chapter as follows.

Theorem 4.1. Assume that E(f ◦X)4 < ∞. Then there exists a constant C such that

P (z ≤ W ≤ w) ≤ C

1 + z
(w − z) +

1
1 + z

O(
1
√

q
), textas q →∞,

for any real number 0 < z ≤ w.

From Theorem 4.1 we have the following theorem which is a non-uniform concentra-

tion inequality for W .

Theorem 4.2. Assume that E(f ◦X)4 < ∞. Then there exists a some constant C, we

have

P (z ≤ W ≤ z + λ) ≤ Cλ

1 + z
+

1
1 + z

O(
1
√

q
), as q →∞,

for any real number z, λ ≥ 0.

4.1 Auxiliary Results

With the same notation as in chapter 3, for each i, j and k ∈ {1, 2, ..., q}, and z ≥ 0,

we let

Yz(i, j, k) = Y (i, j, k)I
(∣∣Y (i, j, k)

∣∣ > 1 + z
)
,

Ŷz(i, j, k) = Y (i, j, k)I
(∣∣Y (i, j, k)

∣∣ ≤ 1 + z
)
,

Ŷ =
q−1∑
i=0

q−1∑
j=0

Ŷz(i, j, ρπ(i, j))

and Ỹ = Ŷ − Ŝ1,z − Ŝ2,z + Ŝ3,z + Ŝ4,z
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where Ŝ1,z =
q−1∑
j=0

Ŷz(I, j, ρπ(I, j)), Ŝ2,z =
q−1∑
j=0

Ŷz(K, j, ρπ(K, j)),

Ŝ3,z =
q−1∑
j=0

Ŷz(I, j, ρπ(K, j)), Ŝ4,z =
q−1∑
j=0

Ŷz(K, j, ρπ(I, j)).

From Lemma 3.4(2), we note that

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

E|Y (i, j, k)mYz(i, j, k)n| ≤
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

E|Y (i, j, k)|m+n+t

(1 + z)t

≤ O(q3−m−n−t)
(1 + z)t

(4.1)

for any integers m,n and t which m ≥ 0, n, t > 0 and m + n + t is an even number.

The following lammas are useful tools for proving Theorem 4.1 .

Lemma 4.3. Let g : R → R be a measurable function. Then

1. EŶ g
(
Ŷ

)
=

q − 1
4

E
(
Ỹ − Ŷ

)(
g(Ỹ )− g(Ŷ )

)
+ ∆̃g

(
Ŷ

)
where

∆̃g
(
Ŷ

)
=

1
q
Eg

(
Ŷ

) q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k). (4.2)

2. If g is a continuous and piecewise continuously differrentiable function, then

EŶ g
(
Ŷ

)
= E

∫ ∞

−∞
g′(Ŷ + t)K(t)dt + ∆̃g

(
Ŷ

)
where

K(t) =
q − 1

4

(
Ỹ − Y

)(
I
(
0 ≤ t ≤ Ỹ − Y

)
− I

(
Ỹ − Y ≤ t < 0

))
.

3. |∆̃Ŷ | ≤ O(
1
q
) where ∆̃Ŷ is defined in (4.2) for g(x) = x.
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Proof. 1. Let B be σ-algebra generated by πi’s and Ui1,i2,i3,j ’s. Note that

EB[
Ỹ − Ŷ

]
= EB

[
− Ŝ1,z − Ŝ2,z + Ŝ3,z + Ŝ4,z

]
= −2

q

q−1∑
i=0

EB
[ q−1∑

j=0

Ŷz(i, j, ρπ(i, j))
]

+
2

q(q − 1)

q−1∑
i=0

q−1∑
k=0
k 6=i

EB
[ q−1∑

j=0

Ŷz(i, j, ρπ(k, j))
]

= −2
q

q−1∑
i=0

q−1∑
j=0

Ŷz(i, j, ρπ(i, j)) +
2

q(q − 1)

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0
k 6=i

Ŷz(i, j, ρπ(k, j))

= (−2
q
− 2

q(q − 1)
)Ŷ +

2
q(q − 1)

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, ρπ(k, j))

= − 2
q − 1

Ŷ +
2

q(q − 1)

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)

and we can show that (Ỹ , Ŷ ) is an exchangeable pair by using the same technique for

proving the exchangeability of (Zδ, Z̃δ) in Lemma 3.7. From these facts and the fact that

F (w, w̃) = (w̃ − w)(g(w̃) + g(w)),

is anti-symmetric, we have

0 = E
(
Ỹ − Ŷ

)(
g(Ỹ ) + g(Ŷ )

)
= E

(
Ỹ − Ŷ

)
(2g(Ŷ )) + E

(
Ỹ − Ŷ

)(
g(Ỹ )− g(Ŷ )

)
= 2Eg(Ŷ )EB[

Ỹ − Ŷ
]
+ E

(
Ỹ − Ŷ

)(
g(Ỹ )− g(Ŷ )

)
= 2Eg(Ŷ )

{
− 2

q − 1
Ŷ +

2
q(q − 1)

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
}

+ E
(
Ỹ − Ŷ

)(
g(Ỹ )− g(Ŷ )

)
= − 4

q − 1
EŶ g(Ŷ ) +

4
q(q − 1)

Eg(Ŷ )
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)

+ E
(
Ỹ − Ŷ

)(
g(Ỹ )− g(Ŷ )

)
.

Then

EŶ g(Ŷ ) =
q − 1

4
E

(
Ỹ − Ŷ

)(
g(Ỹ )− g(Ŷ )

)
+

1
q
Eg(Ŷ )

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)

=
q − 1

4
E

(
Ỹ − Ŷ

)(
g(Ỹ )− g(Ŷ )

)
+ ∆̃g(Ŷ ).
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2. Follows directly from 1 and the fact that

q − 1
4

E
(
Ỹ − Ŷ

)(
g(Ỹ )− g(Ŷ )

)
=

q − 1
4

E
(
Ỹ − Ŷ

) ∫ Ỹ−Ŷ

0
g′(Ŷ + t)dt

= E

∫ ∞

−∞
g′(Ŷ + t)K(t)dt + ∆̃g

(
Ŷ

)
.

3. Note that

∆̃Ŷ =
1
q
EŶ

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)

=
1
q2

E
( q−1∑

i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
)( q−1∑

l=0

q−1∑
m=0

q−1∑
n=0

Ŷz(l, m, n)
)

=
1
q2

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

q−1∑
l=0

q−1∑
m=0

q−1∑
n=0

E
{
Y (i, j, k)Y (l, m, n)− Y (i, j, k)Yz(l,m, n)

− Y (l, m, n)Yz(i, j, k) + Yz(i, j, k)Yz(l, m, n)
}

=
1
q2

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

E
{
Y 2(i, j, k)− 2Y (i, j, k)Yz(i, j, k) + Y 2

z (i, j, k)
}

+
1
q2

E
∑
i,j,k

∑
l,m,n

(l,m,n) 6=(i,j,k)

{
Y (i, j, k)Y (l,m, n)− 2Y (i, j, k)Yz(l,m, n)

+ Yz(i, j, k)Yz(l, m, n)
}

=
1
q2

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2(i, j, k)− 2
q2

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY (i, j, k)Yz(i, j, k)

+
1
q2

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2
z (i, j, k)

+
1
q2

∑
i,j,k

∑
l,m,n

(l,m,n) 6=(i,j,k)

{
µ̃(i, j, k)µ̃(l, m, n)− 2µ̃(i, j, k)EYz(l,m, n)

+ EYz(i, j, k)Yz(l, m, n)
}
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= A1 + A2 + A3 + A4 + A5 (4.3)

where

A1 =
1
q2

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2(i, j, k)

A2 = − 2
q2

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY (i, j, k)Yz(i, j, k)

A3 =
1
q2

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

q−1∑
l=0

q−1∑
m=0

q−1∑
n=0

EYz(i, j, k)Yz(l,m, n)

A4 =
1
q2

∑
i,j,k

(i,j,k) 6=

∑
l,m,n

(l,m,n)

µ̃(i, j, k)µ̃(l,m, n)

and

A5 = − 2
q2

∑
i,j,k

∑
l,m,n

(l,m,n) 6=(i,j,k)

µ̃(i, j, k)EYz(l, m, n).

From Lemma 3.4(1), we have

A1 =
1
q

(1
q

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2(i, j, k)
)

=
1
q
(1 + O(

1
q
))

= O(
1
q
). (4.4)

By (4.1),

|A2| =
2
q2

∣∣∣ q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY (i, j, k)Yz(i, j, k)
∣∣∣

≤ 2
q2(1 + z)2

O(q3−1−1−2)

=
1

(1 + z)2
O(

1
q3

) (4.5)
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and

|A3| =
1
q2

( q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EYz(i, j, k)
)2

≤ q

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2
z (i, j, k)

≤ q · 1
(1 + z)4

O(q3−6)

=
1

(1 + z)4
O(

1
q2

). (4.6)

Now, we consider |A4| and |A5|, by (3.3) and Lemma 3.4(2),

|A4| =
1
q2

∣∣∣ ∑
i,j,k

∑
l,m,n

(l,m,n) 6=(i,j,k)

µ̃(i, j, k)µ̃(l, m, n)
∣∣∣

=
1
q2

∣∣∣− q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

µ̃2(i, j, k)
∣∣∣

≤ 1
q2

∣∣∣ q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2(i, j, k)
∣∣∣

= O(
1
q
), (4.7)

and

|A5| =
2
q2

∣∣∣ ∑
i,j,k

∑
l,m,n

(l,m,n) 6=(i,j,k)

µ̃(i, j, k)EYz(l,m, n)
∣∣∣

=
2
q2

∣∣∣− q−1∑
l=0

q−1∑
m=0

q−1∑
n=0

µ̃(l,m, n)EYz(l, m, n)
∣∣∣

≤ 1
q2

∣∣∣ q−1∑
l=0

q−1∑
m=0

q−1∑
n=0

µ̃2(l,m, n) +
q−1∑
l=0

q−1∑
m=0

q−1∑
n=0

EY 2
z (l,m, n)

∣∣∣
≤ 2

q2

∣∣∣ q−1∑
l=0

q−1∑
m=0

q−1∑
n=0

EY 2(l, m, n)
∣∣∣

= O(
1
q
). (4.8)

Then 3 follows from (4.3)-(4.8).
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Lemma 4.4.

1. If E(f ◦X)2 < ∞, then
∣∣EŶ 2 − 1

∣∣ ≤ O(
1
q
) as q →∞.

2. If E(f ◦X)r < ∞, then, for any even number, r ≥ 2 E|Ỹ − Ŷ |r ≤ O(
1
q

r
2

) as q →∞.

3. If E(f ◦X)r+1 < ∞, then, for any odd number, r ≥ 3 E|Ỹ − Ŷ |r ≤ O(
1
q

r
2

) as q →∞.

Proof. Let

S1,z =
q−1∑
j=0

Yz(I, j, ρπ(I, j)) , S2,z =
q−1∑
j=0

Yz(K, j, ρπ(K, j))

S3,z =
q−1∑
j=0

Yz(I, j, ρπ(K, j)) , S4,z =
q−1∑
j=0

Yz(K, j, ρπ(I, j)).

