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GENERALIZED SEMINEAR-FIELDS

In  t h i s  c h a p t e r  we s h a l l  g e n e r a l i z e  th e  co n c ep t  o f  a 
s e m i n e a r - f i e l d  by g i v i n g  a new d e f i n i t i o n  which c o n t a i n s
J .  H a t t a k o s o l ' s  d e f i n i t i o n  as  a s p e c i a l  c a s e .

D e f i n i t i o n  « A s e m i n e a r - r i n g  (K ,+ ,* )  i s  s a i d  t o  be a 
g e n e r a l i z e d  s e m i n e a r - f i e l d  i f f  t h e r e  e x i s t s  an e lem ent  a i n  K 
su ch  t h a t  (Ks { a } , * )  i s  a group.  Such an e lem ent  a i s  c a l l e d  
a s p e c i a l  e lem ent  o f  K.

C l e a r l y  a s e m i n e a r - f i e l d  i s  a g e n e r a l i z e d  s e m i n e a r - f i e l d  
t h e r e f o r e  e ve r y  example o f  a s e m i n e a r - f i e l d  g i v e n  i n  c h a p t e r  I  
and I I  i s  an example o f  g e n e r a l i z e d  s e m i n e a r - f i e l d s .

Example 3 » 2 . Let (G ,* )  be a group and l e t  d อ G. Let a be a 
symbol not  r e p r e s e n t i n g  any e lement o f  G. Let K = G บ { a } . 
D e f in e  + on K and extend  • t o  K by a*x = d*x and x * a =  x*d 
f o r  a l l  X £ G, a^= d and e i t h e r

( 1 )  X + y = y fo r  a l l  x , y  e K or
( 2 ) X + y  = X fo r  a l l  x , y  £ K.
I t  i s  e a s y  to  show t h a t  ( K ,+ ,« )  i s  a s e m i n e a r - f i e l d .  

Example 3 . 3 . Let K = { a , e } . D ef in e  + and • on K by
• e a + e a
e e a and e e a
a a e a e a

Then ( K , + , 0  i s  a g e n e r a l i z e d  s e m i n e a r - f i e l d .
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Example 3 « ^ « Let D be a r a t i o  s e m i n e a r - r i n g .  Let a be a symbol  
n ot  r e p r e s e n t i n g  any e lem ent  o f  D and d E D. Extend + and • from 
D t o  D บ {a} by

( 1 ) ax = dx and xa = xd fo r  a l l  X £ D, a^ = d^,
( 2 ) a + x = d + x  and X + a = X + d fo r  a l l  X E D and
( 3 ) a + a = d + d.
I t  i s  e a s y  t o  check  t h a t  D บ |a^ i s  a g e n e r a l i z e d  

s e m i n e a r - f i e l d .
From now on th e  word " s e m in e a r - f i e l d "  w i l l  mean a 

g e n e r a l i z e d  s e m i n e a r - f i e l d .

Theorem 3 » 5 « Let K be a s e m i n e a r - f i e l d  with  a as  a s p e c i a l  
e l e m e n t .  Then e x a c t l y  one o f  the  f o l l o w i n g  s t a t e m e n t s  hold  ะ

( 1 )  ax ะ: xa = a f o r  a l l  X £ K.
( 2 ) ax  = xa  ะ: X f o r  a l l  X e K.
( 3 ) ax = a and xa = X f o r  a l l  X £ K.
(^ )  a x  = X and x a  = a f o r  a l l  X£ K.
( 5 ) a^ /  a and ae  = ea ะ: a .
( 6 )  a^ /  a and ae = ea /  a where e i s  the  i d e n t i t y  o f

( K\ {a} 1- ) .

P r o o f . C on s id er  อ ^ .

Case 1 . a^ = a .  By Theorem 1 . 2 9 , we o b t a in  ( 1 ) -  (*+).
Case 2 . a^ /  a .  C on s id er  a e  and e a ,  .

Subcase  2 . 1 . ae = ea :  a .  Then we o b t a i n  (5 )*
Subcase  2 . 2 . ae = a and ea /  a .  Claim t h a t  ax = a

f o r  a l l  X £ KN{a} and ea = e .  Let X e  K \ { a } .  Then a = ae ะ: 
a ( x x  ^) = ( a x ) x ~ \  I f  ax  /  a then  ( a x ) x  ^£  K\{a} which i s  a
g ro u p .  T h i s  i s  a c o n t r a d i c t i o n .  Hence ax ะ: a fo r  a l l  X £ K ^ a }  .
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S i n c e  ea  /  a ,  t h e r e  i s  a y E K'{a} such  t h a t  ( e a ) y  = e .  So 
e = e ( a y )  = e a .  Now a^ = ( a e ) a  = a ( e a )  = ae = ล. C o n t r a d ic t in g  
t h e  f a c t  t h a t  a^ ■ /ะ a .  Hence t h i s  c a s e  cannot occ u r .

Subcase  2 . 3 . ae /  a and ea = a .  U s in g  a p r o o f  s i m i l a r  
t o  th e  p r o o f  o f  Subcase  2 . 2 ,  we can show t h a t  t h i s  c a s e  cannot  
o c c u r .

Subcase  2 . ^ . ae /  a and ea /  a .  Then ae = e ( a e )
= ( e a ) e  = e a .  Hence we o b t a in  ( 6 ) .

From Theorem 3*5 we s e e  t h a t  t h e r e  are  6 t y p e s  o f  s p e c i a l  
e le m e n t s  i n  a s e m i n e a r - f i e l d  and we c a l l  a s p e c i a l  e lement  
s a t i s f y i n g  ( 1 ) , ( 2) ,  ( 3 ) » ( * 0 ,  ( 5  ) or (6 )  a c a t e g o r y  1 , 1 1 , 1 1 1  ,IV ,v  or 
VI s p e c i a l  e lem ent  r e s p e c t i v e l y .

Note t h a t  Example 3»3 i s  a s e m i n e a r - f i e l d  w ith  a c a t e g o r y  
V s p e c i a l  e lement  and Example 3*2 and 3«^ a re  s e m i n e a r - f i e l d s w i t h  
a as  a c a t e g o r y  VI s p e c i a l  e l em ent .

In  t h i s  c h a p t e r  we s h a l l  o n ly  s tu d y  s e m i n e a r - f i e l d s  w ith  
c a t e g o r y  V and VI s p e c i a l  e lem en ts  because  s e m i n e a r - f i e l d s  w i th  
c a t e g o r y  I , I I , I I I  and IV s p e c i a l  e lem ents  were s t u d i e d  a l r e a d y  
i n  [ 1] and Chapter 2 .

Theorem 3 » 6 . I f  K i s  a s e m i n e a r - f i e l d  w ith  a c a t e g o r y  V s p e c i a l  
e lem en t  th en  IKI = 2 .

P r o o f . Let K be a s e m i n e a r - f i e l d  w i th  a as  a c a t e g o r y  V s p e c i a l  
e lem en t  and l e t  e be t h e  i d e n t i t y  o f  (K ^ { a } ,* )«  Claim th a t  
ax = a f o r  a l l  X E K^{a} . Let X ร  K>{a} .  Then a = a = ae = a ( x x  ^) 
= ( a x ) x " \  I f  ax /  a th en  ( a x ) x   ̂ e K^a}  which i s  a group.
T h i s  i s  a c o n t r a d i c t i o n .  Hence ax = a fo r  a l l  X £ K>{a}.  S in c e  

/  a  1 t h e r e  i s  a y £ K''{a} such t h a t  a^y = e . So e a 2y



Remark i  A s e m i n e a r - f i e l d  w ith  a c a t e g o r y  V s p e c i a l  element  i s  a
r a t i o  s e m i n e i r - r i n g .  Now we s h a l l  f i n d ,  up to  i somorphism,  a l l  
s e m i n e a r - f i e l d s  K w ith  a c a t e g o r y  V s p e c i a l  e lement  a.  By Theorem 
3 * 6 ,  K ระ { a , e } .  Claim t h a t  e + e = a o r a + a = a .  I f e  + e /  a
t h e n  e + e = e .  Thus a + a = ea + ea = ( e + e ) a  = ea = a .

Case 1 . e + e = a .  Then a + a = ea + ea = ( e + e ) a  = a^ = e s i n c e
a ^ / a .  e + a = e +  (e + e )  = (e+ e )  + e = a + e .  Hence e + a = a 
or e + a = e .  So we have 2 t a b l e s .

a ( a y )  = a ^ .  H e n c e  a ^  = e .  S u p p o s e  t h a t  I Kj > 2 .  L e t  z e  K \ { a , e }  .
T h e n  z = e z  = a ^ z  = a ( a z )  = a ^ =  e ,  a  c o n t r a d i c t i o n .  H e n c e  J K I = 2 .

+ e a + e a
( า )  e a a or ( 2 ) e a e

a

Case 2 .  a + a

a

ะ a .

e a 

Then a = a + a = e a + e a

e

= (

e

e + e ) a .  I f
e + e = a th en  a = (e + e )a  = a = e ,  a c o n t r a d i c t i o n .  Hence 
e + e = e .  I f  e + a = a then a + e = ea + = ( e + a )a  = = e
I f  e + a = e th e n  a + e = ea + a  ̂ = ( e + a ) a  = ea = a .  So we
have 2 t a b l e s .

+ e a + e a
(3 )  e e a or  ( k )  e e e

a e a a a a

I t  i s  e a s y  to  v e r i f y  t h a t  ( 1 ) , ( 2 ) , ( 3 )  and (^ ) are  t a b l e s  o f  
sem igroups  under  a d d i t i o n .  By d e f i n i n g  f ( e )  = a and f ( a )  = e ,  
we have t h a t  sem igroups  d e f in e d  by (1 )  and (2 )  a re  i s o m o r p h ic .  
T h e r e f o r e ,  up to  isomorphism, t h e r e  a re  3 s e m i n e a r - f i e l d s  c o n t a i n i n g  
a c a t e g o r y  s p e c i a l  e l e m e n t .
Remark 3 . 7 . Let K = -ja., ej- w i th  s t u c t u r e
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e
a

e
e

a
a

a a
and

a
a
a

Then (K,+ 1*) i s  a s e m i n e a r - f i e l d  w i th  a as a c a t e g o r y  I  s p e c i a l  
e l e m e n t .  And n o t e  t h a t  ( K ,+ ,* )  i s  a s o m i n e a r - f i e l d  w i th  e as  a 
c a t e g o r y  I I  s p e c i a l  e l e m e n t .  In t h i s  c a s e  we s e e  t h a t  t h e r e  does  
n ot  e x i s t  a uniqu e  s p e c i a l  element  o f  K. However,  i f  I K| > 2 ,  we 
do g e t  u n iq u e n e s s  as  the  f o l l o w i n g  theorem shows.

Theorem 3 . 8 . I f  K i s  a s e m i n e a r - f i e l d  o f  order  g r e a t e r  than 2 
th e n  t h e r e  e x i s t s  a unique s p e c i a l  element  o f  K.

P r o o f . Assume t h a t  K i s  a s e m i n e a r - f i e l d  w ith  I K| > 2 and l e t  a 
and a be s p e c i a l  e l e m e n ts  o f  K. We must show t h a t  a = a *
Suppose t h a t  a /  a . Let e be th e  i d e n t i t y  o f  ( K x { a } , . )  and e 
t h e  i d e n t i t y  o f  (K>{a } 1*)

Case 1 . อ '  = a .  S in c e  a^ = a e KMa } 1 a = e . Let X £ KN{ a , a }  . 
Then t h e r e  i s  a y £ KN{a } such t h a t  xy  = e = a .  I f  y = a then  
X = xe  ะ xa  = xy  = e = a 1 a c o n t r a d i c t i o n .  Hence y £  a ,  so  
we have  X ^  a ,  y ^ a and xy = a .  T h is  c o n t r a d i c t s  th e  f a c t  t h a t  
(KA{a} 1. )  i s  a group.
Case 2 .  a^ 4  a .  S in c e  อ ^ / อ  and (K\{a) 1*) i s  a group,  e i s  the
~  ' . 2 » .o n l y  m u l t i p l i c a t i v e  idempotent o f  K. S in c e  e = e , e = e .  Thus
a = ae  = ae  and a = e a = e a .  Hence K i s  a s e m i n e a r - f i e l d
w i th  a a s  a c a t e g o r y  V s e m i n e a r - f i e l d .  By Theorem 3 *6 ,  IK| = 2 ,  
a c o n t r a d i c t i o n .  T h ere fo re  a = a . #
Remark 3 * 9 .  Let K be a s e m i n e a r - f i e l d .  Then th e  f o l l o w i n g
s t a t e m e n t s  h o ld  ะ
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( 1 )  I f  t h e r e  a re  e lem en ts  a and b in  K such  t h a t  a and b
a r e  c a t e g o r y  V s p e c i a l  e lem en ts  o f  K then  a = b .

( 2 ) I f  t h e r e  a re  e lem ents  a and b i n  K such  t h a t  a and b
a r e  c a t e g o r y  VI s p e c i a l  e lem en ts  o f  K then  a = b.

P r o o f , (1 )  By Theorem 3*6» IKj = 2 .  Let K = {a ,b} , S in ce  
a^ /  a and b^ /  b ,  ( K \ { a } , « )  i s  not  a group, a c o n t r a d i c t i o n .

( 2 ) I f  IK] p> 2 t h e n ,  by Theorem 3*8 ,  we o b t a i n  ( k ) . I f  
I Kj = 2  th e n  u s e  th e  same p r o o f  a s  i n  ( 1 ) .

Remark 3»10,  Let K = { a , e }  w ith  s t r u c t u r e  ะ
• e a

( 1 )  e e a
a e a

• e a
( 2 )  e e e

a a a

and

and

or

Then K w i th  s t r u c t u r e  ( 1 ) i s  a s e m i n e a r - f i e l d  w ith  a and e as  c a t e g o r y
I I I  s p e c i a l  e l e m e n t s .  K with  s t r u c t u r e ( 2 ) i s  a s e m i n e a r - f i e l d  w i th  a 
and e as  c a t e g o r y  IV s p e c i a l  e l e m e n t s .  Hence c a t e g o r y  I I I  and IV 
s p e c i a l  e l e m e n ts  a re  n ever  u n iq u e .

We s h a l l  noV/ s t u d y  s e m i n e a r - f i e l d s  w i th  a c a t e g o r y  VI 
s p e c i a l  e l e m e n t .

Theorem 3»1 1 . Let K be a s e m i n e a r - f i e l d  with  a as  a s p e c i a l  
e l e m e n t .  Then a i s  a c a t e g o r y  VI s p e c i a l  e lement o f  K i f  and 
o n l y  i f  t h e r e  e x i s t s  a unique e lement  d i n  KN{a} such  t h a t  
ax = dx and xa = xd f o r  a l l  X £ K.
P r o o f .  Let e be th e  i d e n t i t y  o f  (K ^ a )  1' ) .  Assume t h a t  a i s
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a category VI special element of K. Let d = ae = ea. Let X be 
any element of K. If X = a then ax = a^= eâ  = (ea)a = da.
If X /  a then ax = a(ex) = (ae)x = dx'. Hence ax = dx. Similarly, 
we can show that xa = xd. Therefore ax = dx and xa = xd for a ll

% -ftX £ K. To show uniqueness, let d £ K\{a} be such that ax = d X
and xa = xd for a ll X £ K. Then d = de = ae = d e = d .

Conversely, assume that there exists a unique element d 
in Kv{a) such that ax ร dx and xa = xd for all X £ K. Then
â  = ad ะะ d̂  /  a, ae ะ de ะ d and ea = ed = d, so a is a category
VI special element of K. #
Theorem 3.12. Let (K,+,*) be ท seminear-field with a as a category 
VI special element. Then (KN{a|,+,*) is a ratio seminear-ring.
Proof. Let e denote the identity of (K>{a},-). Then ae = ea /  a. 
To show that (K>{a},+,*) is a ratio seminear-ring, it is sufficient 
to show that X + y £ KN{a} for a ll x,y e K̂ ia} . Let x,y £ K\{a}. 
Suppose X + y = a. Then a = x + y = x e + y e =  (x+y)e ะ: ae, a 
contradiction. Hence X + y £ KA{a}.

#
Theorem 3 . 1 2  indicates that every seminear-field with a 

category VI special element comes from a ratio seminear-ring by 
adding an element.
Remark 3»13» Let K be a seminear-field with a as a category VI 
special element. Then xy /  a for a ll x,y £ K.
Proof. Let e denote the identity of (K'{a},‘)* By assumption, 
â  /  a, ae ะ ea /  a. Let x,y £ K. If X /  a and y = a then 
xy ะ: xa = (xe)a = x(ea) /  a since X, ea £ KN{a} which is a group. 
Similarly, if  X ะ: a and y ^  a then xy £  a.

#



s p e c i a l  e lem ent  and l e t  d £ K ^ a }  be such t h a t  ax = dx and xa = xd 
f o r  a l l  X £ K. Then th e  f o l l o w i n g  s t a t e m e n t s  h o ld  ะ

(1 )  I f  a + a = a then  (K,+) i s  a band.
( 2 ) I f  a + a /  a then a + a = d + d.
( 3 ) For a l l  x , y  £ K''{a} , X + X :  y  + y i f  and o n ly  i f

X = y .
( . k )  For a ll X £ K ''{a},x+a = a o r x  + a = x + d.
(5 ) For a ll X £ K>{a}, a + x = a or a + X = d + x.

Proof. (ๆ)  Assume that a + a = a. Let X £ K^a} . Then 
x + x = e x + e x = d ( d ^ x )  + d(d"*x)=a(d"'x) + a(d"'x) = 
(a+a)d~1x = ad’"/,x = d(d-1x) = X. Hence (K,+) i s  a band.

(2 ) Assume that a + a /  a. Then a + a = (a+a)e = 
ae + ae = de + de = d + d.

( 3 ) Let x , y  £ K>{a) be such t h a t  X + X = y + y .  By 
Theorem 3 »12 ,  (K v { a } ,+ )  i s  a semigroup.  So X + X £ K \ { a } . Thus 
( e + e ) x  ะ= x + x  = y +  y =  ( e + e ) y .  S in ce  e + e /  a and ( K ' { a } , « )  
i s  a group,  i t  f o l l o w s  t h a t  X = y .