From Lemma 3.3(1), we know that

S1, S2, S3 and S4

are identically distributed and we can use the same argument to show that

S1,z, S2,z, S3,z and S4,z

are identically distributed. Note that

ES2
1 = E

( q−1∑
j=0

Y (I, j, ρπ(I, j))
)2

=
1
q

q−1∑
i=0

E
( q−1∑

j=0

Y (i, j, ρπ(i, j))
)2

=
1
q

q−1∑
i=0

E
( q−1∑

j=0

Y 2(i, j, ρπ(i, j)) +
q−1∑
j1=0

q−1∑
j2=0
j2 6=j1

EY (i, j1, ρπ(i, j1))Y (i, j2, ρπ(i, j2))
)

=
1
q

q−1∑
i=0

q−1∑
j=0

EY 2(i, j, ρπ(i, j))

+
1
q

q−1∑
i=0

q−1∑
j1=0

q−1∑
j2=0
j2 6=j1

EY (i, j1, ρπ(i, j1))Y (i, j2, ρπ(i, j2))
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=
1
q2

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2(i, j, k)

+
1

q2(q − 1)

q−1∑
i=0

q−1∑
j1=0

q−1∑
j2=0
j2 6=j1

q−1∑
k1=0

q−1∑
k2=0
k2 6=k1

EY (i, j1, k1)Y (i, j2, k2)

=
1
q
(1 + O(

1
q
)) +

1
q2(q − 1)

q−1∑
i=0

q−1∑
j1=0

q−1∑
k1=0

µ̃(i, j1, k1)
( q−1∑

j2=0
j2 6=j1

q−1∑
k2=0
k2 6=k1

µ̃(i, j2, k2)
)

=
1
q
(1 + O(

1
q
)) +

1
q2(q − 1)

q−1∑
i=0

q−1∑
j1=0

q−1∑
k1=0

µ̃(i, j1, k1)
(
−

q−1∑
j2=0
j2 6=j1

µ̃(i, j2, k1)
)

=
1
q
(1 + O(

1
q
)) +

1
q2(q − 1)

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

µ̃2(i, j, k)

=
1
q
(1 + O(

1
q
)) +

1
q2(q − 1)

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2(i, j, k)

=
1
q
(1 + O(

1
q
)) + O(

1
q2

)

=
1
q

+ O(
1
q2

).

Note that, for each r, s ∈ N such that r + s is an even number

E|S1,z|r = E
∣∣ q−1∑

j=0

Yz(I, j, ρπ(I, j))
∣∣r

≤ qr−1
q−1∑
j=0

E|Y r
z (I, j, ρπ(I, j))|

= qr−3
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

E|Y r
z (i, j, k)|

= qr−3
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY r+s(i, j, k)
(1 + z)s

≤ 1
(1 + z)s

O(
1
qs

). (4.9)

Hence

ES2
1 = ES2

2 = ES2
3 = ES2

4 =
1
q

+ O(
1
q2

) (4.10)
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and from (4.9), we choose r = 2 and s = 4

ES2
1,z = ES2

2,z = ES2
3,z = ES2

4,z ≤
1

(1 + z)4
O(

1
q4

). (4.11)

From (4.10) and (4.11) ,

E|S1S1,z| ≤
{

ES2
1

} 1
2
{

ES2
1,z

} 1
2

= O(
1
√

q
)
{ 1

(1 + z)4
O(

1
q4

)
} 1

2

=
1

(1 + z)2
O(

1
q2√q

). (4.12)

By using the same argument as in (4.12) and the fact that S1,z, S2,z, S3,z and S4,z have

the same distribution, we can conclude that

E|SiSj,z| ≤
1

(1 + z)2
O(

1
q2√q

) (4.13)

for i, j = 1, 2, 3, 4 .

Next, we will bound ESiSj for 1 ≤ i < j ≤ 4.

Let A be the σ−algebra generated by

{
(
π1(ai,1), π2(ai,2), π3(ai,3)

)
, Uπ1(ai,1),π2(ai,2),π3(ai,3),j : 1 ≤ i ≤ q2, 1 ≤ j ≤ 3}.

From Loh([7]): 1220-1221, we have E
∣∣EASiSj

∣∣ = O(
1
q2

) for 1 ≤ i < j ≤ 4. Thus

|ESiSj | =
∣∣EEASiSj

∣∣
≤ E

∣∣EASiSj

∣∣
= O(

1
q2

). (4.14)

Note from Lemma 4.3(1) that

EŶ 2 =
q − 1

4
E

(
Ỹ − Ŷ

)2 + ∆̃Ŷ (4.15)

and by (4.10) we have

E
(
Ỹ − Ŷ

)2 = E
(
Ŝ1,z + Ŝ2,z − Ŝ3,z − Ŝ4,z

)2

= E
(
S1 + S2 − S3 − S4 − (S1,z + S2,z − S3,z − S4,z)

)2
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= E
(
S1 + S2 − S3 − S4

)2

− 2E
(
S1 + S2 − S3 − S4

)(
S1,z + S2,z − S3,z − S4,z

)
+ E

(
S1,z + S2,z − S3,z − S4,z

)2

=
4∑

k=1

ES2
k + 2E{S1S2 − S1S3 − S1S4 − S2S3 − S2S4 + S3S4}

− 2E
(
S1 + S2 − S3 − S4

)(
S1,z + S2,z − S3,z − S4,z

)
+ E

(
S1,z + S2,z − S3,z − S4,z

)2

=
4
q

+ O(
1
q2

) + 2E{S1S2 − S1S3 − S1S4 − S2S3 − S2S4 + S3S4}

− 2E
(
S1 + S2 − S3 − S4

)(
S1,z + S2,z − S3,z − S4,z

)
+ E

(
S1,z + S2,z − S3,z − S4,z

)2
. (4.16)

Hence, (4.15) and (4.16),

EŶ 2 = (1− 1
q
) + O(

1
q
)

+
q − 1

2
E{S1S2 − S1S3 − S1S4 − S2S3 − S2S4 + S3S4}

− q − 1
2

E
(
S1 + S2 − S3 − S4

)(
S1,z + S2,z − S3,z − S4,z

)
+

q − 1
4

E
(
S1,z + S2,z − S3,z − S4,z

)2 + ∆̃Ŷ , (4.17)

which implies that

|EŶ 2 − 1| ≤ O(
1
q
) + q

( ∑
1≤i<j≤4

E|SiSj |+
4∑

i=1

4∑
j=1

E|SiSj,z|+
4∑

i=1

ES2
i,z

)
+ ∆̃Ŷ

= O(
1
q
) + q

( ∑
1≤i<j≤4

E|SiSj |+
4∑

i=1

4∑
j=1

E|SiSj,z|+
4∑

i=1

ES2
i,z

)
(4.18)

where we have used Lemma 4.3(3) in the last equality.

We obtain 1 from (4.11), (4.13)-(4.15).

2. From (4.9), we choose r = s , we have E|S1,z|r ≤
1

(1 + z)r
O(

1
qr

).

Since S1,z, S2,z, S3,z and S4,z are the same distribution, we have

E|S1,z|r = E|S2,z|r = E|S3,z|r = E|S4,z|r ≤
1

(1 + z)r
O(

1
qr

). (4.19)
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Hence 2 follows from Lemma 3.4(3), (4.19) and the fact that

E|Ŷ − Ỹ |r

= E|Ŝ1,z − Ŝ2,z + Ŝ3,z + Ŝ4,z|r

= E|S1 + S2 − S3 − S4 − (S1,z + S2,z − S3,z − S4,z)|r

= E|(W̃ −W )− (S1,z + S2,z − S3,z − S4,z)|r

≤ C{E|W̃ −W |r + E|S1,z|r + E|S2,z|r + E|S3,z|r + E|S4,z|3}

for some constant C.

3 can be shown by using the same argument as in 2.

Lemma 4.5. Assume that E(f ◦X)4 < ∞. Let γ = max(
q

4
E|Ŷ − Ỹ |3, 1

√
q
) and

Uγ =
∑
i6=k

∣∣∣ q−1∑
j=0

{
Ŷz(i, j, ρπ(i, j)) + Ŷz(k, j, ρπ(k, j))− Ŷz(i, j, ρπ(k, j))− Ŷz(k, j, ρπ(i, j))

}∣∣∣
×min

(
γ,

∑
i6=k

∣∣∣ q−1∑
j=0

{
Ŷz(i, j, ρπ(i, j))+Ŷz(k, j, ρπ(k, j))−Ŷz(i, j, ρπ(k, j))−Ŷz(k, j, ρπ(i, j))

}∣∣∣).

If (1 + z)γ < 1 then as q →∞,

1. EUγ ≥ 3q + O(1),

2. V ar(Uγ) ≤ 1
1 + z

O(q
√

q).

Proof. First, from Lemma 4.4(3), we note that γ ≤ O(
1
√

q
).

1. From (4.16), we have

E
(
Ỹ − Ŷ

)2 =
4
q

+ O(
1
q2

) + EM1 (4.20)

where

M1 =2{S1S2 − S1S3 − S1S4 − S2S3 − S2S4 + S3S4}

− 2
(
S1 + S2 − S3 − S4

)(
S1,z + S2,z − S3,z − S4,z

)
+ E

(
S1,z + S2,z − S3,z − S4,z

)2
.

By (4.11),(4.13) and (4.14), we have

q(q − 1)|EM1| ≤ O(1). (4.21)
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Hence, by (4.20), (4.21) and the fact that min(a, b) ≥ b− b2

4a
for any a, b > 0,

EUγ = q(q − 1)E(Ŷ − Ỹ ) min(γ,
∣∣Ŷ − Ỹ

∣∣)
≥ q(q − 1)E(Ŷ − Ỹ )2 − q(q − 1)

4γ
E

∣∣Ŷ − Ỹ
∣∣3

= 4q − 4 + O(1) + q(q − 1)|EM1| − q + 1

= 3q + O(1).

2. For each i, k ∈ {0, 1, ..., q − 1}, β, α ∈ S(q) we let

sγ [(i, k), (β, α)] =
∣∣∣ q−1∑

j=0

{
Ŷz(i, j, β(j)) + Ŷz(k, j, α(j))− Ŷz(i, j, α(j))− Ŷz(k, j, β(j))

}∣∣∣
×min

(
γ,

∣∣∣ q−1∑
j=0

{
Ŷz(i, j, β(j)) + Ŷz(k, j, α(j))− Ŷz(i, j, α(j))− Ŷz(k, j, β(j))

}∣∣∣)

ŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))] = s[(i, k), (ρπ(l, ·), ρπ(m, ·))]− Es[(i, k), (ρπ(i, ·), ρπ(k, ·))]

Tγ =
∑
i6=k

ŝ[(i, k), (ρπ(i, ·), ρπ(k, ·))]

and

T̃γ = Tγ − ŝγ [(Ī , K̄), (ρπ(Ī , ·), ρπ(K̄, ·))]

− ŝγ [(L̄, M̄), (ρπ(L̄, ·), ρπ(M̄, ·))]

+ ŝγ [(Ī , K̄), (ρπ(L̄, ·), ρπ(M̄, ·))]

+ ŝγ [(L̄, M̄), (ρπ(Ī , ·), ρπ(K̄, ·))].

First, we note that
(
Tγ , T̃γ

)
is an exchangeable pair and V ar(Uγ) = ET 2

γ .