( . b )  Let X £ KA{a}. Suppose that X + a /  a. Then 
X + a = (x+a)e = xe + ae = X + de = X + d.

(5 ) The proof of (5 ) is similar to the proof of ( b ) .

P r o p o s i t i o n  3«"I3« I f  K i s  a s e m i n e a r - f i e l d  o f  order  g r e a t e r  than  
2 w i t h  a c a t e g o r y  VI s p e c i a l  e lement then  K c o n t a i n s  no a d d i t i v e  
z e r o .

P r o o f .  . Let a be a c a t e g o r y  VI s p e c i a l  e lem ent  o f  K and l e t  e be
t h e  i d e n t i t y  o f  ( K \ { a } , 0 .  By Theorem 3*12 and P r o p o s i t i o n  1 . 1 9 ,  
K \ { a }  c o n t a i n s  no a d d i t i v e  z e r o .  I t  f o l l o w s  t h a t  f o r  any X£ K^ia} ,
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X i s  n o t  an a d d i t i v e  zero  o f  K. Suppose t h a t  a i s  an a d d i t i v e  
zero  o f  K. Then a + x = x + a = a  fo r  a l l  X £ K. S i n c e  a i s  
a c a t e g o r y  VI s p e c i a l  e l e m e n t ,  t h e r e  e x i s t s  a unique  e lem ent  d i n  
K \ s u c h  t h a t  ax  = dx and xa  = xd fo r  X £ K. Claim 
t h a t  x  + e = e +  x  = e f o r  a l l  X e K>{a}. Let X £ K \{a}  . Then 
a + xd = xd + a = a .  Thus e = dd ^ =  ad "* = (a+xd)d  ^ =  ad ^  + X = 
dd ^ +  X = e + X. S i m i l a r l y ,  e = X + e .  Hence x + e = e + x = e  
f o r  a l l  X £ K \ { a } .  By C o r o l l a r y  1 . 2 0 ,  |K \ { a } | =  1 .  Thus IK| = 2 ,
a c o n t r a d i c t i o n .  Hence K c o n t a in s  no a d d i t i v e  z e r o .

#
P r o p o s i t i o n  3 » 1 6 . I f  K i s  a s e m i n e a r - f i e l d  o f  order  g r e a t e r  than  
2 w i th  a c a t e g o r y  VI s p e c i a l  e lement then K c o n t a i n s  no a d d i t i v e  
i d e n t i t y .

P r o o f . Let a be c a t e g o r y  VI s p e c i a l  e lement o f  K and l e t  e be  
th e  i d e n t i t y  o f  ( K > { a } , 0 .  By Theorem 3 .1 2  and P r o p o s i t i o n  1 . 2 1 ,
KN{a} c o n t a i n s  no a d d i t i v e  i d e n t i t y .  I t  f o l l o w s  t h a t  for  any 
X £ Ks‘{ a } ,  X i s  not  an a d d i t i v e  i d e n t i t y  o f  K. Suppose t h a t  a i s  
an a d d i t i v e  i d e n t i t y  o f  K. Then a + x = x + a = x  f o r  a l l  X £ K.
S i n c e  a i s  a c a t e g o r y  VI s p e c i a l  e lem en t ,  by Theorem 3 .11  t h e r e  
e x i s t s  a unique e lem ent  d in  K^{a} such t h a t  ax = dx and xa  = xd f o r  a l l  
X £ K. Claim t h a t  x + e = e +  x =  e fo r  a l l  X £ K^{a} . Let X e K\{ à}, 
a + x~1d = x""'d + a = x” ^d. Thus e = (x  ^d) (d  "'x) = (a+x 1d)d ^x 
= a(d"""*x) + e = d(d~^x) + e = X + e .  S i m i l a r l y ,  e = e + X. Hence  
x + e = e + x = e  f o r  a l l  X £ K \ { a } . By C o r o l l a r y  1 . 2 0 ,
| K \ { a } |  = 1 .  Thus |K| = 2 ,  a c o n t r a d i c t i o n .  T h e r e f o r e  K c o n t a i n s  
no a d d i t i v e  i d e n t i t y .

#
Theorem 3 . 1 7 . Let K be a s e m i n e a r - f i e l d  w i th  a a s  a c a t e g o r y  VI 
1S p e c i a l  e l e m e n t .  Then th e  f o l l o w i n g  s t a t e m e n t s  h o ld  ะ
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( ๆ )  I f  K i s  L.A.C. then X + y = y fo r  a l l  x , y  £ K'{a} .
( 2 ) I f  K i s  R.A.C. then X + y = y fo r  a l l  x , y  e K'{a) .
( 3 ) I f  a + a = a then th e  f o l l o w i n g  s t a t e m e n t s  h o ld  ะ

( 3 » 1) K i s  L.A.C. i f  and on ly  i f  X +y = y f o r  a l l
x , y  £ K.

( 3 . 2 ) K i s  R.A.C. i f  and o n ly  i f  X + y = X fo r  a l l
x , y  ธ K.

(3 * 3 )  K cannot be A .c .

P r o o f . Let e be th e  i d e n t i t y  o f  (K '- ta} ,*)  and l e t  d be th e  
u n iq u e  e lem ent  i n  Kv {a} such th a t  ax = dx and xa = xd fo r  a l l  X £ K.

( 1 ) Assume t h a t  K i s  L.A.C. Claim t h a t  z  + a = a for  a l l  
z £ K' ia}  . Let z £ K\{a} . I f  z  + a /  a th en  by Theorem 3*1^ ( * 0 ,
z + a = z + d and so  a = d ,  a c o n t r a d i c t i o n .  Hence z + a = a
f o r  a l l  z £ K^{a} . Let x , y  £ K>{a}.  Then xy "'d + a = a ,  so
y = d(d  ^y) = a (d~^y)  = (xy  ^d + a )d  "'y = X + ad ^y = X + d(d ^y)
= X + y .  Hence X + y = y fo r  a l l  x , y  £ K > {a } .

The p r o o f  o f  ( 2 ) i s  s i m i l a r  t o  th e  p ro o f  o f  (1 ) .
( 3 ) Assume t h a t  a + a = a.

(3 * 1 )  Assume th a t  K i s  L.A.C. Let x , y  £ K.

Case 1 . X = y = a .  Then x + y = a + a = a = y .
Case 2 . X /  a ,  y = a .  In th e  proo f  o f  ( 1 ) ,  we showed th a t  
z + a = a f o r  a l l  z £ K \ { a } . Thus x + y = x + a = a = y .
Case 3 » X = a ,  y / a .  By ( ฯ ) ,  d + y = y .  I f  a + y = a then  
a + y = a + a .  Thus y = a ,  a c o n t r a d i c t i o n .  Hence a + y = d + y 
= y .  T h e r e f o r e  x + y = a + y = d + y = y .
Case ^ . X ^ a ,  y /  a .  By ( ๆ) ,  X + y = y .

Hence X + y = y f o r  a i l  x , y  £ K.
The c o n v e r s e  i s  o b v io u s .
The p r o o f  o f  ( 3 . 2 ) i s  s i m i l a r  t o  th e  p ro o f  o f  (3*'l)*
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(3 * 3 )  Suppose th a t  K i s  A .c .  Thus K i s  L.A.C. In  
t h e  p r o o f  o f  ( 1 ) ,  we showed th a t  z + a = a fo r  a l l  z £ K ' { a } .
Now d + a = a .  a + a = a = d + a .  S in c e  K i s  R .A .C . ,  a = d ,  
a c o n t r a d i c t i o n .  Hence K i s  not A .c . *

Note t h a t  Example 3 . 2  (ๆ )  i s  L.A.C. and Example 3 . 2  ( 2 ) 
i s  R.A.C.

Theorem 3 *1 8 . Let K he a s e m i n e a r - f i e l d  w i th  a as  a c a t e g o r y  VI 
s p e c i a l  e lem ent  and l e t  e be the  i d e n t i t y  o f  ( K N { a } ,* ) .  Then K 
i s  A.C. i f  and o n ly  i f  K = {a ,e }  w ith  th e  s t r u c t u r e

• e a + e a
e e e and e e a
a e e a

-
a e

P r o o f . Let d be th e  unique e lement in  K\{a} such  t h a t  ax = dx 
and xa  = xd f o r  a l l  X £ K.

Assume t h a t  K i s  A .c .  Claim th a t  a + x = x + a = a  for  a l l  
X £ K \ { a } .  Let X £ K \ { a } .  I f a + X  = d + X th e n  a = d.  a 
c o n t r a d i c t i o n .  Thus a + X = a .  S i m i l a r l y  we can show th a t  
X + a = a .  Claim t h a t  y + e = e + y = e  f o r  a l l  y £ K>{a}. Let  
y £ K>{a} . Then a + yd = yd + a = a .  M u l t i p l y  t h i s  e q u a t io n  on 
t h e  r i g h t  by d- "* we g e t  t h a t  e + y  = y + e = e .  By Theorem 3*ๆ2 
and C o r o l l a r y  ๆ . 2 0 ,  we o b t a in  jK\{a}[ = ๆ.  Hence I K| = 2 .
C o n se q u en t ly  d = e .  By Theorem 3*ๆ7 ( 3 ) t  a + a = d + d = e + e = e .  
T h e r e f o r e  we have th e  above s t r u c t u r e .

C o n v e r s e ly ,  i t  i s  s t r a i g h t f o r w a r d  t o  check  t h a t  the  above  
s e m i n e a r - f i e l d  i s  A .c .

#
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D e f i n i t i o n  3 « 1 9 » Let K be a ( g e n e r a l i z e d )  s e m i n e a r - f i e l d  w ith  
a a s  a s p e c i a l  e l e m e n t .  Let D = K^{a}. Then {x  £ d ! X + a = a } 
( { x  E D |a + X = a } )  i s  c a l l e d  the  l e f t  ( r i g h t )  fundamenta l  s e t  
o f  a i n  K. The s e t  { x  e d | x + a = a + X = aj’i s  c a l l e d  the  
fundam enta l  s e t  o f  a i n  K. I f  a i s  a c a t e g o r y  VI s p e c i a l  element  
o f  K th e n  we s h a l l  a lw ays  den ote  the  l e f t  ( r i g h t )  fundamental  s e t  
o f  a i n  K by ร^ ( ร R) .  The fundamental  s e t  o f  a i n  K i s  denoted  
by ร .

P r o p o s i t i o n  3 » 2 0 . Let K be a s e m i n e a r - f i e l d  w ith  a as a c a t eg o ry  
VI s p e c i a l  e lem ent  and D = K>(a} .

(ๆ ) I f y £ dnsl then y i s not  L.A.C.
(2 ) I f y £ dnsr then y i s not R.A.C.

( T h e r e f o r e  i f  y £ DNS then  y i s  not  A . c . )

P r o o f . Let d e K>{a} be such  th a t  ax = dx and xa = xd fo r  a l l  
X £ K.
( ๆ )  I f  y £ D'S th e n  y + a = y + d .  S in c e  a 0  d,  y i s  not L.A.C.
( 2 ) I f  y £ D̂ S-p. t h e n  a + y = d + y .  S in c e  a /  d,  y i s  not R .A .c .

R #
P r o p o s i t i o n  3 . 2 1 . Let K be a s e m i n e a r - f i e l d  w ith  a as  a c a t eg o ry  
VI s p e c i a l  e l e m e n t ,  D = K>{a} and l e t  d £ D be such  t h a t  nx=dxandxa= xd 
f o r  a l l  X Ê K, Then th e  f o l l o w i n g  s t a t e m e n t s  hold  ะ

(ๆ )  ร £  L lp (d )  and รR c  RIR( d ) . ( T h e r e fo r e  ร ร  I D( d ) . )
( 2 ) ร^ = 0  or ร^ i s  a f i l t e r  i n  ( D , + ) .  (Hence DSSR = 0

or  Ls Sp i s  a c o m p l e t e l y  prime i d e a l  o f  ( D , + ) . )
( 3 ) ร = 0  or รR i s  a f i l t e r  i n  ( D , + ) .  (Hence D\SR = 0  

or LxSr i s  a c o m p le t e l y  prime i d e a l  o f  ( D , + ) . )
(^ )  ร = 0  or ร i s  a f i l t e r  i n  ( D , + ) .  (Hence D^s = 0  or  

D'-ร i s  a c o m p l e t e l y  prime i d e a l  o f  (D,  + ) . )
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( 5 )  I f  d £ รL then  ร ะ: LI ( d ) .
( 6 )  I f  d e รR then ร = HI ( d ) .

( T h e r e f o r e  i f  d £ ร then  ร = I p ( d ) . )

P r o o f . Let e be th e  i d e n t i t y  o f  ( D , 0 .
Then X + a = a .

M u l t i p l y  on th e  r i g h t  by e ,  we o b ta in  t h a t  X + d = d.  Thus
( 1 )  To show t h a t  ร^ ^  L l p ( d ) ,  l e t  X £ ร .

X e L l p ( d ) .  Hence ร^ Ç L l p ( d ) .  S i m i l a r l y ,  we can show t h a t
ร8 ร RIdU ).

(2 )  Suppose t h a t  ร̂  0 0. To show t h a t  ร̂  i s  a f i l t e r  in 
( D , + ) ,  l e t  x , y  E D. Assume th a t  x , y  £ ร^.  Then x + a = y + a = a ,  
so  (x+y)  + a = X + (y+a)  = X + a = a .  Thus X + y £ ร^.  C o n v e r s e ly ,  
assume t h a t  X + y £ ร^.  Then (x+y) + a = a .  I f  y  + a /  a th en  
X + (y+ a)  £ D which i s  an a d d i t i v e  semigroup.  T h is  i s  a 
c o n t r a d i c t i o n .  Thus y + a = a .  C on sequ en t ly  X + a = a .  Hence 
ร^ i s  a f i l t e r  i n  ( D , + ) .

The proofs  o f  ( 3 )  and (*0 are  s i m i l a r  to  t h e  p ro o f  o f  ( 2 ) .
( 5 )  Assume t h a t  d £ ร .  Then d + a = a .  By ( 1 ) ,  i t  

s u f f i c e s  to  show t h a t  L lp (d )  Ç1 ร^. Let y e  L l p ( d ) .  Then y + d = d,  
so  y + a = y + (d+a) = (y+d) + a = d + a = a .  Hence y £ ร^.  
T h e r e f o r e  L lp (d )  ç  ร^.

The p r o o f  o f  (6 )  i s  s i m i l a r  t o  th e  p r o o f  o f  (5 )*

P r o p o s i t i o n  3 » 2 2 . Let K be a s e m i n e a r - f i e l d  w i th  a a s  a c a t e g o r y  
VI s p e c i a l  e l e m e n t ,  D = KN{a} and d £ D such  t h a t  ax = dx and 
xa = xd f o r  a l l  X £. K.

( ๆ )  I f  ร = 0  and ร„ i s  a f i l t e r  i n  (D ,+ )  th e n  d e รp i f f
a + a = a .

( 2 ) I f  ร = 0  and ร i s  a f i l t e r  i n  (D ,+ )  th e n  d £ ร i f f
a + a = a .
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( 3 ) I f  0  0  รR c .  D and ร^ c  รR then d £ ร£ i f f  a + a = a .  
(^) I f  0  0  Sj^C D and ร^ c  ร^ then d £ ร^ i f f  a + a = a .  
( 5 )  I f  ร^ <̂ . รR and รR รL then a + a = d + d.

P r o o f . (1 )  Assume t h a t  รL ะ: 0  and รR i s  a f i l t e r  i n  (D, + ) .
Suppose t h a t  d £ ร . , Then d = d + d and a + d = a .  S in c e

SL = 0 - d + a =  d + d = d.  Thus a + a = (a+d) + a = a + (d+a)
= a + d = a .  Hence a + a = a .

C o n v e r s e ly ,  assume t h a t  a + a = a .  I f  s  = D then  d £ รR. 
Suppose  t h a t  ร^ c  D . To show t h a t  d £ รR, suppose  t h a t  d £ DNรR. 
Then a + d / a ,  s o a  + d = d + d.  Let X £ ร .  Then a + X = a and
X + a = x + d .  Thus a = a + a = (a+x) + a = a + (x+a) = a + (x+d)
= (a+x) + d = a + d = d + d ,  a c o n t r a d i c t i o n .  Hence d £ รR. 

The p r o o f  o f  ( 2 ) i s  s i m i l a r  to  th e  proo f  o f  ( า ) .

d £ ร R.
( 3 ) Assume t h a t  0  0  รR c  D and ร  ̂ c : รR. Suppose t h a t  

Then a + d = a .  Let X £ S j^ s^ .  Then a + X = a and
X + a = x + d .  Thus a + a = (a+x) + a = a + (x+a) = a + (x+d) =
(a + x )  + d = a + d = a .

C o n v e r s l y ,  assume t h a t  d £ DNS . Then a + d = d + d .  To 
show t h a t  a + a 0  a ,  l e t  y £ ร RNร^. Then a + y ะะ a and y + a =
y + d. Thus a + a = (a+y) + a = a + (y+a ) = a + (y+d) = (a+y) + d
= a + d = d + d 0  a .  Hence i f  a + a = a then d £ รR.

The p r o o f  o f  ( 4 )  i s  s i m i l a r  to  th e  p ro o f  o f  ( 3 ) .

a  + a =
( 5 ) Assume t h a t  รk Sg and Sp To show t h a t  
d + d.  Claim t h a t  a + d = d + d.  S in c e  ร^ รR, t h e r e

i s  an e lem ent  X i n  ร£nSr . Thus X + a = a and a + X = d + X.
S i n c e  ร c  LI ( d ) ,  X + d = d.  Thus a + d = a + (x+d) = (a+x) + d
= (d+x) + d = d + (x+d) = d + d .  S in c e  รR ^  Sj. , t h e r e  i s  an
e lem en t  y i n  ร ร . Then a + y = a and y + a = y + d.  S in c e
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ร£ ç  R l p ( d ) ,  d + y ะ: d. So a + a  = (a+y) + a = a + (y+a) = 
a + (y+d) = (a+y)  + d = a + d = d + d . t
Theorem 3 » 2 3 . Let D be a r a t i o  s e m i n e a r - r i n g .  Let a be a symbol  
not  r e p r e s e n t i n g  any e lement o f  D and l e t  d e D. Let FR Ç. L lp(d )  
be e i t h e r  0  or a f i l t e r  i n  (D, + ) and l e t  FR c  R l^ (d )  be e i t h e r  0  
or a f i l t e r  i n  ( D , + ) .  Then the  b inary  o p e r a t i o n s  on D can be  
extended  to  K ะ: D u  {a} i n  such a way t h a t  th e  f o l l o w i n g  p r o p e r t i e s  
h o ld  :

( า )  K i s  a s e m i n e a r - f i e l d  c o n t a in i n g  a as  a c a t e g o r y  VI 
s p e c i a l  e l e m e n t .

( 2 ) F^ i s  t h e  l e f t  fundamental  s e t  o f  a i n  K and FR i s  
t h e  r i g h t  fundamenta l  s e t  o f  a i n  K.

( 3 ) I f  (D, + ) i s  not a band then a + a = d + d.
(b )  I f  (D, + ) i s  a band then
^a  or d i f  FL = FR = 0  , 

a i f
r i g h t  zero  s e m ig r o u p . ) ,

i f  F^ = 0 ,  FR = D ( i n  t h i s  c a s e  (D ,+ )  i s  a

a + a =

a i f  Fl = 0 ,  0  0  Fr c  d , d E Fr ,
d i f  FL = 0 ,  0  0  FR C D, d e D'FR ,
a or d i f  F^ = FR = D ( i n  t h i s  c a s e  D ะ: { e } )  <1

a i f  F^ = D, FR = 0  ( i n  t h i s  c a s e  (D ,+)  i s  a l e f t
zero  s e m ig r o u p . ) ,

a
d
a
a

d

i f  0  0  FL C  D, d E Fl , Fr = 0  , 
i f  0  0  FL C D, d e  D\Fl , Fr = 0  1 
i f  0  0 Fl C D, Fl = Fr ,
i f  0  0  Fl  c  D, 0  0  Fr c  D, ( e i t h e r  FL c  FR, d e FR 

or FRC FL’ d £ V »
i f  0  0 Fl C D, 0  0  Fr ๘. D, ( e i t h e r  F ^ c  FR, <J e D'Fg 

or Fr c  Fl , d e D''FI1) ?

i f  h i  V  V

or d



F u r t h e r m o r e  ,  a n y  e x t e n s i o n  o f  a d d i t i o n  on  D t o  K s u c h  t h a t  (ๆ)
a n d  ( 2 ) h o l d  m u s t  b e  a s  g i v e n  a b o v e .

P r o o f . Suppose t h a t  = Fj, = 0 .  Extend + and • from D to  K by 
(ๆ )  xa  = xd and ax = dx fo r  a l l  X £ D, a2 = d2 ,
( 2 ) x + a = x + d  and a + X ะ d + X fo r  a l l  X £ D and

r  a or d i f  (D ,+) i s  a band ,
( 3 ) a + a = ■ร

I d + d i f  (D ,+) i s  not  a band.
To show t h a t  K i s  a s e m i n e a r - f i e l d ,  v/e must show t h a t  (a^j) 
x ( y z )  = ( x y ) z  f o r  a l l  x , y , z £  K, (b^) X + (y+z)  = (x+y) + z 
f o r  a l l  x , y , z  E K and (c^)  (x+ y )z  = xz + yz  f o r  a l l  x , y , z  e K.
To p rove  ( a ^ ) ,  l e t  X, y , z  E K.

Case ๆ. X = y = Z = a .
x ( y z )  = a ( a 2 ) = ad2 = dd2 = d2d = d2a = a^a = ( x y ) z .
Case 2. X = y := a , z a .
x ( y z )  = a ( a z )  = a ( d z ) = d (dz) = d2z = a2 z = ( x y ) z .
c 3.S G 3 • X = z := a ,  y / a.
x ( y z )  = a ( y a )  = a (y d ) = d(yd) = (dy)d = ( d y ) a  = ( a y ) a
Case 4 . X /  a , y = z = a.
x ( y z )  = x ( a 2 ) = xd2 = (xd)d  = (x d ) a  = ( x a ) a  = ( x y ) z .
C c3.s G 5 • X /  a , y /  a.1 รร = a .
x ( y z )  = x ( y a )  = x (y d ) = (xy)d = ( x y ) a = ( x y ) z .
Case 6. X /  a , y = a,> ะZj 3. •

X tsi II x ( a z )  = x ( d z ) = (x d ) z = ( x a ) z = ( x y ) z .
Case 7 . X = a , y 0 a > ïร 0 a .

X <<r N It a ( y z )  = d ( y z ) = (d y )z = ( a y ) z = ( x y ) z .
Case 8 . X 0  a , y 0  a » îร /  a .
x ( y z )  = (xy )zo
To prove  ( b ^ ) ,  l e t  x , y , z  £ K.

= (x y )

Consider  th e  f o l l o w i n g  c a s e s
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Case ๆ. X = y = Z = a
Subcase ๆ . ๆ . a + a = a .

X + (y + z )  = a + (a+a) = a + a = (,a+a) + a = (x+y) + z .
Subcase ๆ . 2. a + a = d.

X + (y + z )  = a + (a+a) = a + d = d + d = d + a = (a+a) + a =
(x+y)  + z .

Subcase ๆ . 3 . a + a = d + d.
X + ( y + z )  = a + (a+a) = a + (d+d) = d + (d+d) = (d+d) + a =
(d+d) + a = (a+a.) + a = (x+y) + z •
Case 2 .  X = y = a ,  z / a.

Subcase 2 . ๆ. a + a = a . Then (D ,+)  i s a band.
X + (y + z )  = a + (a+z) = a + (d+z) = d + (d+z)  = (d+d) + z = d + z ,
(x + y )  + z = (a+a.) + z = a + z = d + z .

Subcase 2 . 2 . a + a = d. Then (D ,+)  i s a band.
X + ( y + z )  = a + (a+z) = a + (d+z) = d + (d+z) = (d+d) + z = d + z ,
(x + y )  + z = (a+a.) + z = d + z .

Subcase 2 . 3 . a + a = d + d.
X + (y + z )  = a + (a+z) z: a + (d+z) = d + (d+z)  = (d+d) + z =
( a + a ) + Z = (x+y)  + Z.
Case 3 » X = Z = a ,  y /  a .
X + (y + z )  = a + (y+a)  = a + (y+d) = d + (y+d) = (d+y) + d = 
(d+y)  + a = (a+y)  + a = (x+y) + Z.
Case b .  X /  a ,  y = z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  t h e  p ro o f  o f  Case 2.
Case 5 . X /  a ,  y /  a ,  z = a .
X + (y + z )  = X + (y+a) = X + (y+d) = (x+y)  + d = (x+y) + a = 
(x + y )  + z .
Case 6 .  X /  a ,  y = a ,  z /  a .
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Case 7 . X = a ,  y /  a ,  z /  a .
X + (y + z )  = a + (y+ z)  = d + (y+z) = (d+y) + z = (a+y)  + z = 
(x+y)  + z .
Case 8 . X ^ a ,  y £  a ,  z ^ a .
X + (y + z )  = (x+y)  + z .

To prove  ( c , | ) ,  l e t  x , y , z  £ K.
Case 1 . X = y = z = a .

Sub case  1 . 1 . a + a = a .  Then (D ,+)  i s  a band.
( x + y ) z  = ( a + a )a  = a^ =  d^ = d^+ d^ = a^+ a^ = x z  + y z .

S ubcase  1 . 2 . a + a = d.  Then (D ,+)  i s  a band.
( x + y ) z  = ( a + a ) a  = da = d^ =  d^+ d^ = a^+ a^ = xz  + y z .

Subcase  1 . 3 » a + a = d + d.
( x + y ) z  = ( a + a ) a  = (d+d)a  = (d+d)d = d^+ d^ = a^+ a^ = xz  + y z .  
Case 2 . X = y = a ,  z £  a .

S ubcase  2 . 1 . a + a = a.  Then (D ,+)  i s  a band.
( x + y ) z  = ( a + a ) z  = az = dz = dz + dz = az + az = xz  + y z .

Subcase  2 . 2 . a + a = d.  Then (D, + ) i s . a  band.
( x + y ) z  = ( a + a ) z  = dz = dz + dz = az + az = xz  + y z .

Subcase  2 . 3 » a + a = d + d.
( x + y ) z  = ( a + a ) z  = (d+d)z  = dz + dz = az + az = xz  + y z .
Case 3 « X = z = a ,  y /  a .
( x + y ) z  = ( a + y ) a  = (d + y)a  = (d+y)d = d^+ yd = a^+ ya = xz  + y z .  
Case X /  a ,  y = z = a .
T h i s  p r o o f  i s  s i m i l a r  to  Case 3*
Case 3 » X /  a ,  y /  a ,  z = a .
( x + y ) z  = ( x + y ) a  = (x+y)d  = xd + yd = xa  + ya = xz  + y z .

X + ( y + z )  = X + ( a + z )  = X + ( d + z )  = ( x + d )  + z = ( x + a )  + z =
( x + y )  + z .
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Case 6 . X /  a ,  y = a ,  z /  a .
( x + y ) z  = ( x + a ) z  = (x+d)z  = xz + dz = xz  + az = xz  + y z .
Case 7 » X = a ,  y /  a ,  Z /  a .
T h i s  p r o o f  i s  s i m i l a r  to  Case 6 .
Case 8 . X ^ a ,  y /  a ,  z /  a .
( x + y ) z  = xz  + y z .
Hence K i s  a s e m i n e a r - f i e l d  and we o b t a in  ( 1 )  -  ( 4 ) .

Suppose t h a t  F^ = 0 and Fp = D. S in c e  d £ FR = R l p ( d ) ,  
d + d = d .  T h e r e fo r e  (D ,+) i s  a band. Extend . and + from D t o  
K by

(1 )  xa  = xd and ax = dx f o r  a l l  X £ D, a^ = d^,
( 2 ) x + a = x + d  and a + X = a f o r  a l l  X £ D and
( 3 ) a + a = a .

To show t h a t  K i s  a s e m i n e a r - f i e l d .  '.Ve s h a l l  show t h a t  (a^)  
x ( y z )  = ( x y ) z  f o r  a l l  x , y , z  £ K, (b-j) x + ( y + z ) = (x+y)  + z 
f o r  a l l  x , y , z  £ K and (x + y )z  = xz + yz f o r  a l l  x , y , z  £ K. The 
p r o o f  o f  (a^) i s  th e  same as  the  p roo f  o f  ( a ^ ) .  To prove ( b ^ ) ,  
l e t  x , y , z  £ K. Note th a t  a + t  = a fo r  a l l  t £  K.
Case ๆ . X ะ: a .
X + (y + z )  = a + (y + z )  = a ,  (x+y) + z = (a+y) + z = a + z = a .
Case 2 . X ^  a .

Sub case  2 . ไ . y = z = a .
X + (y + z )  = X + (a+a) = x + a = x + d ,  (x+y) + z = (x+a) + a = 
(x+d) + d = X + (d+d) = X + d.

Subcase  2 . 2 . y = a ,  z /  a .  S in c e  z £ R l p ( d ) ,  d + z = d.  
X + (y + z )  = X + (a+ z)  = x + a = x + d ,  (x+y) + z = (x+ a )  + z = 
(x+d) + z = X + (d +z)  = X + d.

Subcase  2 . 3 . y /  a ,  z = a .



8o

Subcase  2 » b .  y /  a ,  z /  a .
X + (y + z )  = (x+y)  + z .

To p rove  ( c ^ ) ,  l e t  x , y , z  E K.
Case ๆ . X = y = z = a .

X + ( y + z )  = X + ( y + a )  = X + ( y + d )  = ( x + y )  + d ,  ( x + y )  + z  =
( x + y )  + a  = ( x + y )  + d .

( x + y ) z  = ( a + a ) a  = a 2 = d2 .2 .2 2 2  = d + d = a + a = xz  + y z .
c Q. S Q 2 • X = y = a ,  z 0  a .

IIN1 ( a + a ) z  = az = dz = dz + dz = az + az = xz  + y z .
Case 3» X = z = a ,  y 0  a . S in ce  y £ R l p ( d ) 1 d + y = d.
( x + y ) z  = ( a + y ) a  = a 2 = d2 = (d+y)d = d2+ yd = a2 + ya = xz  + y z .
Case k . X 0  a ,  y = z = a .
( x + y ) z  = ( x + a ) a  = (x+ d )a  = (x+d)d = xd + d2 = xa  + a 2 = xz  + yz
Case 5* X 0 a ,  y 0  a ,  z = a .
( x + y ) z  = ( x + y ) a  = (x+y)d  = xd + yd = xa + ya = xz  + y z .
Case 6 . X 0  a ,  y = a ,  z 0  a .
( x + y ) z  = (x + a ) z  = (x + d )z  = xz  + dz = xz + az = xz  + y z .
Case 7 « X = a ,  y /  a ,  z /  a .  S in ce  y e R l p ( d ) ,  d + y = d.
( x + y ) z  = ( a + y ) z  = az = dz = (d +y)z  ะ= dz + yz  = az + yz  = xz  + y z .
Case 8 . X /  a ,  y /  a ,  z 0  a .
( x + y ) z  = xz  + y z .

Hence K i s  a s e m i n e a r - f i e l d  and we o b t a i n  ( 1 ) , ( 2 )  and (^ )  
Suppose t h a t  F^ = 0  and FR i s  a proper f i l t e r  i n  ( D , + ) .  

Then D\Fp i s  an i d e a l  o f  ( D , + ) .  Extend + and • from D to  K by
( 1 )  xa  = xd and ax  = dx fo r  a l l  X £ D, a 2 = d2 ,
( 2 ) X + a = X + d fo r  a l l  X £ Dt

a + X = a f o r  a l l  X £ F^, a + X = d + X f o r  a l l
X £ D\FR and
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f a .  i f  (D, + ) i s  a band and d £ FR ,
( 3 ) a  + a = *( d i f  (D ,+)  i s  a band and d £ D'vF 1

w  + d i f  (D ,+) i s  not a band .
To show t h a t  K i s  a s e m i n e a r - f i e l d ,  we s h a l l  show t h a t  (a^)
x ( y z )  = ( x y ) z  f o r  a l l  x , y , z  £ K, (b^) X + (y + z )  = (x+y)  + z fo r  a l l
x , y , z  £ K and (c ^ )  (x + y )z  = xz + yz fo r  a l l  x , y , z  £ K. The p ro o f
o f  ( a  ) i s  t h e  same as  the  p ro o f  o f  (a  ).' Note t h a t  D̂ F-n i s  an 3 I K
i d e a l  o f  ( D , + ) .

To p rove  ( b v ) ,  l e t  x , y , z  £ K. Consider  th e  f o l l o w i n g  c a s e s  3
Case 1 . X = y = z = a.

Subcase  1 , 1 » (D, + ) i s  a band, d £ FR. Then a + a = a .
X + (y + z )  = a + (a+a)  ะะ a + a = (a+a) + a = (x+y)  + z .

S ubcase  1 . 2 » (D,+) i s  a band, d e D\FR. Then a + a = d.
X + (y + z )  = a + (a+a)  = a + d = d + d = d + a =  (a+ a)  + a =
(x + y )  + z .

S ubcase  1 . 3 » (D, + ) i s  not  a band, Then a + a = d + d and
d £ D\FR.
X + ( y + z )  = a + (a+a)  = a + (d+d) = d + (d+d) = (d+d) + d =
(d+d) + a ระ (a+a)  + a = (x+y)  + z .
Case 2 . X = y = a ,  z /  a .

S ub case  2 . 1 » a + a = a .  Then (D ,+) i s  a band.
I f  z £ Fr th e n  a + z = a .  Thus X + (y+z)  = a + (a + z )  = a + a = a
= a + z = (a+a)  + z = (x+y) + z .  I f  z £ D\FR th e n  d + z £
Thus X + (y + z )  = a + (a+ z)  = a + (d+z) = d + (d + z )  = (d+d) + a = 
d + z = a + z =  (a+ a)  + a = (x+y) + z .

S ub case  2 . 2 . a + a = d. Then (D ,+)  i s  a band.
I f  z  £ Fr th e n  d + z = d s i n c e  FR Ç .  R lp ( d ) .
X + ( y + z )  = a + (a + z )  = a + a = d = d + z =  (a+a)  + z = (x+y) + z .
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I f  Z e D'^Fp t h e n  d + z £ D^Fp.  Thus X + (y+ z)  = a + (a + z )  = 
a + (d +z)  = d + (d+z)  = (d+d) + z = d + z = (a+a)  + z = (x+y) + z .

S ubcase  2 . 3 » a + a = d + d.
I f  z £ Fp t h e n  d + z = d s i n c e  Fp Q .  R lp ( d ) .  Thus X + (y+ z)  =
a + (a + z )  = a + a = d + d = d +  (d+z) = (d+d) + z = (a+a)  + z =
(x+y)  + z .
I f  z £ D^Fp then  d + z £ DNFp which i s  an i d e a l  o f  ( D , + ) .  Thus 
X + (y + z )  = a + (a + z )  = a + (d+z) = d + (d+z) = (d+d) + z =
(a + a )  + z = (x+ y )  + z .
Case 3 » X = z = a ,  y /  a .

Sub case  (D, + ) i s  a band, d e Fp. Then a + a = a .
S ubcase  3»T♦ ไ* y + d £ Fp. S i n c e  Fp i s  a f i l t e r  

i n  ( D , + ) , y อ Fp.
X + (y + z )  = a + (y+a)  = a + (y+d) = a = a + a = (a+ y )  + a =
(x+y)  + z .

Subcase  3»T»2. y + d £ D^Fp. S i n c e  d £  Fp,
y  £ d n fr *
X + (y + z )  = a + (y+a)  = a + (y+d) ะะ d + (y+d) = (d+y) + d =
(d+y) + a ะ: (a+ y )  + a = (x+y)  + z .