By the same argument of (3.37), we have

ET 2
γ =

q(q − 1)
4

E(T̃γ − Tγ)2 +
1

q(q − 1)

∑
i6=k

∑
l 6=m

Eŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]Tγ . (4.22)
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E(T̃γ − Tγ)2

= E
{

ŝγ [(Ī , K̄), (ρπ(Ī , ·), ρπ(K̄, ·))] + ŝγ [(L̄, M̄), (ρπ(L̄, ·), ρπ(M̄, ·))]

− ŝγ [(Ī , K̄), (ρπ(L̄, ·), ρπ(M̄, ·))]− ŝγ [(L̄, M̄), (ρπ(Ī , ·), ρπ(K̄, ·))]
}2

≤ C
{

E
∣∣∣ŝγ [(Ī , K̄), (ρπ(L̄, ·), ρπ(M̄, ·))]

∣∣∣2 + E
∣∣∣ŝγ [(Ī , K̄), (ρπ(Ī , ·), ρπ(K̄, ·))]

∣∣∣2}
≤ Cγ2

{
E

∣∣∣ q−1∑
j=0

Ŷz(Ī , j, ρπ(L̄, j)) + Ŷz(K̄, j, ρπ(M̄, j))

− Ŷz(Ī , j, ρπ(M̄, j))− Ŷz(K̄, j, ρπ(L̄, j))
∣∣∣2

+ E
∣∣∣ q−1∑

j=0

Ŷz(Ī , j, ρπ(Ī , j)) + Ŷz(K̄, j, ρπ(K̄, j))

− Ŷz(Ī , j, ρπ(K̄, j))− Ŷz(K̄, j, ρπ(Ī , j))
∣∣∣2}

≤ Cγ2
{

E
∣∣∣ q−1∑

j=0

Ŷz(Ī , j, ρπ(L̄, j))
∣∣∣2

+ E
∣∣∣ q−1∑

j=0

Ŷz(Ī , j, ρπ(Ī , j))
∣∣∣2

+ E
∣∣∣ q−1∑

j=0

Ŷz(Ī , j, ρπ(K̄, j))
∣∣∣2}

= Cγ2
{

E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(L̄, j))−
q−1∑
j=0

Yz(Ī , j, ρπ(L̄, j))
∣∣∣2

+ E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(Ī , j))−
q−1∑
j=0

Yz(Ī , j, ρπ(Ī , j))
∣∣∣2

+ E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(K̄, j))−
q−1∑
j=0

Yz(Ī , j, ρπ(K̄, j))
∣∣∣2}

= Cγ2
{

E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(L̄, j))
∣∣∣2 + E|

q−1∑
j=0

Yz(Ī , j, ρπ(L̄, j))
∣∣∣2

+ E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(Ī , j))
∣∣∣2 + E

∣∣∣ q−1∑
j=0

Yz(Ī , j, ρπ(Ī , j))
∣∣∣2

+ E
∣∣∣ q−1∑

j=0

Y (Ī , j, ρπ(K̄, j))
∣∣∣2 + E

∣∣∣ q−1∑
j=0

Yz(Ī , j, ρπ(K̄, j))
∣∣∣2}
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≤ Cγ2
(
2ES2

3 + ES2
1 + q

q−1∑
j=0

E|Y (I, j, ρπ(L, j))|4

(1 + z)2

+ q

q−1∑
j=0

E|Y (I, j, ρπ(I, j))|4

(1 + z)2
+ q

q−1∑
j=0

E|Y (I, j, ρπ(K, j))|4

(1 + z)2
)

(4.23)

Hence, by (4.23), we have

E(T̃γ − Tγ)2 ≤ Cγ2
{

O(
1
q
) + q

q−1∑
j=0

E|Y (I, j, ρπ(L, j))|4

(1 + z)2

+ q

q−1∑
j=0

E|Y (I, j, ρπ(I, j))|4

(1 + z)2

+ q

q−1∑
j=0

E|Y (I, j, ρπ(K, j))|4

(1 + z)2
}

≤ Cγ2
{

O(
1
q
) +

q

q2

∑
i,j,k

E|Y (i, j, k)|4

(1 + z)2
}

= γ2
{

O(
1
q
) +

q−1

(1 + z)2
O(q3−4)

}
= γ2

{
O(

1
q
) +

1
(1 + z)2

O(
1
q2

)
}

.

From this fact, (1 + z)γ < 1, (4.22) and if we can show that∑
i6=k

∑
l 6=m

Eŝγ [(i, k), (ρπ(l, ·)), ρπ(m, ·)]Tγ ≤ γ2O(q4), (4.24)

then

V ar(Uγ) = ET 2
γ

≤ q(q − 1)
4

{
Cγ2O(

1
q
) +

Cγ2

(1 + z)2
O(

1
q2

)
}

+
1

q(q − 1)

{
γ2O(q4)

}
≤ γ

1 + z
O(q) +

γ

(1 + z)3
O(1) +

γ

1 + z
O(q2)

≤ γ

1 + z
O(q2).

To prove (4.24), we use the same idea of Lemma 3.7(2).
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We note that

E
[ ∑

i6=k

∑
l 6=m

ŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]Tγ

]
= E

{ ∑
i6=k

∑
l 6=m

∑
u 6=v

ŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]ŝγ [(u, v), (ρπ(u, ·), ρπ(v, ·))]
}

=
∑
A

E
{
ŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]ŝγ [(u, v), (ρπ(u, ·), ρπ(v, ·))]

}
, (4.25)

where A =
{

(i, k, l,m, u, v)
∣∣ i, k, l,m, u, v, r, s ∈ {0, 1, ..., q − 1}

and i 6= k, l 6= m, u 6= v
}

=
7⋃

i=1

Ai

and A1 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u = l, u 6= m, v 6= l, v = m
}

A2 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u = m, v = l, v 6= m
}

A3 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u 6= m, v 6= l, v = m
}

A4 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u = m, v 6= l, v 6= m
}

A5 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u 6= m, v = l, v 6= m
}

A6 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u = l, u 6= m, v 6= l, v 6= m
}

A7 =
{
(i, k, l,m, u, v) ∈ A

∣∣ u 6= l, u 6= m, v 6= l, v 6= m
}
.

Using the same argument (3.12), we have∑
A1

E
{
ŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]ŝγ [(u, v), (ρπ(u, ·), ρπ(v, ·))]

}
≤ R11 +R12 (4.26)

where

R11 =
∑
i6=k

∑
l 6=m

E
{

sγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]sγ [(l,m), (ρπ(l, ·), ρπ(m, ·))]
}

R12 =
∑
i6=k

∑
l 6=m

Esγ [(i, k), (ρπ(i, ·), ρπ(k, ·))]Esγ [(l,m), (ρπ(l, ·), ρπ(m, ·))].
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By the same argument of (3.13) and using Lemma 3.4(2) and Lemma 4.4(2), we have

R11 ≤ 8γ2(q − 1)2
q−1∑
i=0

q−1∑
l=0

E
{∣∣ q−1∑

i2=0

Ŷz(i, i2, ρπ(l, i2))
}2

+
γ2q2(q − 1)2

2
E(Ỹ − Ŷ )2

≤ 8γ2(q − 1)2
q−1∑
i=0

q−1∑
l=0

E
{ q−1∑

i2=0

Y (i, i2, ρπ(l, i2))−
q−1∑
i2=0

Yz(i, i2, ρπ(l, i2))
}2

+
γ2q2(q − 1)2

2
O(

1
q
)

≤ 8γ2(q − 1)2
q−1∑
i=0

q−1∑
l=0

E
{ q−1∑

i2=0

Y (i, i2, ρπ(l, i2))
}2

+ γ2(q − 1)2
q−1∑
i=0

q−1∑
l=0

E
{ q−1∑

i2=0

Yz(i, i2, ρπ(l, i2))
}2 + γ2O(q3)

≤ 8γ2(q − 1)2q2E
{ q−1∑

i2=0

Y (Ī , i2, ρπ(L̄, i2))
}2

+ γ2(q − 1)2q
q−1∑
i=0

q−1∑
l=0

q−1∑
i2=0

EY 2
z (i, i2, ρπ(l, i2)) + γ2O(q3)

≤ γ2(q − 1)2q2)O(
1
q
) + γ2(q − 1)2q

q−1∑
i=0

q−1∑
l=0

q−1∑
i2=0

EY 2
z (i, i2, l) + γ2O(q3)

≤ γ2O(q3) + γ2(q − 1)2q
q−1∑
i=0

q−1∑
l=0

q−1∑
i2=0

Y 4(i, i2, l)
(1 + z)2

≤ γ2O(q3). (4.27)

By the same argument of (3.15), we have

R12 = γ2O(q3). (4.28)

Hence, by (4.26)-(4.28), it implies that∑
A1

Eŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]ŝγ [(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ γ2O(q3). (4.29)

Similar to A1, we can conclude that∑
A2

Eŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]ŝγ [(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ γ2O(q3). (4.30)
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Next, we consider sum on A3.

Using the same argument (3.18), we have∑
A3

E
{
ŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]ŝγ [(u, v), (ρπ(u, ·), ρπ(v, ·))]

}
≤ R31 +R32 (4.31)

where

R31 =
∑
i6=k

∑
l 6=m

q−1∑
u=0

u 6=l,m

E
{

sγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]sγ [(u, m), (ρπ(u, ·), ρπ(m, ·))]
}

R32 = (q − 2)
∑
i6=k

∑
u 6=m

Esγ [(i, k), (ρπ(i, ·), ρπ(k, ·))]Esγ [(u, m), (ρπ(u, ·), ρπ(m, ·))]

≤ (q − 2)R12

≤ γ2O(q4) (4.32)

where we have used (4.28) in the last inequality.

Using the same argument of (3.20) and (4.27), Lemma 3.4(2) and Lemma 4.4(2), we

have

R31 ≤ 8γ2(q − 1)2(q − 2)
q−1∑
i=0

q−1∑
l=0

E
{∣∣ q−1∑

i2=0

Ŷz(i, i2, ρπ(l, i2))
}2

+ 4γ2q2(q − 1)2(q − 2)E(Ỹ − Ŷ )2

≤ γ2O(q4). (4.33)

Hence, by (4.31)-(4.33), it implies that∑
A3

Eŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]ŝγ [(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ γ2O(q4). (4.34)

Similar to A3, we can conclude that∑
A4

Esγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]sγ [(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ γ2O(q4), (4.35)

∑
A5

Esγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]sγ [(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ γ2O(q4), (4.36)

∑
A6

Esγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]sγ [(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ γ2O(q4). (4.37)

For the last sumation∑
A7

Esγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]sγ [(u, v), (ρπ(u, ·), ρπ(v, ·))],
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we note that, by the same argument of (3.27),∑
A7

Eŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]ŝγ [(u, v), (ρπ(u, ·), ρπ(v, ·))]

= B1 + B2 + B3 + B4 + B5 + B6.

where

B1 ≤ 2|T2|R12, B2 ≤ 2|T2|R12, B3 ≤ 2q!|T2|R12

B4 ≤ 2q!|T2|R12, B5 ≤ 2q!|T2|R12, B6 ≤ 2q!|T2|R12

Hence, by (3.28),∑
A7

Eŝγ [(i, k), (ρπ(l, ·), ρπ(m, ·))]ŝγ [(u, v), (ρπ(u, ·), ρπ(v, ·))] ≤ γ2O(q4). (4.38)

From (4.25), (4.29), (4.30) and (4.34)-(4.38), the lamma is proved.

4.2 Proof of Theorem 4.1

Proof. First, we note that

P (z ≤ W ≤ w) ≤ P (W 6= Ŷ ) + P (z ≤ Ŷ ≤ w) (4.39)

and by Lemma 3.4(2),

P (W 6= Ŷ ) = P
( q−1∑

i=0

q−1∑
j=0

I(|Y (i, j, ρπ(i, j))| > 1 + z) ≥ 1
)

≤ E
( q−1∑

i=0

q−1∑
j=0

I(|Y (i, j, ρπ(i, j))| > 1 + z)
)

=
1
q

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EI(|Y (i, j, k)| > 1 + z)

≤ 1
q

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

E|Y (i, j, k)|4

(1 + z)4

≤ 1
q

1
(1 + z)4

O(q3−4)

=
1

(1 + z)4
O(

1
q2

). (4.40)



52

Thus it remains to bound the term P (z ≤ Ŷ ≤ w).

Let γ be defined as in Lemma 4.5.

Case 1 (1 + z)γ ≥ 1.

By Lemma 4.2(1) and the fact that γ ≥ 1
1 + z

.

P (z ≤ Ŷ ) = P (1 + z ≤ 1 + Ŷ )

≤ E|Ŷ + 1|2

(1 + z)2

≤ C
E|Ŷ |2

(1 + z)2
+

C

(1 + z)2

≤ C

(1 + z)2

≤ Cγ

1 + z
.

Thus P (z ≤ Ŷ ≤ w) ≤ P (z ≤ Ŷ ) ≤ Cγ

1 + z
.

Hence, by γ ≤ O(
1
√

q
), we have

P (z ≤ W ≤ w) ≤ 1
(1 + z)

O(
1
√

q
).

Case 2 (1 + z)γ < 1.

Let f : R → R be defined by

f(t) =


0 if t < a− γ,

(1 + t + γ)(t− z + γ) if z − γ ≤ t ≤ w + γ,

(1 + t + γ)(w − z + 2γ) if t > w + γ.

(4.41)

Then f is a non decreasing function satisfying

f ′(t) ≥

(1 + z) for z − γ < t < w + γ,

0 otherwise .