S u b case  3 « 2 . (D, + ) i s  a band, d £ D^F . Then a + a = d
and y + d £ D\Fp.
I f  y £ Fp th e n  d + y = d .  Thus X + (y+ z)  = a + (y+a)  = a + (y+d)
= d + (y+d) = (d+y) + d = d + d = d ,  (x+y) + z = (a+y)  + a = a + a 
= d.
I f  y E D\Fp th e n  X + (y + z )  = a + (y+a) = a + (y+d) = d + (y+d) = 
(d+y) + d = (d+y) + a = (a+y) + a = (x+y) + z .
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Sub case  3 » 3 « (D, + ) i s  not  a band. Then a + a = d + d
arid d £ DVFR. Thus y + d e D -̂F .̂
I f  y £ Fr th en  d + y = d .  Thus X + (y+z)  = a + (y+ a )  = a + (y+d)  
= d + (y+d) = (d+y) + d = d + d = a + a =  (a+y) + a = (x+y)  + z .  
I f  y e DNFR th e n  X + (y+ z)  = a + (y+a) = a + (y+d) = d + (y+d) = 
(d+y) + d = (d+y) + a = (a+y)  + a = (x+y) + z .
Case ^ . X /  a ,  y = z = a .

Subcase  b . ๆ . a + a = a .  Then (D ,+) i s  a band.
X + (y + z )  = X + (a+a)  = x + a = x + d = x +  (d+d) = (x+d) + d = 
(x+d) + a  = (x+a) + a = (x+y)  + z .

S ubcase  k ' 2 .  a + a = d.  Then (D ,+)  i s  a band.
X + (y + z )  = X + (a+a) = X + d ,  (x+y) + z = (x+a)  + a = (x+d) + a
= (x+d) + d = X + (d+d) = X + d.

S ubcase  k , 3 . a + a = d + d.
X + (y+ z)  = X + (a+a)  = X + (d+d) = (x+d) + d = (x+d) + a =
(x+a)  + a = (x+y)  + z .  *
Case 3 » X ^  a ,  y /  a ,  z = a .
X + (y + z )  = X + (y+a)  = X + (y+d) = (x+y) + d = (x+y)  + a =
(x + y )  + z .
Case 6 . X /  a ,  y = a ,  z /  a .
I f  z £ FR th e n  d = d + z s i n c e  FR Ç RIR( d ) .
X + (y+ z)  = X + (a+ z)  = x + a = x + d = x +  (d+z)  = (x+d) + z = 
(x + a )  + z = (x+ y )  + z .
I f  z £ DNF th e n  X + (y+ z)  = X + (a+z) = X + (d +z)  = (x+d) + z = 
(x + a )  + z = (x+y)  + z .
Case 7 . X = a ,  y /  a ,  z /  a .

Sub case  7 . 1 . y + z £ FR. S in c e  FR i s  a f i l t e r  i n  ( D , + ) ,

y ’ z e V
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S ubcase  7 . 2 . y + z £ D\FR.
I f  y £ F^ th en  z ธ D\Fjj. S in c e  FR Ç :  E l p ( d ) ,  d + y = d.
X + (y + z )  = a + (y+z)  = d + (y+z)  = (d+y) + z = d + z = a + z =  
(a + y )  + z = (x+ y )  + z .
I f  y £ D^FR th en  X + (y+ z)  = a + (y+z) = d + (y+z)  = (d+y) + z = 
(a+y)  + z = (x+y)  + z .
Case 8 . X /  a ,  y /  a ,  z /  a .
X  + (y+ z)  =  (x+y)  +  z .

To p rove  ( c ^ ) ,  l e t  x , y , z  £ K. Consider  th e  f o l l o w i n g  c a s e s  
Case 1 . X = y = z = a .
T h i s  p r o o f  i s  t h e  same a s  t h e  proo f  o f  c a s e  า i n  ( c ^ ) .
Case 2 . X = y = a ,  z /  a.
T h is  p r o o f  i s  t h e  same a s  th e  proo f  o f  case  2 i n  ( c , | ) .
Case 3 » X = z = a ,  y /  a .
I f  y £ Fp th en  d + y = d s i n c e  FR £  Rlj j (d ) .
( x + y ) z  = ( a + y ) a  ะ: a2 = d2 = (d+y)d = d2+ yd ร a2+ ya = xz + y z .
If y £ D^F^ th en  (x + y ) z  = (a+y )a  = (d+y)a  = (d + $ i  = d2 + yd = 
a2 + ya = xz + y z .
Case k .  X /  a ,  y = z = a .
( x + y ) z  = ( x + a ) a  = (x+ d )a  = (x+d)d  = xd + d2 ะ: xa + a2 = xz  + y z .  
Case 5 . X ^  a ,  y /  a ,  z = a .
( x + y ) z  = ( x + y ) a  = (x+y)d  ะ: xd + yd = xa  + ya = xz  + y z .
Case 6 . X /  a ,  y = a ,  z /  a .
( x + y ) z  = ( x + a ) z  = (x + d )z  = xz + dz = xz  + az = xz  + y z .
Case 7 » X = a ,  y /  a ,  z /  a .
I f  y £ Fp th e n  d = d + y s i n c e  FR C R I p ( d ) .
( x + y ) z  = (a + y ) z  = az = dz = (d+y)z  = dz + yz = az + yz = az + yz

X + ( y + z )  = a  + ( y + z )  = a  = a  + z = ( a + y )  + z  =  ( x + y )  + z .

xz  + yz
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I f  y e D^F^ th e n  (x + y ) z  = (a+y)z  = (d+y)z  = dz + yz = az + yz =
xz  + y z .
Case 8 . X /  a ,  y 0  a ,  z /  a .
( x + y ) z  = xz  + y z .

Hence K i s  a s e m i n e a r - f i e l d  and we o b t a i n  (ๆ)  -  ( 4 ) .
Suppose t h a t  F^ = Fp = D. Then D = I|-)(d) = (x  £ D| X + d

ะ= d + X = d ) .  Claim th a t  D = { e } . Let X £ D. Then xd + d =
d + xd = d.  M u l t i p l y  t h i s  equat ion  on th e  r i g h t  by d_ 1 , we o b ta in  
t h a t  x + e = e + x = e .  Hence x + e = e + x = e  f o r  a l l  X £ D.
By C o r o l l a r y  ๆ . 20 ,  D = { e } .  C onsequent ly ,  d = e .  Note th a t  
(D ,+ )  i s  a band. Extend + and . from D to  K by (ๆ )  ea = ae = a^ =  e ,
( 2 ) e  + a =  a + e = a and ( 3 ) a + a =  a or e .  So K = {a ,e }  has
one o f  t h e  f o l l o w i n g  two s t r u c t u r e s .

and

and

or

I t  i s  e a s y  t o  check  th a t  K i s  a s e m i n e a r - f i e l d .  And we 
o b t a i n  (ๆ )  -  ( 4 ) .

For t h e  c a s e s  (F = D and Fp= 0 )  and (F^ i s  a proper f i l t e r  
i n  (D, + ) and Fp = 0 ) 1 t h e  p ro o f s  are s i m i l a r  to  p r o o f s  o f  c a s e s  
(F = 0  and Fp = จ) and (Fp = 0  and Fp i s  a proper f i l t e r  in  
( จ , + ) ) ,  r e s p e c t i v e l y .

Suppose t h a t  F = D and F i s  a proper f i l t e r  i n  ( จ , + ) .L H
Now we have L lp (d )  = จ and Fp i s  a f i l t e r  i n  ( จ , + ) .  By P r o p o s i t i o n  
ๆ.  24 ( 4 . 5 ) ,  Fp = D = {e} 1 a c o n t r a d i c t i o n . Hence t h i s  case  cannot
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i n  (D ,+ )  and F = D) cannot occu r .R
Suppose t h a t  F^ and Fp are  proper f i l t e r s  i n  ( D , + ) .

o c c u r .  S i m i l a r l y ,  we c a n  show t h a t  t h e  c a s e  ( F ^  i s  a  p r o p e r  f i l t e r

Case I  F^ = F .
Extend + and • from D to  K by
(1 )  xa  = xd and ax = dx fo r  a l l  X £ D, a^ = d^,
( 2 ) x  + a =  a + x = a for  a l l  X £; fj. ,

X + a = X + d and a + X = d + X fo r  a l l  X £ D^F^ and

( 3 ) a + a =
a or d i f  (D ,+) i s  a band 1 
d + d i f  (D1+) i s  not  a band.

To show t h a t  K i s  a s e m i n e a r - f i e l d ,  we s h a l l  show t h a t  
(a^ )  x ( y z )  = ( x y ) z  fo r  a l l  x , y , z  e K,
(b^) X + (y + z )  = (x+y) + z fo r  a l l  x , y , z £  K and
(c ^ )  ( x + y ) z  = xz  + yz fo r  a l l  x , y , z  £ K.
The p r o o f  o f  (a^) i s  the  same as  th e  p r o o f  o f  (a ^ ) .

To prove  ( b ^ ) , l e t  x , y , z £  K. Consider  th e  f o l l o w i n g  c a s e s .
Case ๆ . X = y = Z = a .

S ub case  1 . 1 . a + a = a .
X + (y + z )  = a + (a+a) = a + a = (a+a) + a = (x+y) + z .

Subcase  ๆ . 2 . a + a = d.
I f  d £ F^ th e n  X + (y+z)  = a + (a+a) = a + d = d + a =  (a+a) + a 
= (x+y)  + z .
I f  d £ D\ F^ t h e n  X + ( y+z )  = a  + ( a+a)  = a + d = d + d = d + a =
(a + a )  + a = (x+ y )  + z .

Sub case  ไ . 3 « a + a = d + d .
I f  d £ F^ t h e n  d + d £ F^ whi ch i s  an  a d d i t i v e  s e mi g r o u p .
X + (y+ ) = a  + ( a +a )  = a  + (d+d)  = (d+d)  + a  = ( a +a )  + a  = (x+y)  + z .  
I f  d £ D^F t h e n  d + d £  D^F whi ch i s  an i d e a l  o f  ( D , + ) .
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X + (y + z )  = a + ( a + a )  = a + (d+d) = d + (d+d) = (d+d) + d 
(d + d )  + a = ( a + a )  + a  = (x+y) + z .
C ase  2 . X = y = a ,  z /  a .

S u b c a s e  2 .  ๆ. a  + a  = a .  Then (D ,+) i s  a  b an d .
I f  Z £  F t h e n  X +  (y + z )  = a +  (a + z )  = a +  a  = a  = a  + z = 

( a + a )  + z = (x+y)  + z .
I f  z £ D^F^ t h e n  d + z £ D^F^ which  i s  an i d e a l  o f  ( D , + ) .
X + (y + z )  = a  + ( a + z )  = a  + (d+z) = d + (d+z) = (d+d) + z : 
(x + y )  + z = ( a + a )  + z = a + z = d + z .

S u b c a s e  2 . 2 . a  + a = d .  Then (D ,+) i s  a b an d .
I f  z £ F^ t h e n  d = d + z s i n c e  F^ = Fp Q. RI ( d ) .
X + (y + z )  ร a  + ( a + z )  = a + a = d ,  (x+y) + z = ( a + a )  + z = 
I f  z £ DNF^ t h e n  d + z £ D^F^ which  i s  an i d e a l  o f  ( D , + ) .
X + (y + z )  = a  + ( a + z )  = a + (d+z)  = d + (d+ z )  = (d+d) + z : 
(x + y )  + z = ( a + a )  + z = d + z .

S u b c a s e  2 . 3 » a  + a = d + d .
I f  z £ F^ t h e n  d = d + z s i n c e  F^ = Fp Q. R l p ( d ) .
X + (y + z )  = a + ( a + z )  = a + a = d + d ,  (x+y) + z = ( a + a )  + 
(d+d)  + z = d + (d + z )  = d + d .
I f  z £ DnF^  t h e n  d + z £  D\F^ which  i s  an  i d e a l  o f  (D, + ) .
X + ( y + z )  = a  + (a + z )  = a + (d+z)  = d + (d+z)  = (d+d)  + z 
( a + a )  + z = (x+y)  + z .
C ase  3 » X  = z = a ,  y /  a .
I f  y £ F t h e n  X + (y + z )  = a  + (y+a)  = a  + a = (a+ y )  + a = 
I f  y £ DNF^ t h e n  d + y ,  y + d e  D\F^ which i s  an  i d e a l  o f  
X  + (y + z )  = a  + (y + a )  = a + (y+d) = d + (y+d) = (d+y) + d 
(d+y)  + a  = ( a + y )  + d = (x+y)  + z .
C ase  If « X /  a ,  y = z = a .

d + z ,

d + z = d . 

d + z ,

z =

(x+y) + z .  
( D , + ) .

T h i s  p r o o f  i s  s i m i l a r  t o  Case 2 .
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S u b c a s e  5 » 1 » X + y £ F ^ .  S in c e  F^ i s  a  f i l t e r  i n  ( D , + ) ,  
x . y . e  F l .
X + ( y + z )  = X + (y+a)  = X + a = a ,  (x+y) + z = (x+y )  + a  = a .

S u b c a s e  5 * 2 » X + y 0 D^F^.
I f  y £ Fk t h e n  X £ and y + d = d .  Thus X + (y+z)  = X + (y + a )  =
X + a  = X + d ,  (x+y)  + Z = (x+y) + a  = (x+y) + d = X + (y+d) = X + d .  
I f  y £ DnF^  t h e n  X + (y+ z )  = X + (y+ a )  = X + (y+d) ร (x+y) + d =
(x+y)  + a  = (x+y) + z .
Case  6 . X /  a ,  y = a ,  z /  a .

S u b c a s e  6 . 1 .  x , z  £ F , . Then x + a  = a  = a + z ."" Xj

X + (y + z )  = X + ( a + z )  = x + a = a = a + z =  (x+a)  + z = (x+y) + z .
S u b c a s e  6 . 2 . X £ F ^ ,  z £ DNF^» S in c e  F^ <£ L l p f d ) ,  X + d = d .

X + (y+ z )  = X  + ( a + z )  = X + (d+z) = (x+d) + z = d + z = a  + z =
(x + a )  + z = (x+ y )  + z .

S u b c a s e  6 . 3 . X £ D^F^I z £
T h i s  p r o o f  i s  s i m i l a r  t o  S ub case  6 . 2 .

S u b c a s e  6 .*f. x , z  0 D'-F^.
X + ( y + z )  = X + ( a + z )  = X + (d+z) = (x+d) + z = (x + a )  + z = (x+y)  + z .  
Case  7 . X = a ,  y /  a ,  z /  a .  T h i s  p r o o f  i s  s i m i l a r  t o  Case  5- 

Case  8 . X  ï  a ,  y /  a ,  z /  a .  X + (y+ z )  = (x+y) + z .
To p r o v e  ( c ^ ) ,  l e t  x , y , z  £ K. C o n s i d e r  t h e  f o l l o w i n g  c a s e s .

Case  1 .  X  =  y =  z = a .
T h is  p r o o f  i s  t h e  same as  th e  p ro o f  o f  Case 1 i n  ( c -|)
Case  2 . X  = y = a ,  z /  a .
T h i s  p r o o f  i s  t h e  same a s  t h e  p r o o f  o f  Case 2 i n  ( c ^ ) .
Case  3 « X = z = a ,  y /  a .
I f  y £  F^ t h e n  d = d + y s i n c e  F^ = F^ c. R I ^ ( d ) .  Thus ( x + y )z  =
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I f  y £ D^F^ t h e n  ( x + y ) z  = (a+  ) a  ะ: ( d + y )a  = (d + y )d  ะ: d2+ yd = 
a 2 + y a  = xz  + y z .
Case  k. X /  a ,  y = z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  Case  3»
Case  3 . X ^  a ,  y  ̂ a ,  z = a .
( x + y ) z  = ( x + y ) a  = ( x + y )d  = xd + yd = xa  + ya = xz  + y z .
Case  6 . X /  a ,  y = a ,  z  /  a .
I f  X e t h e n  X + d = d s i n c e  F^ £  L l p ( d ) .  Thus (x + y )z  = (x + a ) z
= az  = dz = ( x + d ) z  = xz  + dz  = xz + az  ะ: xz  + y z .
I f  X £ DVF t h e n  ( x + y ) z  ะ: (x + a )z  = (x + d )z  = xz  + dz = xz + az  ะ:L
xz  + y z .
Case  7 . X ะ: a ,  y /  a ,  z /  a .
T h i s  p r o o f  i s  s i m i l a r  t o  Case  6 .
C ase  8 . X /  a ,  y /  a ,  z /  a .
( x + y ) z  ะ x z  + y z .

Case  I I  E i t h e r  F^ c  FR o r  FR c  F ^ .  We may assume t h a t  F ^ c  FR. 
E x te n d  + and  • from D t o  K by

Hence  K i s  a  s e m i n e a r - f i e l d  and we o b t a i n  (1 )  -  (* 0 .

X £  D ^ F .

X e DnFr ,
a  i f  (D ,+) i s  a  band  and d £ F ,
d i f  (D, + ) i s  a  band and d £ D\FR ,
d + d i f  (D ,+) i s  n o t  a b an d .

We s h a l l  f i r s t  show t h a t  X + (y+a)  = (x+y) + a  f o r  a l l  x , y  E D
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Case  i . X + y £ Fj^. S in c e  F^ i s  a  f i l t e r  i n  (D, + ) ,  x , y  £ F^.
X + (y+a) = X  + a = a = (x+y) + a.
Case  i i . X + y ธ D'T .
I f  y e  F^ t h e n  X £ D'Fj^ and d = y + d s i n c e  F^ Ç. L l ^ C d ) .  Thus
X + (y+ a )  = x + a  = x + d = x + (y+d) = (x+y) + d = (x+y) + a .
I f  y £ DNF^ t h e n  X + (y+a)  = X + (y+d) = (x+y) + d = (x+y) + a .

C la im  t h a t  d £  D^F^.  s i n c e  d  F ^ ,  t h e r e  i s
an  e l e m e n t  t  i n  F j ^ F  . Thus a + t  = a 1 d + t  = d and t  + a = t  + d .
So d + a  = ( d + t )  + a  = d + ( t + a )  = d + ( t + d )  = ( d + t )  + d = d + d / a .  
Hence  d £ DNF^.

To show t h a t  K i s  a s e m i n e a r - f i e l d , we s h a l l  show t h a t  ( a ^ )
x ( y z )  = ( x y ) z  f o r  a l l  x , y , z  £ K, (bj . )  X + (y+ z )  = (x+y)  + z f o r  a l l
x , y , z  £ K and (c, -)  ( x + y )z  = xz + yz f o r  a l l  x , y , z  £ K. The p r o o fจ
of (a^) is  the same as the proof of (a^).

To p r o v e  ( b _ ) ,  l e t  X , y , z  £ K. C o n s i d e r  t h e  f o l l o w i n g  c a s e s .จ
Case  1 . X = y = z = a .

S u b c a s e  1 . 1 . a + a  = a .
X + (y + z )  = a  + ( a + a )  = a + a  = ( a + a )  + a = (x+ y )  + z .

S u b c a s e  ๆ. 2 . a  + a = d .  Then d £ IAFjj. S i n c e  d ธ DSF^J
d + a  = d + d .
X  + (y + z )  = a + ( a + a )  = a + d = d + d = d + a =  ( a + a )  + a  = (x+y)  + z .

Subcase 1.3» a + a = d + d. Since (D,+) is not a band, 
d £ D'F .
X + ( y + z )  = a  + ( a + a )  = a  + (d+d) = d + (d+d)  = (d+d) + d =
(d + d )  + a  = ( a + a )  + a  = ( x , y )  + z .
Case  2 . X  = y = a ,  z ^  a .

S u b c a s e  2 . 1 . a  + a = a .  Then  (D ,+)  i s  a  b an d .
I f  z £ Fjj t h e n  X + (y+ z )  = a  + ( a + z )  = a  + a  = a  =
( a + a )  + z = (x+ y )  + z .

a + z
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I f  Z £  D\F^ t h e n  d +  z £  DNF p.  Thus X +  (y+z)  =  a  +  (a+ z )  = 

a  + (d + z )  = d + (d + z )  = (d+d)  + z = d + z = a + z =  (a+a)  + z = 
(x + y )  + z .

S u b c a s e  2 . 2 . a + a  = d .  Then (D, + ) i s  a  b an d .
I f  z £ F£ t h e n  d = d + z s i n c e  F Ç R l p ( d ) .  Thus X + (y+z)  = 
a  + (a + z )  ระ a  + a  = d ,  (x+y) + z = (a + a )  + z = d + z = d .
I f  z £ DNF.p, t h e n  d + z £ D^Fj^ which i s  an i d e a l  o f  (D, + ) .  Thus 
X + (y+z)  = a  + ( a + z )  = a + (d+z) = d + (d+z)  = (d+d)  + z = d + z 
= ( a + a )  + z = (x+y )  + z .

S u b c a s e  2 . 3 » a  + a  = d + d .
I f  z £ F^ t h e n  d = d + z s i n c e  FR Ç R l p ( d ) .  Thus X + (y+z)  = 
a  + ( a + z )  = a + a = d + d ,  (x+y) + z = ( a + a )  + z = (d+d) + z = 
d + (d + z )  ร d + d .
I f  z £ DSFR t h e n  d + z £ D^Fg. Thus X + (y+ z )  = a  + ( a + z )  = 
a  + (d+z)  = d + (d+ z )  = (d+d) + z = (a+a)  + z = (x+y)  + z .
Case  3 » X ร z ร: a ,  y /  a .

S u b c a s e  3 .  ๆ. y £ F . Then y £ FR, s o a + y = y + a = a .
X + (y+z)  = a  + (y+a)  = a + a  = (a+y)  + a = (x+y)  + z .

S u b c a s e  3 » 2 » y £ F j ^ F ^ .  ’ร^nce  Fjj — R l j j (d )  1 d + y ร: d .
S u b c a s e  3 » 2 . 1 . (D ,+) i s  a  b a n d ,  d £  F ^ .  Then

a  + a  = a  and y + d £ F .R
X + (y+ z )  = a  + (y + a )  = a + (y+d) = a = a + a = (a+ y )  + a =
(x + y)  + z .

S u b c a s e  3 » 2 . 2 . (D, + ) i s  a  b a n d ,  d £ D\Fg.  Then
a  + a  = d and  y + d £ D\F .
X  + (y + z )  = a  + (y + a )  ร: a + (y+d) = d + (y+d) = (d+y)  + d = d + d
d ร: a  + a  = (a+ y )  + a  = (x+y) + z .

S u b c a s e  3 « 2 . 3 « (D ,+)  i s  n o t  a  b a n d .  Then
a  + a  = d + d and d £ D^Fg. Thus y + d £ D 'F g , s o  X + ( y + z )  =
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a  + (y + a )  = a  + (y+d) = d + (y+d) = (d+y) + d = d + d = a + a =
(a + y )  + a  ร (x+y)  + z .

S u b c a s e  3 » 3 « y e D 'Fp .  S in c e  DvFp c. DNF p ,  y £ D^F^.
Thus y + d £ Ds'Fp and d + -y £ DSF^J so  X + (y+z)  = a  + (y+a) = 
a  + (y+d)  = d + (y+d)  = (d+y) + d = (d+y) + a  = (a+y)  + a = (x+y) + z .  
Case  k. X /  a ,  y = a ,  z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  Case  2.
Case  5 « X /  a ,  y /  a ,  z = a .
By t h e  f i r s t  p r o o f ,  we showed t h a t  X + (y+a)  = (x+y) + a .
Case  6 . X /  a ,  y = a ,  z /  a .

S u b c a s e  6 . 1 . X £ F ^ ,  z £ Fp.
X + (y + z )  = X + ( a + z )  = x + a = a = a + z =  (x+a)  + z = (x+y) + z .  

S u b c a s e  6 . 2 . X £ F ^ ,  z £ DvFp. S i n c e  F^ *=. L l p ( d )  ,
d  = X + d .
X + ( y + z )  = X + ( a + z )  = X + ( d + z )  
( x + a )  + z  = ( x + y )  + z .

S u b c a s e  6 . 3 » X £ D^F^,  z 
d = d + z .
X + ( y + z )  = X + ( a + z )  = X + a  = X 
( x + a )  + z  = ( x + y )  + z .

S u b c ase  6 ,*t. X £ D^F^,  z 
X + (y+ z )  = X + ( a + z )  = X + (d+z) 
Case  7 » X = a ,  y /  a ,  z /  a .

S u b c a s e  7 » 1 » y + z E Fp.

= (x+d) + z = d + z = a + z  =

£ Fp. S i n c e  Fp G. R IpCd) ,

+ d = X + (d+z)  = (x+d) + z =

£ D^Fp.
= (x+d) + z = (x+a)  + z = (x+y) + z .  

S in c e  F P  i s  a  f i l t e r  i n  ( D , + ) ,
y , z £ F P  »
X + (y+z)  = a  + (y+z)  = a = a  + z = (a+y)  + z = (x+y) + z .

S u b c a s e  7 « 2 . y + z £ DNFp.
I f  y £ F P  t h e n  z £ DVFp. S in c e  Fp ç. R l p ( d ) ,  d + y = d .  Thus 
X + ( y + z )  = a  + (y+z)  = d + (y+z) = (d+y) + z = d + z = a + z =
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( a + y )  + z = (x+y)  + Z.

Case  8 . X £ a ,  y  ̂ a ,  z /  a .
X + (y + z )  = (x+y) + Z.

To p r o v e  ( c , - ) ,  l e t  x , y , z  £ K. C o n s i d e r  t h e  f o l l o w i n g  c a s e s  
C ase  ไ . X = y = Z = a .
T h i s  p r o o f  i s  t h e  same as  t h e  p r o o f  o f  Case  1 i n  ( c ^ ) .
Case  2 . X = y = a ,  z /  a .
T h i s  p r o o f  i s  t h e  same a s  t h e  p r o o f  o f  Case  2 i n  (c  ) .
Case  3 » X = z = a ,  y /  a .
I f  y £ Fr t h e n  d = d + y s i n c e  FR Ç  R l p ( d ) .  Thus ( x + y ) z  = ( a + y ) a  
= a 2 = d 2 = ( d + y )d  = d2+ yd = a 2 + y a  = xz + y z .
I f  y ธ D 'F r t h e n  (x + y )z  = ( a + y ) a  = ( d + y )a  = (d + y )d  = d 2+ yd =

I f  y £ DnFr th e n  X + (y + z) = a  + (y + z) = d + (y + z) = (d + y ) + Z =
(a + y )  + Z = (x + y ) + Z.

a  + ya  = xz  + y z .
C ase  X  /  a ,  y = z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  Case 3»
Case  3 » X  /  a ,  y /  a ,  z = a .
( x + y ) z  = ( x + y ) a  = (x+ y )d  = xd + yd = xa  + ya  = xz + y z .
C ase  6 . X  /  a ,  y = a ,  z /  a .
I f  X £ F^ t h e n  X + d = d .  Thus ( x + y )z  = ( x + a ) z  = az  = dz = 
( x + d ) z  = xz  + dz  = xz  + az  = xz + y z .
I f  X e D^Fl  t h e n  ( x + y )z  = (x + a )z  = (x+ d )z  = xz  + dz = xz  + az  =
xz + y z .
C ase  7 . X = a ,  y £ a ,  z /  a .  
T h i s  p r o o f  i s  s i m i l a r  t o  Case  7* 
C ase  8 . X £ a ,  y /  a ,  z /  a .
( x + y ) z xz + y z .
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Ç a s e J J J  Fl £  Fe  and FR £
Extend + and • from D to
( 1 )  xa  = xd and ax = dx
( 2 ) X + a  = a  f o r  a l l  X

K by
f o r  a l l  X £ D, a 2 = d 2 , 
E F R , x + a = x + d  f o r  a l l

X £ D^ F l ,
a + X = -a fo r  a l l  x £ F R, a + x = d + x  f o r  a l l

X £ D\Fr and
( 3 ) a + a = d + d.
We s h a l l  f i r s t  show t h a t  X + (y+a) = (x+y)  + a f o r  a l l  

x , y  £ D. Let x , y  £ D.
Case i  X + y £ FR. S in c e  FR i s  a f i l t e r  i n  ( D , + ) ,  x , y £ FR.
X + (y+a)  = X + a = a = (x+y) + a .
Case i i  X + y £ D\FR.
I f  y £ F , then  X £ D^FR and y + d = d.  Thus X + (y+a) = X + a = 
X + d = X + (y+d) = (x+y) + d = (x+y) + a .
I f  y £ D\FR th e n  X + (y+a) = X + (y+d) = (x+y) + d = (x+y) + a .

S i m i l a r l y ,  we can show th a t  a +  (y + z )  =  (a+y)  +  Z f o r  a i l
y ,Z  e D.

Claim t h a t  d £ (D'FL) ท  (D'FR) .  S in c e  FL i  FR and

f h 4; FL ’ t h e r e are  e le m e n t s  XQ and y 0 i n D such t h a t X £ Ft\ F 0o L R
and y £ F \  Ft . Thus x + a = a ,  x + d = d , a + X = d + X ,J o R L o ’ o o o
a + yo = a ,  d + y 0  = d and y 0 + a = y 0 +  d,» So a + d = a + ( xq + d)
= ( a  + X Q ) + d = (d  + X ) + d = d + ( x q +  d) = d + d /  a .  Hence 
d £ D\FR. And d + a  = (d  + y 0) + a  = d + ( y Q +  a )  = d + ( y o +  d)  = 
(d  + y ) + d = d + d / a .  Hence d £ D^FR. T h e r e f o r e  
d £ (DvFr ) ท  (DNFR) .  Note t h a t  D^FR and D\FR a r e  i d e a l s  o f  ( D , + ) .

To show t h a t  K i s  a  s e m i n e a r - f i e l d , we s h a l l  show t h a t  
( a g )  x ( y z )  = ( x y ) z  f o r  a l l  x , y , z  £ K, (bg)  X + (y + z )  = (x+y) + z - 
f o r  a l l  x , y , z  £ K and ( c ^ )  (x + y ) z  = xz + yz f o r  a l l  x , y , z  £ K.
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The p r o o f  o f  ( a ^ )  i s  t h e  same a s  t h e  p r o o f  o f  ( a ^ ) .
To p r o v e  ( b ^ ) ,  l e t  x , y , z  £ K. C o n s i d e r  t h e  f o l l o w i n g  c a s e s .  

Case  1. X = y = z = a .  S i n c e  d £ (DXF ) n  (D\F r )j 
d + d £ (D\F l ) ท  (D \F  ) .
X + (y + z )  = a  + ( a + a )  = a + (d+d) = d + (d+d) = (d+d) + d =
(d+d)  + a  = (a + a )  + a  = (x+y) + z .
Case  2 . X ร y = a ,  z 0  a .
I f  z £ F^ t h e n  d = d + z .  Thus X + (y+z)=  a + ( a + z )  = a + a =
d + d ,  (x+y) + z = ( a + a )  + z = (d+d) + z = d + (d+z)  = d + d.
I f  z £ D\Fp t h e n  d + z £ D^F^. Thus X + (y+z)  = a  + (a + z )  =
a + (d + z )  = d + (d+z)  = (d+d) + z = (a+ a )  + z = (x+y)  + z .
Case  5 » X = z = a ,  y 0  a .

S u b c a s e  3 » 1 « F ^ n  F^ = 0 .
S u b c a s e  3 . 1 . 1 . y £ F  . Then y £ DsFR » 

d + y £ D\F^ and d, = y + d .
X + ( y + z )  = a  + (y + a )  = a + a = d + d = d +  (y+d) = (d+y)  + d =
(d +y )  + a  = (a+y)  + a = (x+y) + z .

S u b c a s e  5 . 1 . 2 . y £ D^F-j .̂ Then y + d £ D\FR and
d + y £ D\F .
I f  y £ F^ t h e n  d + y = d .  Thus X + (y+z)  = a + (y+ a )  = a + (y+d)
= d + (y+d) = (d+y)  + d = d + d = a + a =  (a + y )  + a  = (x+y) + z .
I f  y £ D\FR t h e n  X + (y+ z )  = a  + (y+ a )  = a + (y+d)  = d + (y+d) = 
(d+y)  + d = (d+y) + a = (a+ y )  + a = (x+y)  + z .

S u b c a s e  5 « 2 . F^  fl Fp 0  0 .
S u b c a s e  3 . 2 . 1 » y £  Fj. n  FR.

X + (y + z )  = a  + (y+a)  = a  + a ะะ (a+y)  + a = (x+y)  + z .
S u b c a s e  3 » 2 . 2 . y £  F^ n  (DNF ^ ) .

T h i s  p r o o f  i s  t h e  same a s  t h e  p r o o f  o f  S u b c a s e  3.1,1.
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X + (y + z )  = a  + (y + a )  = a + (y+d) = d + (y+d) = (d+y)  + d = d + d
= a + a  = (a+ y )  + a  = (x+y)  + z .

S u b c a s e  3 »2 « ^ . y £ (D 'F l ) n  (D ^ F p ) . Then  
y + d £ D^F^ and d + y £ DN-F .̂
X + ( y + z )  = a  + (y + a )  = a + (y+d) = d + (y+d) = (d+y)  + d =
(d+y)  + a  = ( a + y )  + a = (x+y) + z .
Case  *f. X /  a ,  y = z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  Case 2.
Case  3 » X /  a ,  y /  a ,  z = a .
By t h e  f i r s t  p r o o f ,  we showed t h a t  X + (y+a) = (x + y ) + a .
Case  6 . X /  a ,  y = a ,  z /  a .

S u b c ase  3 . 2 . 3 » y E (D ^F jJ ^  FR. Then y + d £ DnFr 1
d + y £ D^F^ and  d = d + y .

Subcase 6.1. X £ F^ , z £ f r *
X + (y+z) = X + (a+z) = x + a = a= a + z = (x+a) + z = (x+y) + z.

Subcase 6.2. X £ F̂ , z £ D̂ F̂ . Then d = X + d.
X + (y+z) = X + (a+z) = X + (d+z) = (x+d) + z = d + z = a + z =
(x+a ) + z = (x+y) + z.

Subcase 6.3* X £ D\F̂ , z 1£ Fp. Then d = d + z.
X + (y+z) = X + (a+z) = x + a = x + d = x + (d+z) = (x+d) + z =
( x+a) + z = (x+y) + z.

Subcase 6 . * f .  X £ D̂ F̂ , z £ DNFh.
X + (y+z) r; X + (a+z) = X + (d+z) = (x+d) + z = (x+a)  + z = (x+y) + z.
Case  7 « x = a ,  y / a ,  z / a .
We showed t h a t  a  + (y+z)  = (a+y)  + z .
Case  8 . X /  a ,  y ^  a ,  z /  a .
X + (y + z )  = (x+y)  + z .

To p r o v e  ( e g ) ,  l e t  x , y , z £ K. C o n s i d e r  t h e  f o l l o w i n g  c a s e s .



97

Case  า . X = y = Z = a .
( x + y ) z  = ( a + a ) a  ะ: ( d + d ) a  = (d+d)d  ะ: d^+ d^ = a^+ â ~ = xz + y z .  
Case  2 . X = y = a ,  z /  a .
( x + y ) z  ะ: ( a + a ) z  ะ: (d + d )z  = dz + dz = az  + az  ะ: xz + y z .
Case  3 » X = Z = a ,  y £ a .
I f  y ธ F t h e n  d = d + y .  Thus ( x + y )z  = ( a + y ) a  = a ^ = :  d^ =
( d + y ) d  = d^+ yd ระ a^  + ya  = xz + y z .
I f  y £ D^Fj, t h e n  ( x + y )z  = ( a + y )a  = ( d + y ) a  = (d + y )d  = d^+ yd = 
a^+  y a  = xz  + y z .
Case  k. X /  a ,  y = Z = a .
T h i s  p r o o f  i s  s i m i l a r  t o  Case 3*
C ase  3 » X /  a ,  y /  a ,  z = a .
( x + y ) z  = ( x + y ) a  = (x+ y )d  = xd + yd = xa  + ya = xz  + y z .
Case  6 . X /  a ,  y = a ,  z /  a .
I f  X e t h e n  d ะ: X + d .  Thus (x + y )z  = ( x + a ) z  = az  = dz =
( x + d ) z  = xz  + dz = xz + az  = xz + y z .
I f  X e D 'F^  t h e n  ( x + y )z  ะ: (x + a )z  = ( x + d )z  = xz + dz = xz + az  = 
xz -J- y z .
Case  7 » X = a ,  y /  a ,  z /  a .
T h i s  p r o o f  i s  s i m i l a r  t o  Case  6 .
Case  8 . X /  a ,  y /  a ,  z /  a .
( x + y ) z  = xz + y z .