By the same argument of Lemma 4.3(2),

EŶ f(Ŷ ) = E

∫ ∞

−∞
f ′(Ŷ + t)K(t)dt + ∆̃f(Ŷ ). (4.42)
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We observe that

E

∫ ∞

−∞
f ′(Ŷ + t)K(t)dt

≥ (1 + z)EI(z ≤ Ŷ ≤ w)
∫
|t|≤γ

K(t)dt (4.43)

=
(q − 1)(1 + z)

4
EI(z ≤ Ŷ ≤ w)|Ŷ − Ỹ |min(γ, |Ŷ − Ỹ |)

=
(q − 1)(1 + z)

4q(q − 1)
EI(z ≤ Ŷ ≤ w)Uγ

where Uγ was defined in Lemma 4.5.

≥ (1 + z)
4q

EI(z ≤ Ŷ ≤ w)UγI(Uγ ≥ q)

≥ (1 + z)
4

EI(z ≤ Ŷ ≤ w)I(Uγ ≥ q)

=
(1 + z)

4
E

{
EI(z ≤ Ŷ ≤ w)− I(z ≤ Ŷ ≤ w,Uγ ≤ q)

}
≥ (1 + z)

4
{
P (z ≤ Ŷ ≤ w)− P (Uγ ≤ q)

}
.

By this fact, (4.42), and Lemma 4.5(1), we have

P (z ≤ Ŷ ≤ w) ≤ 4
(1 + z)

EŶ f(Ŷ )− 4
(1 + z)

∆̃f(Ŷ ) + P (Uγ ≤ q)

≤ 4
(1 + z)

(w − z + 2γ)E|Ŷ ||1 + γ + Ŷ |

+
4

(1 + z)
|∆̃f(Ŷ )|+ P (EUγ − Uγ ≥ 3q + O(1)− q)

≤ 4
(1 + z)

(w − z + 2γ)
{

E|Ŷ |+ E|Ŷ |2
}

+
4

(1 + z)
|∆̃f(Ŷ )|+ C

q2
E(Uγ − EUγ)2. (4.44)

By Lemma 4.4(1), Lemma 4.5(2), (4.44) and the fact that γ ≤ O(
1
√

q
),

P (z ≤ Ŷ ≤ w) ≤ C

(1 + z)
(w − z) +

4
(1 + z)

|∆̃f(Ŷ )|. (4.45)
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Note that, by (4.1) and Lemma 4.4(1),

|∆̃f(Ŷ )| =
∣∣1
q
Ef(Ŷ )

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
∣∣

≤ 1
q
(w − z + 2γ)E

∣∣(1 + γ + Ŷ )
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
∣∣

≤ 1
q
(w − z + 2γ)E

∣∣(1 + γ)
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
∣∣

+
1
q
(w − z + 2γ)E

∣∣Ŷ q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
∣∣

≤ (w − z + 2γ)(1 + γ)
1
q

q−1∑
k=0

E
∣∣ q−1∑

i=0

q−1∑
j=0

Ŷz(i, j, k)
∣∣

+
1
q
(w − z + 2γ)E

∣∣Ŷ ( q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Y (i, j, k)−
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Yz(i, j, k)
)∣∣

≤ (w − z + 2γ)(1 + γ)E
∣∣ q−1∑

i=0

q−1∑
j=0

Ŷz(i, j, ρπ(i, j))
∣∣

+
1
q
(w − z + 2γ)E

∣∣Ŷ q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Y (i, j, k)
∣∣

+
1
q
(w − z + 2γ)E

∣∣Ŷ q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Yz(i, j, k)
∣∣

≤ (w − z + 2γ)(1 + γ)E|Ŷ |

+
1
q
(w − z + 2γ){EŶ 2}

1
2 {E(

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Y (i, j, k))2}
1
2

+
1
q
(w − z + 2γ){EŶ 2}

1
2 {E(

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Yz(i, j, k))2}
1
2

≤ (w − z + 2γ)(1 + γ){EŶ 2}
1
2

+
1
q
(w − z + 2γ){1}

1
2
{ q−1∑

i=0

q−1∑
j=0

q−1∑
k=0

EY 2(i, j, k)

+ E
( ∑

i1,j1,k1

∑
i2,j2,k2

(i1,j1,k1) 6=(i2,j2,k2)

Y (i1, j1, k1)Y (i2, j2, k2)
)} 1

2

+
1
q
(w − z + 2γ){1}

1
2 {q3

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 2
z (i, j, k)}

1
2
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≤ (w − z + 2γ)(1 + γ)

+
1
q
(w − z + 2γ)

{
O(q)

+
∑

i1,j1,k1

∑
i2,j2,k2

(i1,j1,k1) 6=(i2,j2,k2)

µ̃(i1, j1, k1)µ̃(i2, j2, k2)
} 1

2

+
1
q
(w − z + 2γ){q3

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EY 4(i, j, k)
(1 + z)2

}
1
2

≤ (w − z + 2γ)(1 + γ)

+
1
q
(w − z + 2γ)

{
O(q) +

∑
i1,j1,k1

µ̃2(i1, j1, k1)
} 1

2

+
(w − z + 2γ)

q(1 + z)2
{q3(q3−4)}

1
2

≤ (w − z + 2γ)(1 + γ)

+
1
q
(w − z + 2γ)

{
O(q) +

∑
i1,j1,k1

EY 2(i1, j1, k1)
} 1

2

+
(w − z + 2γ)

q(1 + z)2
{q2}

1
2

≤ (w − z + 2γ)(1 + γ) +
1
q
(w − z + 2γ){O(q)}

1
2

+
(w − z + 2γ)

(1 + z)2
O(1)

≤ (w − z + 2γ)O(1).

From this fact and (4.45), we can conclude that

P (z ≤ Ŷ ≤ w) ≤ C

(1 + z)
(w − z) +

1
(1 + z)

O(
1
√

q
).



CHAPTER V

A UNIFORM BOUND FOR RANDOMIZED

ORTHOGONAL ARRAY SAMPLING DESIGNS

In this chapter, we use the same notation as in the previous chapter. In 1996, Loh([7])

gave a uniform bound on the normal approximation of

W =
q−1∑
i1=0

q−1∑
i2=0

Y
(
i1, i2, ρπ(i1, i2)

)
and the following is his result.

Theorem 5.1. Suppose that E(f ◦X)r < ∞ for some even integer r ≥ 4. Then

sup
{∣∣P (W ≤ z)− Φ(z)

∣∣ : −∞ < z < ∞
}

= O(q
2−r
2r−2 ) as q →∞.

In this chapter, we improve a bound in Theorem 5.1 in case of r ≥ 6 . Here is our

main result.

Theorem 5.2. Suppose that E(f ◦X)6 < ∞. Then

sup
{∣∣P (W ≤ z)− Φ(z)

∣∣ : −∞ < z < ∞
}

= O(q−
1
2 ) as q →∞.

We will prove our main result by using Stein’s method. His method starts on the

differential equation

g′(w)− wg(w) = h(w)− Eh(N ) (5.1)

where g : R → R is a continuous and piecewise continuously differentiable function,

h : R → R is a test function and N is the standard normal random variable.

For any real number z, let h be an indicator function defined by

hz(x) = I(x ≤ z) (5.2)
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then Stein’s equation (5.1) for hz has a unique solution gz : R → R defined in (2.3).

Thus, we have

g′z(W )−Wgz(W ) = hz(W )− Φ(z)

which implies that

P (W ≤ z)− Φ(z) = Eg′z(W )− EWgz(W )

where Φ denote the distribution function of the standard normal distribution. Thus, it

suffices to bound

Eg′z(W )− EWgz(W )

instead of

P (W ≤ z)− Φ(z).

By the same argument of (3.6), it is easy to show that

EWgz(W ) = E

∫ ∞

−∞
g′z

(
W + t

)
M(t)dt−∆gz

(
W

)
(5.3)

and ∣∣∆gz(W )
∣∣ ≤ 1

q − 1
{
Eg2

z

(
W

)} 1
2

= O(
1

q − 1
) (5.4)

where we have used Proposition 2.9(4) in the last equality.

Thus, from (5.3), (5.4) and Propositon 2.9(2),∣∣P (
W ≤ z

)
− Φ(z)

∣∣ =
∣∣Eg′z(W )− EWgz(W )

∣∣
≤

∣∣E ∫ ∞

−∞
{g′z(W )− g′z(W + t)}M(t)dt

∣∣
+

∣∣Eg′z(W )E
∫ ∞

−∞
M(t)dt− Eg′z(W )

∫ ∞

−∞
M(t)dt

∣∣
+

∣∣Eg′z(W )
∣∣∣∣∣1− E

∫ ∞

−∞
M(t)dt

∣∣∣ +
∣∣∆gz(W )

∣∣
≤

∣∣E ∫ ∞

−∞
{g′z(W )− g′z(W + t)}M(t)dt

∣∣
+

∣∣Eg′z(W )E
∫ ∞

−∞
M(t)dt− Eg′z(W )

∫ ∞

−∞
M(t)dt

∣∣
+

∣∣∣1− E

∫ ∞

−∞
M(t)dt

∣∣∣ + O(
1

q − 1
). (5.5)
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From Loh([7]) we know that

∣∣Eg′z(W )
∣∣∣∣∣1− E

∫ ∞

−∞
M(t)dt

∣∣∣ = O(
1
q
), (5.6)

and

∣∣Eg′z(W )E
∫ ∞

−∞
M(t)dt− Eg′z(W )

∫ ∞

−∞
M(t)dt

∣∣ = O(
1
√

q
). (5.7)

Hence, by (5.5)-(5.7)

∣∣P (W ≤ z)− Φ(z)
∣∣ ≤ O(

1
√

q
) +

∣∣E ∫ ∞

−∞
{g′z(W )− g′z(W + t)}M(t)dt

∣∣. (5.8)

From Lemma 3.4(3), we note that

E

∫ ∞

−∞
|t|M(t)dt =

q

8
E|W̃ −W |3 ≤ q

8
{E|W̃ −W |4}

3
4 = O(

1
√

q
). (5.9)

If we can show that

E

∫ ∞

−∞
I(z − t ≤ W ≤ z)M(t)dt ≤ O(

1
√

q
)

then, by Proposition 2.9(5), Lemma 3.4(3) and (5.9),∣∣∣E ∫
R
{g′z(W )− g′z(W + t)}M(t)dt

∣∣∣
≤ E

∫
W≤z

W+t>z

M(t)dt + E

∫
t≤0

(|W |+
√

2π

4
)(0 + |t|)M(t)dt

≤ E

∫
t>0

I(z − t ≤ W ≤ z)M(t)dt + E

∫
t≤0

|W ||t|M(t)dt +
√

2π

4
E

∫
t≤0

|t|M(t)dt

≤ O(
1
√

q
) +

q

4
E|W | |W̃ −W |3

2
+ O(

1
√

q
)

= O(
1
√

q
) +

q

8
(EW 2)

1
2 (E|W̃ −W |6)

1
2 + O(

1
√

q
) (5.10)

≤ O(
1
√

q
) +

q

8
(O(q−3))

1
2

= O(
1
√

q
). (5.11)

Hence, by (5.8) and (5.11), we have

∣∣P (W ≤ z)− Φ(z)
∣∣ ≤ O(

1
√

q
).
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Now, it remains to show that

E

∫ ∞

−∞
I(z − t ≤ W ≤ z)M(t)dt ≤ O(

1
√

q
).

For each δ ≥ 0 and a, b ∈ R which is a < b, define a function fδ by

fδ(t) =


−1

2(b− a)− δ if t < a− δ,

−1
2(b + a) + t if a− δ ≤ t ≤ b + δ,

1
2(b− a) + δ if b + δ < t.