Hence K i s  a  s e m i n e a r - f i e l d  and we o b t a i n  (1 )  -  (* 0 .
By Theorem 3*1^ and P r o p o s i t i o n  3*22 ,  i f  t h e r e  e x i s t  

e x t e n s i o n s  s u c h  t h a t  ( า )  and ( 2 ) h o l d  t h e n  t h e s e  a r e  t h e  o n l y  
p o s s i b l e  e x t e n s i o n s  o f  t h e  b i n a r y  o p e r a t i o n s  on D t o  K.

#
We s h a l l  g i v e  an  example where  (D ,+)  i s  a  band and Fp c. F ^ .
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Example J),2k. ชุ’,’ w i t h  t h e  u s u a l  m u l t i p l i c a t i o n  i s  a  g ro u p .
D e f i n e  + on ชุ",’ by X + y = max { x , y }  f o r  a l l  x , y  £ ชุ',’. Then
(ช ุ+ , + 1*) i s  a  r a t i o  s e m i n e a r - r i n g .  L e t  d £  ชุ",’. Thus LI (d )  =

ชุ+
(x  £ ชุ+| X £  d) = RI ( d ) .  Le t  F = LI (d )  and F = {x £ ชุ’,’[ x <

ชุ+ L ชุ+ R
Then FR c  FR and  d £ FR. I t  i s  e a s y  t o  show t h a t  FR and FR a r e  
f i l t e r s  i n  (ช ุ+ 1+ ) .

L e t  a  be  a  symbol  no t  r e p r e s e n t i n g  any e le m e n t  o f  ชุ+ . 
E x te n d  + and  • from ชุ'f t o  ชุ+ น {a} by

( 1 )  x a  = xd and ax  = dx f o r  a l l  X £ ชุ+ 1 a^  = dR 1

( 2 )  X + a  = a  f o r  a l l  X £ FR 1 X + a  = X + d  f o r  a l l  
X £ ชุ +n F l  1

a  + X = a  f o r  a l l  X £ F , a  + X = d  + X f o r  a l l
X £ ชุ’,’x F R and

( 3 ) a  + a  = a .
By Theorem 3 . 2 3 ,  (ชุ+ u  {a} 1 + 1*) i s  a  s e m i n e a r - f i e l d  w i t h  a a s  a 
c a t e g o r y  VI s p e c i a l  e l e m e n t . t

We s h a l l  g i v e  an  example where (D 1 + ) i s  a  band and FR FR 
axid FR ^  Fl .

Example  3 .2 3 . L e t  ชุ* *  ชุ* be  t h e  r a t i o  s e m i n e a r - r i n g  g iv e n  i n  
Example 2 . 1 ^ .  L e t  d = (d  1d ) £ ชุ x ชุ+ . Then LI (d )  =

{ ( x , y )  £ ชุ * X ชุ +! x  > d 1 1 y £  dR} = RI . . ( d ) •
^mX^M

L e t  FR = { ( x , y )  £ ชุ’,’ X ชุ",’! X £  d 1 , y £  } and
Fr = { ( x , y )  e ชุ’,’ X ชุ’,'! X ^  2d 11  y £  d R} .

Then FR çji FR and  FR ^  FR. I t  i s  e a s y  t o  show t h a t  FR and FR a r e  
F i l t e r s  i n  (ชุ* X ช ุ* ,+ ) .

ru I
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L e t  a  be a  symbol n o t  r e p r e s e n t i n g  any  e l e m e n t  o f  ชุ",’ ชุ’,".
E x te n d  + and • from ชุ+ x ชุ",’ t o  (ชุ"," x ชุ’,’) 11 {a} by

( 1 )  z a  = zd and az  = dz f o r  a l l  z £ ชุ'," X ชุ+ , a^  = d ^ ,
( 2 ) z + a  = a f o r  a l l  z £ FR, z + a = z + d f o r  a l l  

z £ (ชุ"," X ชุ',")-' F  11,
a  + z = a  f o r  a l l  z £ FR, a + z = d + z  f o r  a l l  

z £ (ชุ"," X ชุ'1")\ F R and
( 3 ) a + a = d.
By Theorem 3*23 ,  ((ช ุ*  X ชุ^) บ  -ta} , + 1 ' )  i s  a  s e m i n e a r - f i e l d  

w i t h  a  a s  a  c a t e g o r y  VI s p e c i a l  e l e m e n t . #
We s h a l l  g i v e  an example where (D ,+)  i s  not  a band.

Example  3 *2 6 . From Example 2 . 1 6 , (ชุ","X 2 ,©,®) i s  a  r a t i o
s e m i n e a r - r i n g .  Let d = ( xq , ท0 ) £ ชุ+ X z be such  t h a t  ท0 > 1 .
Thus LI (d) = { ( x , ท) £ ชุ+ x z | n  > ท }  = RI ( d ) .

ชุ"," x z  0 ช  ุ X 2
Let FR = { ( x , ท) £ ชุ"," X z| n > 2ท๐ } and 

Fr = { ( x , ท) £ ชุ"," X 3 เ ท > ท0 } .
I t  i s  e a s y  to  show t h a t  FR and FR are  f i l t e r s  in (Q xz  1©) .

L e t  a  be a  symbol  n o t  r e p r e s e n t i n g  any  e l e m e n t  o f  ชุ+ X 2 . 
E x te n d  © and  ๏ from ชุ+ X 2 t o  (ชุ+ x 2 ) บ  {a} by

(ๆ) z ๏ a  = z ๏ d and a  © z = d ๏ z f o r  a l l  z £ ชุ',"X 2 ,
2 2 a = d ,

( 2 ) z © a = a f o r  a l l  z £ F , z ๏  a ร z ©  d fo r  a l l  
z £ (ชุ",’ X Z)nFr ,

a  © z = a  f o r  a l l  z £ FR, a  © z = d © z f o r  a l l  
z £ (ชุ",’ XZ)XFR and

( 3 ) a © a = d ๏  d.
By Theorem 3 * 2 3 ,  ((ชุ* x 2 )  บ {a},®,©) i s  a  s e m i n e a r - f i e l d  w i t h  a
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a s  a  c a t e g o r y  VI s p e c i a l  e l e m e n t .

C o r o l l a r y  3 » 2 7 « L e t  D be  a r a t i o  s e m i n e a r - r i n g .  L e t  a  be a 
sym bol  n o t  r e p r e s e n t i n g  any e lem en t  o f  D and d £ D. L e t  F^ and  
F jj h a v e  t h e  p r o p e r t i e s  g i v e n  i n  Theorem 3»23 .  Then K = DU {a} 
i s  a d i s t r i b u t i v e  s e m i n e a r - f i e l d  v / i th  a as  a c a t e g o r y  VI s p e c i a l  
e l e m e n t  i f  and o n l y  i f  D i s  a  d i s t r i b u t i v e  r a t i o  s e m i n e a r - r i n g .

P r o o f . By Theorem 3 . 2 3 ,  we can c o n s t r u c t  K so  t h a t  K i s  a 
s e m i n e a r - f i e l d  w i t h  a  a s  a  c a t e g o r y  VI s p e c i a l  e l e m e n t ,  F^ i s  t h e  
l e f t  f u n d a m e n t a l  o f  a  i n  K and F^ i s  t h e  r i g h t  f u n d a m e n ta l  o f  a  
i n  K. I t  i s  c l e a r  t h a t  i f  K i s  a  d i s t r i b u t i v e  s e m i n e a r - f i e l d  w i t h  
a  a s  a  c a t e g o r y  VI s p e c i a l  e lem en t  t h e n  D i s  a  l e f t  r a t i o  
s e m i n e a r - r i n g .

C o n v e r s e l y ,  assume t h a t  D i s  a  l e f t  r a t i o  s e m i n e a r - r i n g .
I t  i s  s u f f i c i e n t  t o  show t h a t  x (y + z )  = xy + xz  f o r  a l l  x , y , z  £ K. 
L e t  x , y , z  £ K. Note  t h a t  a + a = a o r a + a = d + d .
C ase  1 . X = y = z = a .

S u b c a s e  1 . 1 . a  + a = a .  Then (K ,+)  i s  a  b an d .  
x ( y + z )  = a ( a + a )  = a 2 = d2 = d 2+ d 2 = a 2 + a 2 = xy  + x z .

S u b c a s e  1 . 2 . a  + a  = d + d .
x ( y + z )  = a ( a + a )  = a (d + d )  = d (d+d) = d2 + d 2 = a 2+ a 2 = xy + x z .
Case  2 . X = y = a ,  z /  a .
I f  z £ FR t h e n  d + z = d .  Thus x ( y + z )  = a ( a + z )  = a 2 = d 2 = 
d ( d + z )  = d2 + dz = a 2+ az  = xy + x z .
I f  z £ D\F^ t h e n  x (y + z )  = a ( a + z )  = a ( d + z )  = d ( d + z )  = d 2 + dz = 
a 2 + a z  ะะ xy + y z .
Case  3 ,  X = z = a ,  y /  a .
T h i s  p r o o f  i s  s i m i l a r  t o  Case  2
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C ase  ^ . X /  a ,  y = Z = a .
S u b c a s e  ^ . 1 . a  + a = a .  Then (K,+) i s  a  band

x ( y + z )  = x ( a + a )  = x a  = xd = xd + xd = xa  + xa  = xy  + x z .
S u b c a s e  4 . 2 . a  + a = d + d .  

x ( y + z )  = x ( a + a )  = x (d+d)  = xd + xd = xa  + xa  = xy + x z .
C ase  5 . X /  a ,  y /  a ,  z = a .
I f  y £ t h e n  y + d = d .  Thus x (y + z)  = x ( y + a )  = x a  3 xd = 
x (y + d )  = xy  + xd = xy + x a  = xy + x z .
I f  y £ D\F^ t h e n  x (y + z )  = x (y + a )  = x (y + d)  = xy + xd = xy + xa  = 
xy  + x z .
C ase  6 . X /  a ,  y ร a ,  Z /  a .
T h i s  p r o o f  i s  s i m i l a r  t o  Case 5 .
C ase  7 « X = a ,  y ^  a ,  z /  a .
x ( y + z )  = a ( y + z )  = d (y + z )  = dy + dz = ay  + az  = xy + x z .
Case  8 . X /  a ,  y /  a ,  z /  a .  
x ( y + z )  = xy + x z .

c a t e g o r y  VI s p e c i a l  e l e m e n t s ,  r e s p e c t i v e l y .  Le t  D = KN(a )  and
D = K N (a )  v / i th  e and e a s  t h e i r  m u l t i p l i c a t i v e  i d e n t i t i e s
r e s p e c t i v e l y .  Le t  d e D and d £ D be  su c h  t h a t  xa  = xd and
ax  = dx f o r  a l l  X £ K and xa = xd and a  X = d X f o r  a l l  X £ K .
L e t  ร and ร£ be  t h e  l e f t  and r i g h t  f u n d a m e n ta l  s e t s  o f  a  i n  K,
r e s p e c t i v e l y .  L e t  ร^ and รR be  t h e  l e f t  and r i g h t  f u n d a m e n ta l
s e t s  o f  a  i n  K 1 r e s p e c t i v e l y .  Suppose  t h a t  t h e r e  e x i s t s  an

isomorphism 1า ะ K—*K .  Le t  f  =  ก เ  t  Ip = ฑ I 1 y  =  n |  a n < i
SL D' SL SR

\p = n I . Then t h e  f o l l o w i n g  s t a t e m e n t s  h o l d  i
D \ s
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(ๆ )
(2 )

( 3 )

(4 )

(5 )

(6 )
( 7 )
(8 )  
( 9 )

(10)

ท ( e )  = e , r t (d )  = njCd. ) and ท( a )  = a .
ร^  = 0  i f  and o n l y  i f  ร^ = 0  and
i f  ร^ 0  0  t h e n  ร^ = ร^ a s  a d d i t i v e  s e m i g r o u p s .
D\S^ = 0  i f  and o n ly  i f  D \  ร^ = 0  and
i f  0  0  t h e n  DNร^ = D N ร^ a s  a d d i t i v e  s e m i g r o u p s .
ร£ = 0  i f  and o n ly  i f  รR = 0  and
i f  SR 0  0  t h e n  รR = ร£ a s  a d d i t i v e  s e m i g r o u p s .
D^SR = 0  i f  and on ly  i f  D^SR = 0  and
i f  DNSR 0  0  t n e n  D'SR -  DSSR as  a d d i t i v e  s e m i g r o u p s .
I f  a  + a = a  t h e n  a + a = a  .
I f a + a = d + d  t h e n  a + a  = d + d .
I f  X £ รL ท รR th e n  y ( x )  = 'f (x )  .
I f  X £ รL ท ( D ' รR) t h e n  Y(x) = ÿ ' ( x ) .
I f  X £ (D^Sl ) a  รR th e n  Ip(x) = ip ' (x ) .

(ๆๆ) I f  X £ (D \S l ) ท  (DVSr ) t h e n  ^ ( x )  ะ: Ip ( x ) .
(12 )  I f  X £ รL and y £ DvsL then  \ p ( x + y )  = y (x )  +  Ip ( y ) .
( า 3 )  I f  X £ and y £ รL then  <Kx+y) ะ: ^ (x )  + ' f (y )*
(ๆ^)  I f  x , y  £ ร and xy £ รL then  f C x y )  = 'p (x )' f(y) .
( 1 5 ) I f  X £ รL, y £  D\.ร L and xy £ รL th en  Ÿ (xy)  = f  ( x > M y )  •
(1 6 )  I f  X £ DVSl » y £ Sl and xy e รL t h e n f ( x y )  = I p ( x ) y > ( y ) .
( 1 7 ) I f  x , y  £ D\ร^ and xy £ ร^ then  ' f ( x y )  = Ip ( x ) i K y ) .
(ๆ8 )  I f  x , y  £ รL and xy £ D \ร 1̂ then  Ip ( x y )  = f ( x ) > f ( y ) .
( ๆ 9) I f  X E ร , y £ D\Sl and xy £ D\SL th en  iJj (xy )  = vp ( x ) p  ( y )
( 2 0 ) I f  X e DV3 1 y £ รL and xy £ D'-S-k t h e n ^ ( x y )  =  i p ( x ) f ( y )

(2 1 )  I f  X, y , xy £ D\SL then  I p ( x y )  =  \ p ( x ) \ p ( y ) .

P r o o f .  (ๆ )  S in c e  e i s  th e  on ly  m u l t i p l i c a t i v e  idempotent o f  K 
and [ฦ(e)]  2 = ฦ( e ) ,  r | ( e )  = e  .  To show th a t  r(a) = a 1 suppose  
t h a t  9 ( a )  0  a ' .  Then n ( a )  = e ' -  ท(ท) = ฦ( e )  • ท(a )  = n ( e - a )  ะ:
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ท(e * d )  = ท( d ) . S i n c e  ก i s  1 - 1 ,  a = d,  a c o n t r a d i c t i o n .  Hence 
H(a) = a . Now ri_(d) = r£e*d) = ท(e*a)  = r](e) • n(a)  = e • a = 
e ' • d' = d ' .

( 2 ) Assume t h a t  ร^ = 0 .  Suppose t h a t  ร^ 0  0 .  Let
y £ ร .  S in c e  ท i s  o n t o ,  t h e r e  e x i s t s  an e lement X i n  D such th a t  
ท.( x )  = y .  Now x + a = x + d .  >a = y + a = ท(x )  + ri(a) = ก (x+a)
= ท (x+d) = ท( x )  + ท(d) ะะ y + d £ D , a c o n t r a d i c t i o n .  Hence ร = 0 .

Assume t h a t  ร^ 0  0 .  Claim t h a t  f  : SjT—*ร^. Let X £ ร .
Then X + a = a ,  so  + a = ท(x )  +ท (a )  = ฦ (x+a) = ท(a )  = a .
Thus If(x)  £ ร^.  Hence ร^ 0  0 .  I t  i s  c l e a r - t h a t  f  i s  a monomorphism. 
To show T i s  o n t o ,  l e t  y £ ร^.  Then y + a = a . S in c e  ท i s  on to ,  
t h e r e  e x i s t s  an e le m e n t s  an element  X i n  K such t h a t  ท (x) = y .
Now X 0  a so  X £ D. Claim t h a t  X £ ร^. Suppose t h a t  X £ DnSjj*
Then X + a 0  a ,  so  N(x+a)  £ D , a = y + a = ท(x )  + r|(a) = 

n(x+a)  £ D , a c o n t r a d i c t i o n .  Hence X £ ร^. So we g e t  th a t  
l f (x )  = n(x)  = y .  Thus -(f i s  o n to .  Hence ร^ = ร^ a s  a d d i t i v e  
se m ig r o u p s .  T h e r e f o r e  we o b t a i n  ( 2 ) .

( 3 ) Assume t h a t  DVร = 0 .  Then รL = D. To show th a t
ร ร: D , l e t  y  £ D . S in c e  ท i s  o n t o ,  th e r e  e x i s t s  an e lement X
i n  ร such  t h a t  n(x) = y .  Now x + a =  a s o y  + a = ท (x )  + ท (a )

, L  “  ,  ,=p (x+a)  SB ท( a )  = a . Hence y £  ร^.  T h e r e fo re  D \. ร  1̂ = 0 .
Assume t h a t  DnS^ 0  0 .  Claim t h a t  Ip ะ D^S|—>D V ร ^ .  L e t  

X £ DnSl » Then i|>(x) + a = n ( x )  + ท( a )  = ท (x+a)  = ท(x+d) = 
ip(x) + n (d )  = i|j(x) + d so il (x )  £ D ร ร ^ ;  Thus D N ร^  0  0 .  I t  i s  
c l e a r  t h a t  iji i s  a  monomorphism. To show t h a t  Ÿ i s  o n t o ,  l e t  
y £ D Nร ^ .  Then y + a = y + d . S in c e  ฦ i s  o n t o ,  t h e r e  e x i s t s  
an  e l e m e n t  X  i n  K s u c h  t h a t  ท.(x )  = y .  Now X  0  a .  I f  X  £ ร^ t h e n  
x + a  = a .  S o y  + d = y + a  = ท(x)  + ท ( a )  = n (x + a )  = ท.( a )  = a  ,
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a  c o n t r a d i c t i o n .  Hence X  £  D^s^» T h e r e f o r e  \ p  i s  o n to  and so 
D^s^ = D \ S ^  a s  a d d i t i v e  s e m i g r o u p s .  IVe o b t a i n  ( 3 ) .

The p r o o f s  o f  (k) and (5 )  a r e  s i m i l a r  t o  t h e  p r o o f  o f  (2 )  
and  ( 3 ) 1 r e s p e c t i v e l y .

The p r o o f s  o f  (6 )  — (21)  a r e  s t r a i g h t f o r w a r d  and we w i l l  
o m i t  them. #
Theorem 3 » 2 9 . Let D and D be r a t i o  s e m i n e a r - r i n g s  and l e t  d and
d e l e m e n t s  i n  D and D r e s p e c t i v e l y .  L e t  a  and a be symbols n o t
r e p r e s e n t i n g  any  e l e m e n t  o f  D and D r e s p e c t i v e l y .  L e t  F^ Ç. L l p ( d )
be  e i t h e r  0  o r  a  f i l t e r  i n  (D ,+)  and l e t  FR ร  R I ^ ( d )  be  e i t h e r  0
or a f i l t e r  i n  ( D , + ) .  Let F Ç  LI 1(d ) be e i t h e r  0  or a f i l t e r  i n

L D
(D 1+ ) .  S uppose  t h a t  t h e r e  a r e  b i j e c t i o n s  <f : F|—̂ ^F^ and 
ใp ะ D'-Fj—i f ^ F  s u c h  t h a t  4>(x+y) = ^f(x) + >f(y) f o r  a l l  x , y  £ F^ 1 
' f (d )  = d i f  d £ F  1 ^ (x + y )  = ty(x) + i K y )  f o r  a l l  x , y  e D^FL and
4 > ( d )  = d i f  d £ DnFjj * Suppose  t h a t  t h e r e  a r e  b i j e c t i o n s
f  ะ Fp—?F R and  ÿ : D\Fg—»-DnFr su ch  t h a t  Ÿ (x+y) = ^  (x )  + ^  (y )  
f o r  a l l  x , y  £ FR1 ^ ( d )  = d i f  d £ FR1 Ip (x+y) = \p (x )  + ÿ ( y )  
f o r  a l l  x , y  £ D\FR and ^ (d )  = d i f  d £ D^F^.

S uppose  t h a t  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  s a t i s f i e d  ะ
(1 ) Fl  =ะ 0  i f f f l  = 0 .
(2 ) FL = D i f f FL = D’ . 1
(3 ) 0  /  Fl  c  D i f f  0  /  f ’ c  D
(*0 ■ Fr = 0  i f f F8 -  *■
( 5 ) Fr =- D i f f FB -  D' .  1
(6 ) 0  /  fr a  D i f f  0  /  FR c  D
(7 ) I f  a  + a  = a t h e n  a  + a
( 8 ) I f  a  + a  = d + d t h e n  a  +



105

( 9 )  I f  x e  FL ท FR th e n  f ( x )  = ' f ' ( x ) .
( 1 0 )  I f  x e  FL ท (D\Fr ) t h e n  f  ( x )  = Ip'(x).

( 1 1 )  I f  X e (D \F l ) a  FR t h e n  Ip ( x )  = i p ' ( x ) .
(1 2 )  I f  X £ (D\Fr ) a  (D\FR) t h e n  ^ ( x )  = Ip ( x ) .
( 1 3 )  I f  X £ FR and y e D\F^ t h e n  lKx+y) = f ( x )  + ^ ( y ) .
(1*0 I f  X £ D^F^ and y £ FR t h e n  ijXx+y) = Ip (x )  + I f (y ) .
( 1 5 )  I f  x , y  £ Fr  and xy e FL t h e n  If ( x y )  = ’P(x) 'PCy) .
(1๐) I f  X £ Fr , y £ DnF^ and xy  e F^ t h e n ' f ( x y )  = f ;(x )< f (y ) .
( 1 7 )  I f x  £ D \F l , y £F l and xy  £ F^ then <f(xy) = ’K x ) f ( y ) .
( 1 8 ) I f  x , y  e DnF^  and xy £ F^ t h e n  f ( x y )  = Ip(x)]p(y).

(1 9 )  I f  x , y  £ Fl  and xy e DnFr t h e n  Ip ( x y )  = < f (x )v (y ) .
(2 0 )  I f  X £ Fl 1 y £ DvFl  and xy  e D\FL t h e n  Ip (x y )  = ' f ( x ) ^ ( y ) .
( 2 1 )  I f  X £ DvF^,  y £ F l  and xy  £ D\FL t h e n  Ip (xy )  = i K x ) i p ( y ) .
( 2 2 )  I f  x , y , x y  £ DnF^  t h e n  Ip(xy) = Ip ( x ) i K y ) .

Then n ะ K—->K d e f i n e d  by

i s  an isomorphism between K and K where K = D บ  { a} and K = D บ ( a  }
a re  s e m i n e a r - f i e l d s  w i th  a and a a s  c a t e g o r y  VI s p e c i a l  e l e m e n t s ,  
r e s p e c t i v e l y .

P r o o f . By Theorem 3 *23 ,  we can c o n s t r u c t  K and K so  t h a t  K and 
K a r e  s e m i n e a r - f i e l d s  and a and a are  c a t e g o r y  VI s p e c i a l  e l e m e n t s  
o f  K and K 1 r e s p e c t i v e l y .

Case I  F = $-  Then F = ef. D e f in e  ท ะ K— by

I t  i s  c l e a r  t h a t  ก i s  a b i s e c t i o n .  We need o n ly  show t h a t
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(น,1) ก (x y )  = ก (x )ก ( y )  for  a l l  x , y  £ K and (ไว,1) n(x+y)  = ก(x )  + r(y)
f o r  a l l  x , y  £ K. Note t h a t ,  by(22), Ip(xy) = iKx)^(y ) f o r  a l l  x , y £  D.

To prove ( a . ) ,  l e t  x , y  E K.' ,2  ,2Case 1 . X 3 y = a .  Then a = d and a = d
ก( x y )  = r i a 2 )  = ก ( d 2 ) = <Kd2 ) = <Kd)iKd) = d' = a'  = ก ( a ) n ( a )  =
ก( x ) ก ( y ) .
Case 2 . X = a ,  y /  a .  Then ay = dy.
ก( x y )  = N(ay) = ก (dy)  = 4J (dy)  = Ip ( d ) \ p ( y )  = d iKy) = a  Ip (y )  =
ก( a ) n ( y )  = ท( x ) n ( y ) .
Case 3 » X /  a ,  y = a .
T h i s  p r o o f  i s  s i m i l a r  to  Case 2.
Case b .  X /  a ,  y /  a .  Then x y £ D.
ก( x y )  = 4 ( x y )  =  Ip(x) i K y )  = n ( x ) r ( y ) .

To prove ( b ^ ) ,  l e t  x , y  £ K.
Case 1 . X = y = a .

Subcase  1 ♦ .ๆ a + a = น. Then a + a = a .
ก(x + y )  = ก(a+a) = ก (a )  = a = a + a = ก (a )  + ก(น) = ก (x )  + ก ( y ) .

Subcase  1 . 2 . a + a = d + d .  Then a + a  = d + d .
ri(x+y) = ก(น+น) = ก (d+d) = ^ (d+d) = <Kd) + 4 ( d )  = d + d = a + a
= ท(น) + ก(น) = ก (x )  + ก( y ) .
Case 2 . X = น, y /  a .
I f  y £ Frç then by (1 1 )  4 > ( y )  = f ( y ) .  T h u s  a = a + ip ( y )  = 
a + 4j ( y ) .
ท(x+y)  = ก(a+y) = ฦ (a)  = a = a + Ip(y) = r(a) + ท(y )  = ก (x )  + ก ( y ) .
I f  y e D\F,3 th en  by (12 )  Jp(y) =  ̂ (y )*  Thus a + y = d + y

I » » » »and a + (y )  ะ= a + Ip (y )  = d + \p ( y ) .
‘ไ( x+y ) = ก (a+y) = ก (d+y) = 4เ (d+y) = <Kd) + 4j ( y )  = d + ijj ( y )  = a + 4j (y )
= ท(น) + ก(y )  = ก (x )  + ท( y ) .
Case 3 » X /  a ,  y = a .  Then X + a = X + d.  ท(x+y) = r(x+a) = ฦ (x+d)
= 4J (x+d)  = <Kx) + ^ (d )  = ifj(x) + d = ijj(x) + a  = n ( x )  + r|(a) = ก ( x )  + ก( y ) .
Case X /  a ,  y /  a .
n (x + y)  = ijXx+y) = 1เ( X ) + 4j (y )  = ท( x )  + n ( y ) .

Hence ก. i s  an isomorphism.
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Case I I  = D. Then F^ = D . D e f in e  ก : K—»K by
, . f  ' f (x )  i f  X  £ D,ก ( x )  = J ;

v a  i f  X = a .

I t  i s  c l e a r  t h a t  ก i s  a b i j e c t i o n .  We need o n ly  show t h a t  
( a R) ก(x y )  = ก( x ) ก( y )  fo r  a l l  X,y £ K and (b R) r(x+y) = ก ( x )  + ก( y )  
f o r  a l l  x , y  £ K. Note t h a t ,  by( l5)i  ^ ( x y )  = lf ( x ) l{,(y )  fo r  a l l  x , y  £ D. 

The p ro o f  o f  ( a R) i s  th e  same as th e  p ro o f  o f  ( a ^ ) .
To prove  ( b R)» l e t  x , y  E K.

Case 1 .  X  =  y =  a .
T h i s  p r o o f  i s  th e  same as  the  p ro o f  o f  Case  ๆ i n  ( b ^ ) .
Case 2 . X = a ,  y 0  a .
I f  y £ Fr t h e n ,  by ( 9 ) ,  fCy)  = ^ ( y ) .  Thus a = a + 4>(y) = a + ' f ( y ) .
ก (x+ y )  = ก (a+y) = ก (a )  = a = a + Ÿ(y)  = D(a) + ก(y )  = ก ( x )  + ก( y ) .
I f  y £ D\FR th e n ,  by ( 1 0 ) ,  ^ (y )  = 41 ( y ) .  Thus a + y = d + y and 
a ' +  ' f ( y )  = a 1 +  i j / ( y )  = d +  Ip ( y ) ,  so ก(x+y) = ก (a+y)  = n (d + y)  =
4>(d+y) = f ( d )  + f ( y )  = d* + พ่, (y )  = a ’ +'fCy) = ท ( a )  + ก( y )  = ก (x )  + ก ( y ) .
Case 3 » X 0  a ,  y = a .  Then X + a = a and (x )  + a = a .
Tl(x+y) = ก (x+a) = r](a) = a = *f(x) + a ะ: ก ( x )  + ri(a) = ก ( x )  + ก( y ) .  
Case_J+. X  0 a ,  y 0 a .
ท (x+y)  = I ’tx+y)  = H’ (x )  + 4* Cy ) = ก (x )  + ก( y ) .

Hence ฦ i s  an i somorphism.
Case I I I  0 0 F c  D. Then 0 0 F 'L c D. D e f in e  ก ะ K—+K* by  

f  l f(x) i f  X £ Fl ,
ก (x )  = < I p ( x )  i f  X £ DVFL , 

l a  i f  X = a .
I t  i s  c l e a r  t h a t  ฦ i s  a b i j e c t i o n .  We need o n ly  show 

t h a t  (a^ )  ก ( x y )  = ก( x ) ก (y )  f o r  a l l  x , y  £ K and ( b j )  ก(x+y) =
ก ( x )  + ก ( y )  fo r  a l l  x , y  £ K.

To prove  ( a ^ ) ,  l e t  x , y  £ K.
Case ๆ . X = y = a .

Subcase  1 . 1 . d,  d2 £ F^. By ( ๆ 5 ) , 4 น 2 ) = 4* ( d ) Y ( d ) .
ท (x y )  = ก น 2 ) ะ: ก(d 2 ) = v?(d2 ) =4>(d)Y(d)  = d' = a'  = ก ( a ) 2 =
ก ( x ) ก( y ) .
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S u b c a s e 1 . 2 .
ท(x y )  = ท( a 2 ) = ท ( d 2 )
l l (x > l  ( y )  .

S u b c a s e 1 . 3 .
ท( x y )  = n ( a 2 ) = d.2 )
ท.( x ) ท( y ) .

S u b c a s e IA .

'ใ (x y )  = ท( a 2 ) = ท ( d 2 )
ก (x )  ท( y).
C ase  2 .  X = a , y / a .

S u b c a s e 2 . 1 .
n ( x y )  = n ( a y )  = ท( dy)
ท.( a ) ท (y )  = ท( x ) ท ( y ) .

S u b c a s e 2 . 2 .
ก( x y )  = ก( a y )  = ท (d y )
n ( a ) rl (y )  = ก( x ) ท ( y ) .

S u b c a s e 2 . 3 .
B-(xy) = ก( a y )  = l td y )
n  (a )n  ( y )  = ท(x )ท ( y ) .

S u b c a s e 2A .

ก (x y )  = ท ( a y )  = ท.(d y )
ท( a ) ท.( y )  = ท.( x ) ท ( y ) .

S u b c a s e 2 . 5 .
ท.(x y )  = ท( a y )  = ท( dy)
n_(a) ท(y )  = ท ( x )  riy).

S u b c a s e 2 . 6 .
ท( x y )  = ท_ ( ay  ) = ท (dy )

d £ Fl , d2 £ D\Fl . By (ๆ 9 ) ,  <Md2 ) = '{’ (d ) 'P (d ) ,  
= Ip(d2 ) = f ( d ) r ( d )  = d '  = a '  = n ( a ) 2 =

d £ DXFL , d 2 £ Fl . By ( 1 8 ) ,  <f(d2 ) = ÿ(d)p (d ) ,  
= v ( d 2 ) = ใp(d)]p(d) ะะ d = a = ฦ ( a ) 2 =

d ,  d 2 £ DXFL . By (22),  iKd2 ) = I p ( d ) i p ( d ) .  

= <Kd2 ) = i p ( d ) i p ( d )  = d = a = ฦ ( a ) 2 =

d , y , d y  £ Fl . By d 5 ) , vf ( d y )  = ' P ( d ) f ( y ) .  
= <f(dy) = Ÿ(d)<p(y) = d'vf(y) = a'y (y) =
d , y  £ FL ,dy  £ D^F^.  By ( 1 9 ) ,  y ( d y )  = ^ ( d ) Y ( y ) .  
= *Kdy) = vf ( d ) ' f ( y )  = d ' f ( y )  = a  f ( y )  =

d ,d y  £ FL ,y  £ DXF^. By ( 1 6 ) , Ÿ (dy)  = Y(dty (y ) ,  
= Ÿ (dy) = v ( d ) i p ( y )  = d \ p (y )  = a I p ( y )  =

d £ DNFL , y , d y  £ F ^ .  By ( 1 7 ) ,  ' f ( d y )  = \ p ( d ) y >( y )  

= H’ (dy )  = \ p ( d ) y ( y )  = d y(y) = a *f(y) =

d ,y  £ D\FL ,dy  £ 711. By (ๆ ร ) ,  H>(dy) = ÿ ( d f y ( y )  
= 'f ( dy) = Tp(d)ip (y) = d ใเ; (y )  = a  \p(y) =

d , dy £ D\FL , y  £ F . By ( 2 1 ) ,  Ip (d y )  = ÿ (d )<f(y) ,  
= ^ (dy )  = Ip (d ) t f ( y )  = d t f ( y )  = a i p ( y )  =

ri_(a)ri_(y) = ก (x )  ท ( y ) .
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S u b c a s e  2 . 7 . d £ FL , y , d y  e D^F^.  By ( 20) ,  ty(dy) = yf ( d ) i p ( y )  

ก( x y )  = 'ท( a y )  = ก (d y )  = >Kdy) = ' f ( d ) i K y )  = d ' f ( y )  = a  ' f ( y )  = 
n£a)n_(y) = n £ x ) r i ( y ) .

S u b c a s e  2 . 8 , d , y , d y £  D^F^.  By ( 2 2 ) ,  Ip(dy) = Ip (d)ip(y). 
Cj(xy) = ก ( a y )  = ก (dy)  = Mdy) = ip(d)ip(y) = d Ip (y )  = a ใp (y)  =
ก(น)ก( y )  = ก( x ) ก ( y ) .
Case 3 . X  0  a ,  y = a .
T h i s  p r o o f  i s  s i m i l a r  to  Case 2.
Case ^. X 0  a ,  y 0  a .
By ( 9 ) -  (16), we can  show t h a t  ก. (xy) = ก( x ) ก ( y ) .

To prove  ( b v ) ,  l e t  x , y £ K. Note t h a t  a + a = a or 
a + a = d + d .
Case ๆ , X  = y  = a .

S ubcase  ๆ . ๆ .  a + a = a .  Then a + a = a .
ก.(x+y) = ก(a+a)  = ก_(a) = a ะะ a -V- a = ท (a )  + p (a )  = n (x)  + ท ( y ) .

Subcase  ๆ . 2.  a + a = d + d .  Then a + a = d + d .
I f  d £ F^ th e n  d + d £ F^.  Thus Ti(x+y) ะะ r\ (a+a) = ip(d+d) = Y(d+d)
= Y (d )  + ' f (d )  = d + d = a + a = ก.(น) + ก (a )  = ก.(x)  + ก( y ) .
I f  d £ D-'F-k th en  d + d £ จ-กโ^* Thus ท (x+y) = ท( a+a) = ก (d+d) =
iKd+d) = ijj(d) +ip(d) = d + d = a + a = ฦ(ท) + ฦ (a )  = ท(x )  + r|(y)
Case  2 . X = a ,  y 0 a .

S u b c a s e  2 . ๆ. F^ n  Fp = 0 .
S u b c a s e  2 . ๆ.ๆ. y £ FR. Then y £ D^FL and

ฯ, (y) = 'Ky).
n_(x+y) = n.(a+y) = ï l ( a )  = a  = a  + ' f  (y )  = ก. ( a )  + ^ (y )  = ก. (x )  + r \ ( y ) .

S u b c a s e  2 . ๆ . 2 . y £ D-FR, y £ FL« Then Y (y)  = }p (y )  
I f  d e F t h e n  d + y £ F ^ .  Thus n_(x+y) = n_(a+y) = Tl(d+y) =
T ( d + y ) = f ( d )  + ' f ( y )  = d ’ + <p ( y )  = a ' +  Ip (y )  = n_(a) + f ( y )  =
ก ( x )  + ก(y )
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I f  d £ DSF^ th en  d + y £ DNF^. Thus n_(x+y) = n (a+ y)  = 'ท(d+y) =
^ (d+y) ๖^ ' % (d) + <p(y) = d ' +  ÿ (y )  ะ: a '  + Ip' (y )  = ฦ (a )  + v>(y) =
t l ( x )  + n ( y ) .