It is easy to see that, for every t ∈ R,

|fδ(t)| ≤
1
2
(b− a) + δ (5.12)

and

E

∫
|t|≤δ

I(a ≤ W ≤ b)M(t)dt

≤ E

∫ ∞

−∞
f ′δ(W + t)M(t)dt

= EWfδ(W ) + ∆fδ(W ). (5.13)

where we have used the same argument of (3.6) in the last equality. So, by the same

argument of (3.7),(5.12), (5.13) and the fact that M(t) = 0 for |t| > |W̃ −W |, we have

E

∫ ∞

−∞
I(z − t ≤ W ≤ z)M(t)dt

= E

∫
|t|≤|W̃−W |

I(z − t ≤ W ≤ z)M(t)dt

≤ E

∫
|t|≤|W̃−W |

I(z − |W̃ −W | ≤ W ≤ z)M(t)dt

≤ EWf|W̃−W |(W ) + ∆f|W̃−W |(W )

≤ E|W |
(1
2
(z − z + |W̃ −W |) + |W̃ −W |

)
+

1
q − 1

{
Ef2

|W̃−W |

(
W

)} 1
2

≤ CE|W ||W̃ −W |+ 1
q − 1

{
E

(1
2
(z − z + |W̃ −W |) + |W̃ −W |

)2} 1
2

≤ C(EW 2)
1
2 (E|W̃ −W |2)

1
2 +

C

q

(
E|W̃ −W |2

) 1
2

= O(
1
√

q
).
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where we have used Lemma 3.4(3) in the last equality. �

Remark : From (5.10), if we can show that

EW 4 < C

then

E|W ||W̃ −W |3 ≤
(
EW 4

) 1
4
(
E|W̃ −W |4

) 3
4 ≤ O(

1

q
3
2

).

This implies that we can relax the assumption

E(f ◦X)6 < ∞

in the main theorem to the condition

E(f ◦X)4 < ∞.

�



CHAPTER VI

A NON-UNIFORM BOUND FOR RANDOMIZED

ORTHOGONAL ARRAY SAMPLING DESIGNS

In this chapter, we use the same notation as in the previous chapter. Loh([7]) gave a

uniform bound on the normal approximation of W in 1996 and the following is his result.

Theorem 6.1. Suppose that E(f ◦X)r < ∞ for some even integer r ≥ 4. Then

sup
{∣∣P (W ≤ w)− Φ(w)

∣∣ : −∞ < w < ∞
}

= O(q
2−r
2r−2 ) as q →∞.

In chapter 5, we improve a uniform bound of Theorem 6.1 and our result is stated

as follows:

Theorem 6.2. Suppose that E(f ◦X)6 < ∞. Then

sup
{∣∣P (W ≤ w)− Φ(w)

∣∣ : −∞ < w < ∞
}

= O(q−
1
2 ) as q →∞

In this chapter, we give a non-uniform bound for the approximation of W by Φ:

Theorem 6.3. Suppose that E(f ◦X)r < ∞ for even number r ≥ 8. Then, as q →∞,

for z ∈ R,

∣∣P (W ≤ z)− Φ(z)
∣∣ ≤ max

( 1

(1 + |z|)1−
2
r

O(
1

q
r−8
2r

),
1

(1 + |z|)
11
12

O(
1

q
1
6

)
)
.

Note that : To bound
∣∣P (W ≤ z)−Φ(z)

∣∣, it suffices to consider z > 0 as we have used

the fact that Φ(z) = 1− Φ(−z) and apply the result to −W when z ≤ 0. So, from now

on, we assume z > 0.
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To prove the main theorem of this chapter(Theorem 6.3), we need the following lemmas:

Lemma 6.4.

1. If E(f ◦X)2 < ∞, then E
( q−1∑

i=0

q−1∑
j=0

q−1∑
k=0

Y (i, j, k)
)2 ≤ O(q) as q →∞.

2. If E(f ◦X)4 < ∞ , then E
( q−1∑

i=0

q−1∑
j=0

q−1∑
k=0

Y (i, j, k)
)4 ≤ O(q2) as q →∞.

Proof.

1. From (3.3) and Lemma 3.4(2), we have

E
( q−1∑

i1=0

q−1∑
i2=0

q−1∑
i3=0

Y (i1, i2, i3)
)2

=
∑

i1,i2,i3

EY 2(i1, i2, i3) +
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EY (i1, i2, i3)Y (j1, j2, j3)

=
∑

i1,i2,i3

EY 2(i1, i2, i3) +
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

µ̃(i1, i2, i3)µ̃(j1, j2, j3)

=
∑

i1,i2,i3

EY 2(i1, i2, i3)−
∑

i1,i2,i3

µ̃2(i1, i2, i3)

≤ O(q). (6.1)

2. Note that

E
( q−1∑

i1=0

q−1∑
i2=0

q−1∑
i3=0

Y (i1, i2, i3)
)4 = C1M1 + C2M2 + C3M3 + C4M4 + C5M5 (6.2)

where

M1 =
∑

i1,i2,i3

EY 4(i1, i2, i3),

M2 =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EY (i1, i2, i3)Y 3(j1, j2, j3),
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M3 =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EY 2(i1, i2, i3)Y 2(j1, j2, j3),

M4 =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

∑
k1,k2,k3

(k1,k2,k3) 6=(i1,i2,i3)
(k1,k2,k3) 6=(j1,j2,j3)

EY 2(i1, i2, i3)Y (j1, j2, j3)Y (k1, k2, k3),

M5 =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

∑
k1,k2,k3

(k1,k2,k3) 6=(i1,i2,i3)

∑
l1,l2,l3

(l1,l2,l3) 6=(i1,i2,i3)
(l1,l2,l3) 6=(k1,k2,k3)

EY (i1, i2, i3)Y (j1, j2, j3)Y (k1, k2, k3)Y (l1, l2, l3)

and C1, C2, C3, C4, C5 are some constants.

From (3.3) and Lemma 3.4(2), we know that

M1 = O(
1
q
), (6.3)

∣∣M2

∣∣ =
∣∣ ∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

µ̃(i1, i2, i3)EY 3(j1, j2, j3)
∣∣

=
∣∣− ∑

j1,j2,j3

µ̃(j1, j2, j3)EY 3(j1, j2, j3)
∣∣

≤
∑

j1,j2,j3

{
µ̃2(j1, j2, j3) + EY 6(j1, j2, j3)

}
≤

∑
j1,j2,j3

{
EY 2(j1, j2, j3) + EY 6(j1, j2, j3)

}
≤

{
O(q) + O(

1
q3

)
}

= O(q), (6.4)

M3 =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EY 2(i1, i2, i3)EY 2(j1, j2, j3)

≤
( ∑

i1,i2,i3

EY 2(i1, i2, i3)
)2

≤ O(q2), (6.5)
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M4 =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

∑
l1,l2,l3

(l1,l2,l3) 6=(i1,i2,i3)
(l1,l2,l3) 6=(j1,j2,j3)

EY 2(i1, i2, i3)µ̃(j1, j2, j3)µ̃(l1, l2, l3)

= −
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EY 2(i1, i2, i3)µ̃(j1, j2, j3)µ̃(i1, i2, i3)

−
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EY 2(i1, i2, i3)µ̃(j1, j2, j3)µ̃(j1, j2, j3)

=
∑

i1,i2,i3

EY 2(i1, i2, i3)µ̃(i1, i2, i3)µ̃(i1, i2, i3)

+
( ∑

i1,i2,i3

EY 2(i1, i2, i3)
)( ∑

j1,j2,j3

µ̃2(j1, j2, j3)
)

≤
∑

i1,i2,i3

{
EY 4(i1, i2, i3) + µ̃4(i1, i2, i3)

}
+

( ∑
i1,i2,i3

EY 2(i1, i2, i3)
)2

≤
∑

i1,i2,i3

{
EY 4(i1, i2, i3) + EY 4(i1, i2, i3)

}
+

(
O(q)

)2

≤ O(
1
q
) + O(q2)

≤ O(q2), (6.6)

and

∣∣M5

∣∣ =
∣∣ ∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

∑
k1,k2,k3

(k1,k2,k3) 6=(i1,i2,i3)
(k1,k2,k3) 6=(j1,j2,j3)

∑
l1,l2,l3

(l1,l2,l3) 6=(i1,i2,i3)
(l1,l2,l3) 6=(j1,j2,j3)
(l1,l2,l3) 6=(k1,k2,k3)

µ̃(i1, i2, i3)µ̃(j1, j2, j3)µ̃(k1, k2, k3)µ̃(l1, l2, l3)
∣∣

=
∣∣− 3

∑
i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

∑
k1,k2,k3

(k1,k2,k3) 6=(i1,i2,i3)
(k1,k2,k3) 6=(j1,j2,j3)

µ̃2(i1, i2, i3)µ̃(j1, j2, j3)µ̃(k1, k2, k3)
∣∣
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=
∣∣3 ∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

µ̃2(i1, i2, i3)µ̃(j1, j2, j3)µ̃(i1, i2, i3)

+ 3
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

µ̃2(i1, i2, i3)µ̃(j1, j2, j3)µ̃(j1, j2, j3)
∣∣

=
∣∣− 3

∑
i1,i2,i3

µ̃3(i1, i2, i3)µ̃(i1, i2, i3)

+ 3
( ∑

i1,i2,i3

µ̃2(i1, i2, i3)
)( ∑

j1,j2,j3
(j1,j2,j3) 6=(i1,i2,i3)

µ̃2(j1, j2, j3)
)∣∣

≤ 3
∑

i1,i2,i3

µ̃4(i1, i2, i3) + 3
( ∑

i1,i2,i3

µ̃2(i1, i2, i3)
)2

≤ 3
∑

i1,i2,i3

EY 4(i1, i2, i3) + 3
( ∑

i1,i2,i3

EY 2(i1, i2, i3)
)2

≤ O(q3−4) + (O(q))2

≤ O(q2). (6.7)

Hence from (6.2)-(6.7), we have 2.

Lemma 6.5. Suppose that E(f ◦X)4 < ∞. Then

1. E
( q−1∑

i=0

q−1∑
j=0

q−1∑
k=0

Yz(i, j, k)
)2 ≤ 1

(1 + z)2
O(

1
q
) as q →∞.

2. E
( q−1∑

i=0

q−1∑
j=0

q−1∑
k=0

Yz(i, j, k)
)4 ≤ 1

(1 + z)2
O(

1
q2

) as q →∞.

Proof. 1. follows from (4.1) that

E
( q−1∑

i1=0

q−1∑
i2=0

q−1∑
i3=0

Yz(i1, i2, i3)
)2

=
∑

i1,i2,i3

EY 2
z (i1, i2, i3) +

∑
i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EYz(i1, i2, i3)Yz(j1, j2, j3)

≤ 1
(1 + z)2

∑
i1,i2,i3

EY 4(i1, i2, i3) +
∑

i1,i2,i3

EY 2
z (i1, i2, i3)

≤ 1
(1 + z)2

O(
1
q
) +

( 1
(1 + z)3

O(
1
q
)
)2

≤ 1
(1 + z)2

O(
1
q
).
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2. By the same argument as in (6.2) we see that

E
( q−1∑

i1=0

q−1∑
i2=0

q−1∑
i3=0

Y (i1, i2, i3)
)4 = C1M1,z + C2M2,z + C3M3,z + C4M4,z + C5M5,z (6.8)

where

M1,z =
∑

i1,i2,i3

EY 4
z (i1, i2, i3),

M2,z =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EYz(i1, i2, i3)Y 3
z (j1, j2, j3),

M3,z =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EY 2
z (i1, i2, i3)Y 2

z (j1, j2, j3),

M4,z =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

∑
k1,k2,k3

(k1,k2,k3) 6=(i1,i2,i3)
(k1,k2,k3) 6=(j1,j2,j3)

EY 2
z (i1, i2, i3)Yz(j1, j2, j3)Yz(k1, k2, k3),

M5,z =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

∑
k1,k2,k3

(k1,k2,k3) 6=(i1,i2,i3)

∑
l1,l2,l3

(l1,l2,l3) 6=(i1,i2,i3)
(l1,l2,l3) 6=(k1,k2,k3)

EYz(i1, i2, i3)Yz(j1, j2, j3)Yz(k1, k2, k3)Yz(l1, l2, l3)

and C1, C2, C3, C4, C5 are some positive constants. From (4.1),

M1,z ≤
1

(1 + z)2O(q3)
, (6.9)∣∣M2,z

∣∣ ≤ ∑
i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

E|Yz(i1, i2, i3)|E|Y 3
z (j1, j2, j3)|

≤
{ ∑

i1,i2,i3

E|Yz(i1, i2, i3)|
}{ ∑

j1,j2,j3

E|Y 3
z (j1, j2, j3)|

}
≤

{ 1
(1 + z)3

O(
1
q
)
}{ 1

1 + z
O(

1
q
)
}

=
1

(1 + z)4
O(

1
q2

), (6.10)
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M3,z =
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EY 2
z (i1, i2, i3)Y 2

z (j1, j2, j3)

≤
{ ∑

i1,i2,i3

EY 2
z (i1, i2, i3)

}2

≤
{ 1

(1 + z)2
O(

1
q
)
}2

=
1

(1 + z)

4

O(
1
q2

), (6.11)

∣∣M4,z

∣∣ ≤ { ∑
i1,i2,i3

EY 2
z (i1, i2, i3)

}{ ∑
j1,j2,j3

|EYz(j1, j2, j3)|
}{ ∑

l1,l2,l3

|EYz(l1, l2, l3)|
}

≤
{ ∑

i1,i2,i3

EY 2
z (i1, i2, i3}

}{ ∑
j1,j2,j3

E|Yz(j1, j2, j3)|
}{ ∑

l1,l2,l3

E|Yz(l1, l2, l3)|
}

≤
{ 1

(1 + z)2
O(

1
q
)
}{ 1

(1 + z)3
O(

1
q
)
}2

=
1

(1 + z)5
O(

1
q3

), (6.12)

and

|M5,z| ≤
( ∑

i1,i2,i3

E|Yz(i1, i2, i3|)
)( ∑

j1,j2,j3

E|Yz(j1, j2, j3)|
)

( ∑
k1,k2,k3

E|Yz(k1, k2, k3|)
)( ∑

l1,l2,l3

E|Yz(l1, l2, l3)|
)

≤
{ 1

(1 + z)3
O(

1
q4

)
}4

.

(6.13)

Hence from (6.8)-(6.13), we have 2.

Lemma 6.6. For each z ≥ 0, let h : R → R be defined by

h(w) = (wgz(w))′ (6.14)

If E(f ◦X)r < ∞ for some positive even number r ≥ 2. Then

E

∫ ∞

−∞

∫ 0

t
h(Ŷ + u)K(t)dudt ≤ 1

(1 + z)1−
2
r

O(
1
√

q
), as q →∞.
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Proof. From Proposition 2.10 and the fact that

1− Φ(z) ≤ e−
z2

2

√
2πz

for z ≥ 0 (6.15)

(see Barbour and Chen([15]): 23), we have

h(w) ≤


C(1 + z) if

z

2
≤ w ≤ z,

C

(1 + z)2
if w < z

2 or w > z.
(6.16)

From (6.16) and the fact that

E

∫ ∞

−∞

∫ 0

t
K(t)dudt ≤ E

∫ ∞

−∞
|t|K(t)dt ≤ qE|Ỹ − Ŷ |3 ≤ O(

1
√

q
), (6.17)

we have

E

∫ ∞

−∞

∫ 0

t
h(Ŷ + u)K(t)dudt

= E

∫ ∞

−∞

∫ 0

t
h(Ŷ + u)K(t)I(Ŷ + u <

z

2
or Ŷ + u > z)dudt

+ E

∫ ∞

−∞

∫ 0

t
h(Ŷ + u)K(t)I(

z

2
≤ Ŷ + u ≤ z)dudt

≤ C

(1 + z)2
O(

1
√

q
) + C(1 + z)E

∫ ∞

−∞

∫ 0

t
K(t)I(Ŷ + u >

z

2
)dudt. (6.18)

Note that, for |t| > |Ŷ − Ỹ |, we see that

K(t) = 0 (6.19)

Hence, Lemma 4.4(1,2) and (6.19)

(1 + z)E
∫ ∞

−∞

∫ 0

t
K(t)I(Ŷ + u >

z

2
)dudt

≤ (1 + z)E
∫ ∞

−∞

∫ 0

t
K(t)I(Ŷ + 4|Ỹ − Ŷ | > z

2
)dudt

≤ q(1 + z)E|Ỹ − Ŷ |3I(Ŷ + |Ỹ − Ŷ | > z

2
)

≤ q(1 + z)
{
E|Ỹ − Ŷ |3r

} 1
r
{
P (Ŷ + |Ỹ − Ŷ | ≥ z

2
)
} r−1

r

≤ q(1 + z)
{
O(

1

q
3r
2

)
} 1

r
{E(Ŷ + |Ỹ − Ŷ |)2

z2

} r−1
r

≤ q(1 + z)O(
1

q
√

q
)
{EŶ 2 + |Ỹ − Ŷ |2

z2

} r−1
r

≤ (1 + z)O(
1
√

q
)
{1 + O(1

q )

z2

} r−1
r
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≤ (1 + z)

z
2r−2

r

O(
1
√

q
)

≤ 1

z1− 2
r

O(
1
√

q
).

Lemma 6.7. Let B be the σ−algebra generated by π1, π2, π3 and Ui1,i2,i3;j’s.

Then, for any j, k = 1, 2, 3, 4,

1. E
∣∣EB{qS2

k − 1}
∣∣ = O(

1
√

q
) as q →∞.

2. qE
∣∣EBSjSk

∣∣ = O(
1
q
) as q →∞.

Proof. To prove the lamma, we use the same idea from Loh([7]): 1218-1221.

1. From Cauchy-Schwarz inequality, we note that{
E

∣∣EB{qS2
1 − 1}

∣∣}2

=
{

E
∣∣EB{q

( q−1∑
i2=0

Y
(
I, i2, ρπ(I, i2)

))2 − 1}
∣∣}2

≤ E
{ q−1∑

i1=0

{ q−1∑
i2=0

Y
(
i1, i2, ρπ(i1, i2)

)}2
}2
− 2E

q−1∑
i1=0

{ q−1∑
i2=0

Y
(
i1, i2, ρπ(i1, i2)

)}2 + 1.

(6.20)

From Loh([7]): 1218-1219, we have

E

q−1∑
i1=0

{ q−1∑
i2=0

Y
(
i1, i2, ρπ(i1, i2)

)}2 = 1 + O(
1
q
), (6.21)

and

E
{ q−1∑

i1=0

{ q−1∑
i2=0

Y
(
i1, i2, ρπ(i1, i2)

)}2
}2

= 1 + O(
1
q
) (6.22)

as q →∞. Thus we conclude from (6.20)-(6.22)

E
∣∣EB{qS2

1 − 1}
∣∣ = O(

1
√

q
). (6.23)

By the symmetry of S1 and S2, we have

E
∣∣EB{qS2

2 − 1}
∣∣ = O(

1
√

q
). (6.24)
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Next, we consider

E
∣∣EB[qS2

3 − 1]
∣∣

= E
∣∣∣EB

[
q
{ q−1∑

i2=0

Y
(
I, i2, ρπ(K, i2)

)}2 − 1
]∣∣∣

= E
∣∣∣EB

[ 1
q − 1

q−1∑
i1=0

q−1∑
j1=0
j1 6=i1

q−1∑
i2=0

Y 2
(
i1, i2, ρπ(j1, i2)

)

+
1

q − 1

q−1∑
i1=0

q−1∑
j1=0
j1 6=i1

q−1∑
i2=0

q−1∑
j2=0
j2 6=i2

µ̃
(
i1, i2, ρπ(j1, i2)

)
µ̃
(
i1, j2, ρπ(j1, j2)

)
− 1

]∣∣∣
≤ E

∣∣S3;1 − 1
∣∣ + E

∣∣S3;2

∣∣
≤

{
E

(
S3;1 − 1

)2} 1
2 +

{
E

(
S3;2

)2} 1
2 , (6.25)

where

S3;1 =
1

q − 1

q−1∑
i1=0

q−1∑
j1=0
j1 6=i1

q−1∑
i2=0

Y 2
(
i1, i2, ρπ(j1, i2),

S3;2 =
1

q − 1

q−1∑
i1=0

q−1∑
j1=0
j1 6=i1

q−1∑
i2=0

q−1∑
j2=0
j2 6=i2

µ̃
(
i1, i2, ρπ(j1, i2)

)
µ̃
(
i1, j2, ρπ(j1, j2)

)
.

By Loh([7]): 1219-1220,

E(S3;1 − 1)2 = O(
1
q
), as q →∞, (6.26)

and

E(S3;2)2 = O(
1
q
), as q →∞. (6.27)

Thus we conclude from (6.25)-(6.27) that

E
∣∣EB[qS2

3 − 1]
∣∣ = O(

1
√

q
), as q →∞. (6.28)

By the symmetry of S3 and S4, we have

E
∣∣EB[qS2

4 − 1]
∣∣ = O(

1
√

q
), as q →∞. (6.29)
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2. First, we observe that

qE
∣∣EB(S1S2)

∣∣ + qE
∣∣EB(S3S4)

∣∣
=

1
q − 1

E
∣∣ q−1∑

i1=0

q−1∑
j1=0
j1 6=i1

q−1∑
i2=0

q−1∑
j2=0

Y
(
i1, i2, ρπ(i1, i2)

)
Y

(
j1, j2, ρπ(j1, j2)

)∣∣

+
1

q − 1
E

∣∣∣E( q−1∑
i1=0

q−1∑
j1=0
j1 6=i1

q−1∑
i2=0

q−1∑
j2=0

Y
(
i1, i2, ρπ(j1, i2)

)
Y

(
j1, j2, ρπ(i1, j2)

))∣∣∣
= O(

1
q
), as q →∞, (6.30)

where we have used Loh([7]): 1220-1221, in the last equality.

By the same argument of Loh([7]): 1221,

qE
∣∣EB(S1S3)

∣∣ = O(
1
q
), as q →∞.

Thus it follows by symmetry that

qE
∣∣EB(S1S3)

∣∣ + qE
∣∣EB(S1S4)

∣∣ = O(
1
q
) (6.31)

and

qE
∣∣EB(S2S3)

∣∣ + qE
∣∣EB(S2S4)

∣∣ = O(
1
q
) (6.32)

Hence, by (6.30)-(6.32), we have 2.

Lemma 6.8. Let B be the σ−algebra generated by π1, π2, π3 and Ui1,i2,i3;j’s. Then

1. E
∣∣EB{1−

∫ ∞

−∞
K(t)dt}

∣∣ ≤ O(
1
√

q
) as q →∞.

2. E
(
EB{1−

∫ ∞

−∞
K(t)dt}

)4 = O(1) as q →∞.

3. E
(
EB{1−

∫ ∞

−∞
K(t)dt}

)2 = (1 + z)
1
6 O(

1
3
√

q
) as q →∞.

Proof. 1. By (4.11) and (4.13),

qE|EB(Sj,zSk)| ≤ qEEB|Sj,zSk|

= qE|Sj,zSk|

≤ q
{
ES2

j,z

} 1
2
{
ES2

k

} 1
2

≤ 1
(1 + z)2

O(
1

q
√

q
), (6.33)



72

and

qE|EB(Sj,zSk,z)| ≤ qE|Sj,zSk,z|

≤ q
{
ES2

j,z

} 1
2
{
ES2

k,z

} 1
2

≤ 1
(1 + z)4

O(
1
q3

). (6.34)

for any j, k = 1, 2, 3, 4.

Thus E
∣∣EB{1−

∫ ∞

−∞
K(t)dt}

∣∣
= E

∣∣EB{1− (q − 1)
4

(Ŝ1,z + Ŝ2,z − Ŝ3,z − Ŝ4,z)2}
∣∣

≤ 1
4

4∑
k=1

E
∣∣EB((q − 1)Ŝ2

k,z − 1)
∣∣ +

q − 1
2

∑
1≤j<k≤4

E
∣∣EB(Ŝj,zŜk,z)

∣∣
=

1
4

4∑
k=1

E
∣∣EB{(q − 1)(Sk − Sk,z)2 − 1}

∣∣
+

q − 1
2

∑
1≤j<k≤4

E
∣∣EB(Sj − Sj,z)(Sk − Sk,z)

∣∣
≤ 1

4

4∑
k=1

E
∣∣EB((q − 1)S2

k − 1)
∣∣ +

(q − 1)
2

4∑
k=1

E
∣∣EBSk,zSk|

+
(q − 1)

4

4∑
k=1

E
∣∣EBS2

k,z|

+
q − 1

2

∑
1≤j<k≤4

E
∣∣EB(SjSk − Sj,zSk − SjSk,z + Sj,zSk,z)

∣∣
≤ O(

1
√

q
), (6.35)

where we have used Lemma 6.7(1, 2), (6.33) and (6.34) in the last equality.

2. By Lemma 3.3(2), (4.9), we have

E
(
EB{1−

∫ ∞

−∞
K(t)dt}

)4

= E
{

EB{1− (q − 1)
4

(Ŝ1,z + Ŝ2,z − Ŝ3,z − Ŝ4,z)2}
}4

= E
{ 1

q(q − 1)

q−1∑
i=0

q−1∑
k=0
k 6=i

EB[
1− (q − 1)

4
(
q−1∑
j=0

Ŷz(i, j, ρπ(i, j))

+
q−1∑
j=0

Ŷz(k, j, ρπ(k, j))−
q−1∑
j=0

Ŷz(i, j, ρπ(k, j))−
q−1∑
j=0

Ŷz(k, j, ρπ(i, j)))2
]}4
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≤ 1
q(q − 1)

q−1∑
i=0

q−1∑
k=0
k 6=i

E
{

EB[
1− (q − 1)

4
(
q−1∑
j=0

Ŷz(i, j, ρπ(i, j))

+
q−1∑
j=0

Ŷz(k, j, ρπ(k, j))−
q−1∑
j=0

Ŷz(i, j, ρπ(k, j))−
q−1∑
j=0

Ŷz(k, j, ρπ(i, j)))2
]}4

=
1

q(q − 1)

q−1∑
i=0

q−1∑
k=0
k 6=i

E
{

1− (q − 1)
4

(
q−1∑
j=0

Ŷz(i, j, ρπ(i, j)) +
q−1∑
j=0

Ŷz(k, j, ρπ(k, j))

−
q−1∑
j=0

Ŷz(i, j, ρπ(k, j))−
q−1∑
j=0

Ŷz(k, j, ρπ(i, j)))2
}4

≤ 1
q(q − 1)

q−1∑
i=0

q−1∑
k=0
k 6=i

{
1 +

(q − 1)4

44
E(

q−1∑
j=0

Ŷz(i, j, ρπ(i, j)))8

+
(q − 1)4

44
E(

q−1∑
j=0

Ŷz(k, j, ρπ(k, j)))8 +
(q − 1)4

44
E(

q−1∑
j=0

Ŷz(i, j, ρπ(k, j)))8

+
(q − 1)4

44
E(

q−1∑
j=0

Ŷz(k, j, ρπ(i, j)))8

= 1 +
2(q − 1)4

44

(1
q

q∑
i=0

E(
q−1∑
j=0

Ŷz(i, j, ρπ(i, j)))8
)

+
2(q − 1)4

44

( 1
q(q − 1)

q∑
i=0

q−1∑
k=0
k 6=i

E(
q−1∑
j=0

Ŷz(i, j, ρπ(k, j)))8
)

= 1 +
2(q − 1)4

44
EŜ 8

1,z +
2(q − 1)4

44
EŜ 8

3,z

= 1 +
2(q − 1)4

44
E(S1 − S1,z)8 +

2(q − 1)4

44
E(S3 − S3,z)8

≤ 1 +
2(q − 1)4

44

{
ES8

1 + ES8
1,z

}
= O(1). (6.36)

3. From 1, 2 and Chebyshev’s inequality, we have

E
(
EB{1−

∫ ∞

−∞
K(t)dt}

)2

= E
(
EB{1−

∫ ∞

−∞
K(t)dt}

)2I
(
|EB(1−

∫ ∞

−∞
K(t)dt)| < q

1
6 (1 + z)

1
6
)

+ E
(
EB{1−

∫ ∞

−∞
K(t)dt}

)2I
(
|EB(1−

∫ ∞

−∞
K(t)dt)| ≥ q

1
6 (1 + z)

1
6
)
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≤ E
∣∣EB{1−

∫ ∞

−∞
K(t)dt}

∣∣q 1
6 (1 + z)

1
6

+
{
E

(
EB{1−

∫ ∞

−∞
K(t)dt}

)4} 1
2
{
P

(
|EB(1−

∫ ∞

−∞
K(t)dt)| ≥ q

1
6 (1 + z)

1
6
)} 1

2

≤ O(
1
√

q
)q

1
6 (1 + z)

1
6 +

E
(
EB{1−

∫∞
−∞K(t)dt}

)4(
q

2
3 (1 + z)

2
3

) 1
2

≤ (1 + z)
1
6 O(

1

q
1
2
− 1

6

) +
C

q
1
3 (1 + z)

1
3

≤ (1 + z)
1
6 O(

1
3
√

q
).

Proof of Theorem 6.3

Let γ =
q

4
E|Ŷ − Ỹ |3. From Lemma 4.4(3), we have γ = O( 1√

q ). In the view of

Theorem 6.2 and the fact that

1 =
(1 + z)1−

2
r

(1 + z)1−
2
r

≤ 2

(1 + z)1−
2
r

for 0 < z ≤ 1,

it suffices to prove the main theorem only the case z > 1.

Note that

|P (W ≤ z)− Φ(z)| ≤ P (W 6= Ŷ ) + |P (Ŷ ≤ z)− Φ(z)|. (6.37)

By (4.40), we need to bound only the second term on the right hand side of (6.37)

|P (Ŷ ≤ z)− Φ(z)|.

Case 1 (1 + z)γ ≥ 1.

By Lemma 4.4(1) and the fact that γ ≥ 1
1 + z

,

P (Ŷ > z) = P (Ŷ + 1 > 1 + z)

≤ E|Ŷ + 1|2

(1 + z)2

≤ C
E|Ŷ |2

(1 + z)2
+

C

(1 + z)2

≤ C

(1 + z)2

≤ Cγ

1 + z
. (6.38)
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Hence, from (6.38) and

1− Φ(z) ≤ C

(1 + z)2
for some constant C,

we have

|P (Ŷ ≤ z)− Φ(z)| = |1− P (Ŷ > z)− Φ(z)|

= P (Ŷ > z) + (1− Φ(z))

≤ Cγ

1 + z
+

Cγ

1 + z

=
1

1 + z
O(

1
√

q
).

Case 2 (1 + z)γ < 1.

Let gz be the Stein solution of the Stein equation

g′z(Ŷ )− Ŷ gz(Ŷ ) = h(Ŷ )− Φ(z).

By using the idea of the proof of theorem 5.2, we have

∣∣P (Ŷ ≤ z)− Φ(z)
∣∣ =

∣∣Eg′z(Ŷ )− EŶ gz(Ŷ )
∣∣

≤ T1 + T2 + T3 + T4 (6.39)

where

T1 =
∣∣E ∫ ∞

−∞
{g′z(Ŷ )− g′z(Ŷ + t)}K(t)dt

∣∣,
T2 =

∣∣Eg′z(Ŷ )E
∫ ∞

−∞
K(t)dt− Eg′z(Ŷ )

∫ ∞

−∞
K(t)dt

∣∣,
T3 =

∣∣∣Eg′z(Ŷ )− Eg′z(Ŷ )E
∫ ∞

−∞
K(t)dt

∣∣∣,
T4 = |∆̃gz(Ŷ )

∣∣,
and

K(t) =
q − 1

4

(
Ỹ − Y

)(
I
(
0 ≤ t ≤ Ỹ − Y

)
− I

(
Ỹ − Y ≤ t < 0

))
.
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By Proposition 2.9(4), (3.3) and Lemma 3.4(2), we note that

T4 =
∣∣∆̃gz(Ŷ )

∣∣
=

1
q

∣∣Egz

(
Ŷ

) q−1∑
i=1

q−1∑
j=1

q−1∑
k=1

Ŷz(i, j, k)
∣∣

≤ 1
q

{
Eg2

z

(
Ŷ

)} 1
2
{
E(

q−1∑
i=1

q−1∑
j=1

q−1∑
k=1

Ŷz(i, j, k))2
} 1

2

≤ 1
qz

{ q−1∑
i=1

q−1∑
j=1

q−1∑
k=1

EŶ 2
z (i, j, k)

+
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

EŶz(i1, i2, i3)Ŷz(j1, j2, j3)
} 1

2

≤ 1
qz

{ q−1∑
i=1

q−1∑
j=1

q−1∑
k=1

EY 2(i, j, k)

+
∑

i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

(
EY (i1, i2, i3)− EYz(i1, i2, i3)

)
(
EY (j1, j2, j3)− EYz(j1, j2, j3)

)} 1
2

≤ 1
qz

{
O(q) +

∑
i1,i2,i3

∑
j1,j2,j3

(j1,j2,j3) 6=(i1,i2,i3)

{
µ̃(i1, i2, i3)µ̃(j1, j2, j3)

− µ̃(i1, i2, i3)EYz(j1, j2, j3)− EYz(i1, i2, i3)µ̃(j1, j2, j3)

+ EYz(i1, i2, i3)EYz(j1, j2, j3)
}} 1

2

≤ 1
qz

{
O(q)−

∑
i1,i2,i3

µ̃2(i1, i2, i3) +
∑

j1,j2,j3

µ̃(j1, j2, j3)EYz(j1, j2, j3)

+
∑

i1,i2,i3

µ̃(i1, i2, i3)EYz(i1, i2, i3) +
( ∑

i1,i2,i3

E|Yz(i1, i2, i3)|
)2

} 1
2

≤ 1
qz

{
O(q) +

∑
j1,j2,j3

EY 2
z (j1, j2, j3)

+
( 1
(1 + z)3

∑
i1,i2,i3

EY 4(i1, i2, i3)
)2

} 1
2

≤ 1
qz

{
O(q) +

∑
j1,j2,j3

EY 2(j1, j2, j3) +
1

(1 + z)6
O(

1
q2

)
} 1

2

≤ 2
q(1 + z)

{
O(q) +

1
(1 + z)6

O(
1
q2

)
} 1

2

=
1

(1 + z)
O(

1
√

q
). (6.40)
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and from Lemma 4.3(3) and Lemma 4.4(1),

T3 =
∣∣∣Eg′z(Ŷ )− Eg′z(Ŷ )E

∫ ∞

−∞
K(t)dt

∣∣∣
=

∣∣Eg′z(Ŷ )
∣∣∣∣∣1− E

∫ ∞

−∞
K(t)dt

∣∣∣
≤ C

(1 + z)2
∣∣1− EŶ 2 + ∆Ŷ

∣∣
≤ C

(1 + z)2
∣∣1− EŶ 2

∣∣ +
C

(1 + z)2
∣∣∆Ŷ

∣∣
≤ C

(1 + z)2
(
O(

1
q
) +

1
(1 + z)

O(
1
√

q
)
)

+
C

(1 + z)2
O(

1
q
)

=
1

(1 + z)2
O(

1
q
) +

1
(1 + z)3

O(
1
√

q
)

≤ 1
(1 + z)

O(
1
√

q
). (6.41)

Let B be the σ−algebra generated by π1, π2, π3 and Ui1,i2,i3;j ’s.

T2 =
∣∣Eg′z(Ŷ )E

∫ ∞

−∞
K(t)dt− Eg′z(Ŷ )

∫ ∞

−∞
K(t)dt

∣∣
=

∣∣Eg′z(Ŷ )EB
{

E

∫ ∞

−∞
K(t)dt−

∫ ∞

−∞
K(t)dt

}∣∣
=

∣∣Eg′z(Ŷ )EB
{

E

∫ ∞

−∞
K(t)dt− 1 + 1−

∫ ∞

−∞
K(t)dt

}∣∣
≤ C

(1 + z)2
∣∣E ∫ ∞

−∞
K(t)dt− 1

∣∣ +
∣∣Eg′z(Ŷ )EB{

1−
∫ ∞

−∞
K(t)dt

}∣∣
≤ C

(1 + z)2
∣∣1− EŶ 2 + ∆̃Ŷ

∣∣ +
∣∣Eg′z(Ŷ )I(Ŷ ≤ z

2
)EB{

1−
∫ ∞

−∞
K(t)dt

}∣∣
+

∣∣Eg′z(Ŷ )I(Ŷ <
z

2
)EB{

1−
∫ ∞

−∞
K(t)dt

}∣∣
=

1
(1 + z)2

O(
1
q
) + T21 + T22 (6.42)

where

T21 =
∣∣Eg′z(Ŷ )I(Ŷ ≤ z

2
)EB{

1−
∫ ∞

−∞
K(t)dt

}∣∣
T22 =

∣∣Eg′z(Ŷ )I(Ŷ >
z

2
)EB{

1−
∫ ∞

−∞
K(t)dt

}∣∣.
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By Proposition 2.10, Lemma 6.8(1) and the fact that e−
3z2

8 ≤ C

1 + z
for some

constant C,

T21 =
∣∣Eg′z(Ŷ )I(Ŷ ≤ z

2
)EB{

1−
∫ ∞

−∞
K(t)dt

}∣∣
≤

∣∣E{√
2π(

z

2
)e

z2

8 Φ(
z

2
) + 1

}{
1− Φ(z)

}
I(Ŷ ≤ z

2
)EB{1−

∫ ∞

−∞
K(t)dt}

∣∣
≤

{√
2π(

z

2
)e

z2

8 + 1
}{e−

z2

2

z

}
E

∣∣EB{1−
∫ ∞

−∞
K(t)dt}

∣∣
≤
√

2π

2
e−

3z2

8 O(
1
√

q
)

≤ 1
(1 + z)

O(
1
√

q
). (6.43)

From Proposition 2.9(2), Lemma 4.4(1) and Lemma 6.8(3),

T22 =
∣∣Eg′z(Ŷ )I(Ŷ >

z

2
)EB{

1−
∫ ∞

−∞
K(t)dt

}∣∣
≤

∣∣EI(Ŷ >
z

2
)EB{

1−
∫ ∞

−∞
K(t)dt

}∣∣
≤

{
P (Ŷ >

z

2
)
} 1

2
{
E

∣∣EB{
1−

∫ ∞

−∞
K(t)dt

}∣∣2} 1
2

≤
{4E|Ŷ |2

z2

} 1
2
{
(1 + z)

1
6 O(

1

q
1
3

)
} 1

2

≤ 1

(1 + z)
11
12

O(
1

q
1
6

). (6.44)

Hence, by (6.42)-(6.44), we have

T2 ≤
1

(1 + z)
11
12

O(
1

q
1
6

). (6.45)

To finish the proof of Theorem 6.3, it remains to bound T1. By the fact that

∣∣g′z(w + s)− g′z(w + s)−
∫ s

t
h(w + u)du

∣∣ ≤ I
(
z −max(s, t) < w < z −min(s, t)

)
,

we have

T1 = T11 + T12 + T13 (6.46)
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where

T11 = EI(|Ỹ − Ŷ | < 1 + z

2
)
∫ ∞

−∞
I(z −max(0, t) < Ŷ < z −min(0, t))K(t)dt,

T12 = EI(|Ỹ − Ŷ | < 1 + z

2
)
∫ ∞

−∞

∫ 0

t
h(Ŷ + u)K(t)dudt,

T13 = EI(|Ỹ − Ŷ | ≥ 1 + z

2
)
∫ ∞

−∞
{g′z(Ŷ )− g′z(Ŷ + t)}K(t)dt

∣∣
and h is definded as in Lemma 6.6 .

First, we consider T11. For δ > 0, let fδ : R → R be defined by

fδ(t) =


0 if t < z − 2δ,

(1 + t + δ)(t− z + 2δ) if z − 2δ ≤ t ≤ z + 2δ,

4δ(1 + t + δ) if t > z + 2δ.

(6.47)

Note that fδ is a non decreasing function and

f ′δ(t) ≥

1 + z − δ if z − 2δ ≤ t ≤ z + 2δ,

0 otherwise .
(6.48)

By the same argument as in Lemma 4.3(2), we have

E

∫ ∞

−∞
f ′δ(Ŷ + t)K(t)dt = EŶ fδ

(
Ŷ

)
− ∆̃fδ

(
Ŷ

)
. (6.49)

By Lemma 4.4(1-3), (6.47), f is non decreasing, we observe that

E
∣∣Ŷ f|Ỹ−Ŷ |

(
Ŷ

)∣∣
≤ 4EŶ (1 + Ŷ + |Ỹ − Ŷ |)|Ỹ − Ŷ |

≤ 4EŶ |Ỹ − Ŷ |+ 4EŶ 2|Ỹ − Ŷ |+ 4EŶ |Ỹ − Ŷ |2

≤ 4{EŶ 2}
1
2 {E|Ỹ − Ŷ |2}

1
2 + 4EŶ 2|Ỹ − Ŷ |+ 4{EŶ 2}

1
2 {E|Ỹ − Ŷ |4}

1
2

≤ 4{E|Ỹ − Ŷ |2}
1
2 + 4

{
E(Ŷ 2)

r
r−1

} r−1
r

{
E|Ỹ − Ŷ |r

} 1
r + 4{E|Ỹ − Ŷ |4}

1
2

≤ 4{O(
1
q
)}

1
2 + 4{O(

1
q2

)}
1
2 + 4

{
EŶ 2|Ŷ |

2
r−1

} r−1
r

{
E|Ỹ − Ŷ |r

} 1
r

≤ O(
1
√

q
) + 4

{
(q2(1 + z))

2
r−1 EŶ 2

} r−1
r

{
O(

1
q

r
2

)
} 1

r

≤ O(
1
√

q
) + (1 + z)

2
r O(

1

q
r−8
2r

). (6.50)
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By Lemma 4.4(1,2), Lemma 6.4(1,2), Lemma 6.5(1,2), (6.47) and f is non-decreasing,

we note that

∆̃f|Ỹ−Ŷ |
(
Ŷ

)
≤ 1

q
|Ef|Ỹ−Ŷ |(Ŷ )

∑
i,j,k

Ŷz(i, j, k)|

≤ 4
q

∣∣E(1 + Ŷ + |Ỹ − Ŷ |)|Ỹ − Ŷ |
∑
i,j,k

Ŷz(i, j, k)
∣∣

≤ 4
q

∣∣E(1 + Ŷ )|Ỹ − Ŷ |
( ∑

i,j,k

Y (i, j, k)−
∑
i,j,k

Yz(i, j, k)
)∣∣

+
4
q

∣∣E|Ỹ − Ŷ |2
∑
i,j,k

Y (i, j, k)−
∑
i,j,k

Yz(i, j, k)
∣∣

≤ 4
q

∣∣E(1 + Ŷ )|Ỹ − Ŷ |
∑
i,j,k

Y (i, j, k)
∣∣ +

4
q

∣∣E(1 + Ŷ )|Ỹ − Ŷ |
∑
i,j,k

Yz(i, j, k)
∣∣

+
4
q

∣∣E|Ỹ − Ŷ |2
∑
i,j,k

Y (i, j, k)
∣∣ +

4
q

∣∣E|Ỹ − Ŷ |2
∑
i,j,k

Yz(i, j, k)
∣∣

≤ 4
q

{
E(1 + Ŷ )2

} 1
2
{
E|Ỹ − Ŷ |2(

∑
i,j,k

Y (i, j, k))2
} 1

2

+
4
q

{
E(1 + Ŷ )2

} 1
2
{
E|Ỹ − Ŷ |2(

∑
i,j,k

Yz(i, j, k))2
} 1

2

+
4
q

{
E|Ỹ − Ŷ |4

} 1
2
{
E(

∑
i,j,k

Y (i, j, k))2
} 1

2

+
4
q

{
E|Ỹ − Ŷ |4

} 1
2
{
E(

∑
i,j,k

Yz(i, j, k))2
} 1

2

≤ 4
q

{
E|Ỹ − Ŷ |4

} 1
4
{
E(

∑
i,j,k

Y (i, j, k))4
} 1

4

+
4
q

{
E|Ỹ − Ŷ |4

} 1
4
{
E(

∑
i,j,k

Yz(i, j, k))4
} 1

4

+
4
q

{
O(

1
q2

)
} 1

2
{
O(q)

} 1
2 +

4
q

{
O(

1
q2

)
} 1

2
{ 1

(1 + z)2
O(

1
q
)
} 1

2

≤ 4
q

{
O(

1
q2

)
} 1

4
{
O(q2)

} 1
4 +

4
q

{
O(

1
q2

)
} 1

4
{ 1

(1 + z)2
O(

1
q2

)
} 1

4 + O(
1

q
√

q
)

= O(
1
q
). (6.51)
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Thus, from (6.48)-(6.51), we have

T11 = E

∫ ∞

−∞
I(|Ỹ − Ŷ | < 1 + z

2
)I(z −max(0, t) < Ŷ < z −min(0, t))K(t)dt

= E

∫
|t|≤|Ỹ−Ŷ |

I(|Ỹ − Ŷ | < 1 + z

2
)I(z −max(0, t) < Ŷ < z −min(0, t))K(t)dt

≤ E

∫
|t|≤|Ỹ−Ŷ |

I(|Ỹ − Ŷ | < 1 + z

2
)I(z − 2|Ỹ − Ŷ | < Ŷ < z + 2|Ỹ − Ŷ |)K(t)dt

= E

∫
|t|≤|Ỹ−Ŷ |

I(|Ỹ − Ŷ | < 1 + z

2
)(

1 + z − |Ỹ − Ŷ |
1 + z − |Ỹ − Ŷ |

)

I(z − |Ỹ − Ŷ | < Ŷ < z + |Ỹ − Ŷ |)K(t)dt

≤ 2
1 + z

E

∫
|t|≤|Ỹ−Ŷ |

I(|Ỹ − Ŷ | < 1 + z

2
)(1 + z − |Ỹ − Ŷ |)

I(z − |Ỹ − Ŷ | < Ŷ < z + |Ỹ − Ŷ |)K(t)dt

≤ 2
1 + z

E

∫
|t|≤|Ỹ−Ŷ |

I(|Ỹ − Ŷ | < 1 + z

2
)

f ′|Ỹ−Ŷ |(Ŷ + t)I(z − |Ỹ − Ŷ | < Ŷ < z + |Ỹ − Ŷ |)K(t)dt

≤ E
∣∣∣Ŷ f|Ỹ−Ŷ |

(
Ŷ

)∣∣∣ +
∣∣∣∆̃f|Ỹ−Ŷ |

(
Ŷ

)∣∣∣
≤ 1

(1 + z)1−
2
r

O(
1

q
r−8
2r

). (6.52)

By Lemma 6.6,

T12 ≤
1

(1 + z)1−
2
r

O(
1
√

q
). (6.53)

By Proposition 2.9(3) and Lemma 4.4(2u)

T13 = EI(|Ỹ − Ŷ | ≥ 1 + z

2
)
∫ ∞

−∞
{g′z(Ŷ )− g′z(Ŷ + t)}K(t)dt

∣∣
≤ EI(|Ỹ − Ŷ | ≥ 1 + z

2
)
∫ ∞

−∞
K(t)dt

≤ qEI(|Ỹ − Ŷ | ≥ 1 + z

2
)|Ỹ − Ŷ |2

≤ q
{
P (|Ỹ − Ŷ | ≥ 1 + z

2
)
} 1

2
{
E|Ỹ − Ŷ |4

} 1
2

≤ q
{E|Ỹ − Ŷ |2

(1 + z)2
} 1

2
{
O(

1
q2

)
} 1

2

≤ q
{ 1

(1 + z)2
O(

1
q
)
} 1

2 O(
1
q
)

=
1

(1 + z)
O(

1
√

q
). (6.54)

From (6.46), (6.52)-(6.54), we have the main theorem.
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