Subcase  2 . 1 , 3 . y £  DNFR1 y £ D''FXJ* Then
\ j j ( y )  = Ip ( y ) .
I f  d £ F^ then d + y £ DN?L* ^hus ฦ(x+y) = n(a+y) ะ: r)(d+y) =
4 (d+y) ๖ï a % d )  + t f y )  = d 1 + Ip (y )  = a + ip ( y )  = ท (a )  + i p C y )  =

t l (x )  + ท( y ) .
I f  d £ D\Fl then  11 (x+y) = n (a + y )  ะ: ท(d+y) = ^(d+y) ะ: Tpcd) + \ p ( y )

= d + Ip ( y )  ะ: a + Ip (y )  = n ( a )  + ty(y) = ฦ (x )  + n ( y ) .
S ubcase  2 . 2 . F 0  FR 0  0 .

Subcase 2 . 2 . 1 . y £ FL C\ F . Then ^ (y )  = y  (y )  
and a ะ: a + Y (y )  •
ri_(x+y) = Tl(a+y) ะ: n(a) ะ: a ะ: a + Ÿ (y )  ะ: n ( a )  + <f(y) = n ( x )  + ฦ( y ) .

Subcase 2 . 2 . 2 . y £  F^ O (D^Fp).
T h i s  p r o o f  i s  the  same as the  p ro o f  o f  Subcase 2 . 1 . 2 .

Subcase  2 . 2 . 3 . y £ (D'F ) ท F .
T h i s  p r o o f  i s  th e  same as th e  p ro o f  o f  Subcase  2 . 1 . 1 .

Subcase  2 . 2 . b . y £ (D'F ) ท (D'Fjj) .
T h i s  p r o o f  i s  th e  same as the  p ro o f  o f  Subcase 2 . 1 . 3 .
Case 3 » X 0  a ,  y = a.

Subcase  3 . 1 . X £ Fj .̂ Then a = ^ (x )  + a . 
a  (x+y)  = ท(x+a) ะ: n (a)  = a ะ: f ( x )  + a ร p ( x )  + p ( a )  = n(x)  + rK y ) • 

Subcase  3 . 2 . X £ D^F^. Thus X + d £ D\F^ and Ip(x) + a1 ะ:
Ip ( x )  + d . I f  d £ D^F^ then r) (x+y) ะ: ก (x+a) ะ: n(x+d) = 4(x+d) =
4 ( x )  + 4(d) = Ip (x )  + d '  = Ip (x )  + a '  ะ: n ( x )  + a '  = ท (x )  + ท( a )  ะ:
ก( x )  + ท( y ) .  I f  d £ Fl then l i x + y ) = ท (x+a) = ท(x+d) ะ: T|0x+d) ๖=li+
4 ( x )  + Vf(d) = 4 ( x )  + d' = f ( x )  + a'  = ท ( x )  + ฦ( a )  = ฦ ( x )  + ฦ ( y ) .
Case b .  X 0  a ,  y 0  a .
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S u b c a s e  *f,1. X + y £ F . S in c e  F^ i s  a  f i l t e r  i n  ( D , + ) ,
x , y  £ Fl .
ก (x+y)  ะ? f  (x + y ) = Ÿ’(x )  + y>(y) = n_(x) + ท( y ) .

S u b c a s e  k,2. X + y e DSF^.
S u b c a s e  2 . 1 , X £ FT . Then y £ DSF- which  i s  

an  i d e a l  o f  ( D , + ) .
ท. (x+y)  = Ip (x+y) ๖ ̂  -^f(x)  + iKy) = ท (x )  + ก( y ) .

S u b c a s e  * t . 2 . 2 . X e D^F^.
I f  y £ Fl  t h e n  ท(x+y) = Ip (x+y) bz p % ( x )  + Y (y)  = ท(x )  + ท( y ) .
I f  y £ D-Fl  t h e n  ท (x+y) = <Kx+y) = M x)  + Ip (y)  = ท(x )  + ท( y ) .

sem igroups  and D>F^ -  D^F^ as  a d d i t i v e  semigroups but K ^ K .

Example 3 . 3 0 .  (ช ุ+ 1 + , * )  i s  a r a t i o  s e m in e a r - r in g  where + i s  d e f in e d
by X + y = min {x ,y}  and • i s  th e  u su a l  m u l t i p l i c a t i o n .  Let d,
d £ 'ชุ'1’. Then d = rd .where r £ ชุ+. Let ร0 = ร- = LI (d) =
{x £ ชุ','! X k_d} = HI ( d ) .  Let F ' = F ' = LI +( d ' )  = { X £ 41 X > 2d ' }

ชุ+ ชุ
= ( x  £ ชุ',’! X > 2^ } = RI +( d 1 ) .  I t  i s  c l e a r  t h a t  FL and FL are

Q
f i l t e r s  i n  (ชุ ’,' , m in ) .

D e f in e  'f ะ F£—̂*F^ by M*(x) =  ̂f o r  a l l  X £ F^. Then
i s  c l e a r l y  a b i s e c t i o n .  To.show t h a t  'f i s  homomorphism, l e t  
x , y  £ F . We may assume X >  y ,  so  X + y = y .  Thus ^ (x+y) = (y )

Hence ก i s  an  i s o m o r p h i s m .

Remark : ท  ะ K—»K may be d e f i n e d  by
(x )  i f  x £ Fr ,

ท (x )  = (x )  i f  X £ โ)'\ F R ,
L a  i f  X = a .

The p r o o f  i s  s t r a i g h f o r w a r d  b u t  v e r y  l o n g .

We s h a l l  now g i v e  an  example  where F^ ร F^ a s  a d d i t i v e
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= 2z 2x
r + ̂~ = ' f ( x )  + < f (y ) .  Hence F = F a s  a d d i t i v e  s e m i g r o u p s .

Q ^ F ^  = {x £ ชุ",’! X < d} and ชุ+N FT = { X £ ชุ’,] X < ^ } .

Thus ชุ',’n F^ an  ̂ ^+n ^l are  e a l s  o f  (ชุ+ 1+ ) .
D e f in e  Ip : ชุ"  ̂ Fj—̂  ชุ’̂  F^ by Ip(x) = — f o r  a l l  X £ ชุ",’ร F^*

U s in g  th e  same p r o o f  as was used fo r  ' f  we can show t h a t  
Q+n F^ = ชุ’,'''F^ a s  a d d i t i v e  sem igrou p s .

Let a and a be symbols not r e p r e s e n t i n g  any e lement  o f  
ชุ",’. Extend + and • from ชุ',' t o  ชุ',' น {a} and • and + from ชุ+ to  
ชุ',' บ  i l '  } by

( 1 )  xa  = xd and ax = dx f o r  a l l  X  £ ชุ",", a^ = d^,
(2 )  x + a = a + x =  a f o r  a l l  X £ F , X + a = X + d and 

a + X ะ d + X f o r  a l l  X £ ชุ’*ร F^,
( 3 ) a + a = a  and

I 1 t I 1 + t ^ • ^
(1  ) ya = yd and a y = d y f or  a l l  y £ ช ุ ,  a = d
( 2 ) y + a  = a + y = a  f or  a l l  y £ F T, y + a  = y + d

'  • . ‘ โ .  •and a + y = d + y f o r  a l l  y £ ชุ N F ,
, , 1 . .  L
(3  ) a + a = a .

By Theorem 3 . 2 3 , (ชุ',' บ  {a} , + 1’ ) and (ชุ',' บ  { a ' }  1 + , ’ ) are  s e m i n e a r - f  i e l d s
and a and a a re  c a t e g o r y  VI s p e c i a l  e l e m e n t s  o f  ชุ'," บ {a} and
ชุ",' บ ( a  } 1 r e s p e c t i v e l y .  We s h a l l  show t h a t  ชุ',' บ  {a} ^ ช ุ+ บ (a  } .

Suppose t h a t  ชุ',’ บ {a} = ชุ’,' บ ( a  } . Let ]ๅ be an isomorphism
from ชุ",' บ {a} t o  ชุ',’ บ {a  } . By Theorem 3*28 ( 1 ) ,  ฦ(a)  = a and
u_(d) = d . S in c e  d £ F^, d + a = a .  Thus a = ๆ  ( a )  = ฦ(d+a) =
11(d) + Ti(a) = d + a = d + d , a  c o n t r a d i c t i o n .  Hence 
ชุ’,' น {a} ?  ชุ’,■ บ { a  } .

#
Now we s h a l l  compute a l l  f i n i t e  s e m i n e a r - f i e l d s  with  

a c a t e g o r y  VI s p e c i a l  e lem ent  •
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At f i r s t ,  we s h a l l  compute a l l  f i n i t e  s e m i n e a r - f i e l d s  o f  
o rd er  2 .  Let K = { a , e  } be a s e m i n e a r - f i e l d  w ith  a as  a c a t e g o r y  VI 
s p e c i a l  e l e m e n t .  S in c e  {e} i s  a r a t i o  s e m i n e a r - r i n g , e + e = e .
Now a + a = e o r a + a = a ,  a + e = e o r a + e = a  and e + a = e 
or e + a = a .  So we have 8 c a s e s  t o  c o n s i d e r .  They a re  ะ

+ e a + e a + e a + e a
e e e e e e e e e e e a
a e e a e a a a e a e e

(1 ) (2 ) (3 ) (*0

+ e a + e a + e a + e a
e e a e e a e e e e e a
a a e a e a a a a a a a

( 5 ) (6 ) (7 ) (8 )
K w i th  t a b l e s ( 3 )  and (*0 a re  not  a d d i t i v e  semigroups s i n c e  

a + (a+a) £  (a+a)  + a .  And we can v e r i f y  t h a t  K w ith  t a b l e s  ( 1 ) ,
( 2 ) , ( 5 ) , ( 6 ) , ( 7 )  and (8 )  are  a d d i t i v e  sem igrou p s .  By d e f i n i n g  
f ( e )  = a and f ( a )  = e ,  we have t h a t  semigroup w ith  t a b l e  (2 )  i s
i so m o r p h ic  to  semigroup w ith  t a b l e  ( 8 ) .  T h ere fo re  up t o  isomorphism
t h e r e  are  5 s e m i n e a r - f i e l d  w i th  a as  a c a t e g o r y  VI s p e c i a l  e l e m e n t .  

F i n a l l y  we s h a l l  compute a l l  s e m i n e a r - f i e l d  o f  order
g r e a t e r  than 2 .

Theorem 3»3 1 . Let K be a f i n i t e  s e m i n e a r - f i e l d  o f  order  g r e a t e r  
than  2 and l e t  a be c a t e g o r y  VI s p e c i a l  e lem ent  o f  K. Let  
D = Kv' { a } ,  l e t  e be th e  i d e n t i t y  o f  ( D , 0  and l e t  d be an e lem ent  
o f  D such  t h a t  ax = dx and xa = xd f o r  a l l  X ร K. Then

( 1) X + a  = X + d , a + X = d + X f o r a l l X £ D and a + a = a
o r ( 2) X + a = X + d, 3. + X ะะ d + X f o r a l l X £ D and a + a = d
o r (3 ) X + a = a ,  a + X = d + X f o r a l l X £ D and a + a = a  or



(^)  x + a = x + d ,  a + x = a  f o r  a l l  X £ D and a + a = a .

P r o o f .  By Theorem 3*12 ,  D i s  a r a t i o  s e m i n e a r - r i n g .  By Theorem 1 . 1 5 ,
= { x  £ D J X + e = x}  and = {x £ d | x + e = e} are  th e  unique  r a t i o

s u b s e m i n e a r - r i n g s  o f  จ such th a t  ( 1 ) X + y = X f o r  a l l  x , y  £ D1 , ( 2 ) 
x + y = y f o r  a l l  x , y  £ โ)2 ,  ( 3 ) (D, + ) = ( ว ๆ 1+) x (ซ2 1+) and (if)
โ)2 +  D-1 = I e }* I t  i s  c l e a r  t h a t  โ)2  = LIpCe) and so  จ2 * d = L lp ( e )  • d
= L l p ( d )  by P r o p o s i t i o n  1 . 2 6  ( i f . 1 ) .  Claim th a t  โ)^ = R l p ( e ) .  Let  
X e D . Then X 1+ e = X า . M u l t i p l y  on t h e  r i g h t  by X,  we o b t a in  
t h a t  e + X ระ e .  Hence X £ R l p ( e ) .  T h ere fore  D1 Q :  R l p ( e ) .  Let  
y £ RI ( e ) .  Then e + y = e ,  so y 1 ะ ey 1 = ( e + y ) y  1 = ey  า + yy_/|
= y  ̂+ e .  Thus y  ̂g โ) 2 .  S in ce  ( D ^ , ’ ) i s  a group,  y £  . Hence
P l p ( e )  ร  D . T h e r e fo re  จ 1 = R l p ( e ) .  By P r o p o s i t i o n  1 . 2 6  ( i f . 2 ) ,
HID(d )  = RID( e )  • d = D1 . d.

Let ร = (x  £ จ| X + a = a} and ร2 = (x  ธ DI a + X = a} . By 
P r o p o s i t i o n  3 . 2 1  ( 1 ) ,  ร Ç LI (d) and รR Ç. R l p ( d ) .

Claim t h a t  ( 1 ) i f  ร^ i s  nonempty then  ร^ = โ)2 '  d,
( 2 ) i f  Sg i s  nonempty then  ร2 = D1 • d.

To p rove  c la im  ( 1 ) ,  assume th a t  ร^ i s  nonempty.  To show 
t h a t  โ ) '  d c .  รL1 l e t  X £ โ)2 '  d .  Then xd โ)2 .  S in ce  รL 0  0 ,
t h e r e  e x i s t s  an e lement  y i n  ร^.  Thus y + a = a ,  so  e = dd = 3-d
= (y + a )d  ** = yd  ̂+ ad  ̂ = y d ^ + d d  "* = y d  "*+ e .  Hence yd £ โ) 2 .

Now xd-,1+ yd- "1 = yd- ”1. M u l t ip ly  t h i s  eq u at io n  by d,  we o b t a i n  t h a t
X + y = y e ร . S in c e  รL i s  a f i l t e r  in  ( D ,  + ) ,  x £  ร^.  Hence
โ )2 '  d £ะ ร^.  T h e r e fo r e  รk = โ)2 '  d.

The p r o o f  o f  c la im  ( 2 ) i s  s i m i l a r  to  th e  p ro o f  o f  c la im  ( 1 ) .
C on s id er  จ1 and โ)2 .

Case 1 . D 0  ( e ) ,  โ)2  0  ( e ) . Claim th a t  รL = รR = 0 .
Suppose  t h a t  ร^ i s  a f i l t e r  in  ( D , + ) .  Then, by Claim ( 1 ) ,

ร ระ โ)2' d .  Le t  d 1 £ D1ร {e} , d2 £ D2N{e} . Then ( d 1d + d 2d) + d
= d^d + (d ^ d  + d) = d^d + ( d 2+ e )d  = d^d + ed = (d^+ e ) d  = d^d 0  d

11*f
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( s i n c e  i f  d^d = d th en  d  ̂ = e ,  a c o n t r a d i c t i o n ) .  Hence
d^d + dpd £  L lp (d )  = Dp* d. Nov/ dp* d £ Dp* d .  dpd + (d^d + dpd)
= (dpd + d^d) + dpd = (dp+ d^)d + dpd = ed + dpd = (e  + dp)d = 
dpd £ Dp* d = ธ^. S in c e  Sp i s  a f i l t e r  i n  ( D , + ) ,  d^d + dpd£ ร^ =
Dp* d c o n t r a d i c t i n g  th e  f a c t  th a t  d^d + d p d 4  Dp* d.  Hence Sp = 0 .

S i m i l a r l y ,  i f  Sp i s  a f i l t e r  i n  ( D , + )  th en  we g e t  a 
c o n t r a d i c t i o n .  Hence Sp = 0 .  T h ere fo re  x + a = x + d ,  a + x = d + x  
f o r  a l l  X  £ D. By Theorem 3*1^ ( 2 ) ,  v/e o b t a i n  the  a + a = a or
a + a =  d + d = d.  Hence we g e t  (1 )  and ( 2 ) .
Case 2 . D̂  = {e} , Dp 0  { e } .  Claim th a t  ( 3 ) Sp = 0 ,  (*0 Sp = 0  or
รL -  D.

To p rove  c la im  ( 3 ) 1  suppose th a t  Sp i s  a f i l t e r  i n  ( D , + ) .

By Claim ( 1 ) ,  Sp = D^• d = {e} • d = {d}.  Let dp £ DpN { e }. Then 
dp+ e = e ,  so  dpd + d = d £ D ^ * d =  ร^, S in c e  Sp i s  a f i l t e r  i n  
( D , + ) ,  dpd = d.  I t  f o l l o w s  t h a t  dp = e ,  a c o n t r a d i c t i o n .  Hence

SR =
To prove c la im  (*+), suppose  t h a t  Sp 0  0 .  Then Sp i s  a 

f i l t e r  i n  ( D , + ) .  To shov/ th a t  Sp = D,  l e t  X e D. Then xd  ̂£ D. 
S i n c e  (D, + ) = (D^,+) X (D p ,+ ) ,  t h e r e  e x i s t s  an e lement dp i n  Dp 
su ch  t h a t  xd ^  = e + dp.  Thus xd ^ =  e + dp = d p e Dp, so  
X  = dpd £ Dp* d .  Let y £ Sp.  S in c e  Sp Q  L lp (d )  = Dp* d ,  y = dp* d

f o r  some dp £ Dp. Thus X  + y = dpd + dpd = (dp+ dp)d = dpd =
y £ ร . S in c e  Sp i s  a f i l t e r  i n  ( D ,  + ) ,  X  £ Sp. Hence D = Sp.
T h e r e f o r e  Sp = 0  or Sp = D. I f  Sp = Sp = 0 th en  we o b t a i n  ( า )  or
( 2 ) .  I f  Sp = D and Sp = 0 then X  + a = a and a + X  = d + X  f o r  a l l  

X  £ D. By P r o p o s i t i o n  3*22 ( 2 ) ,  we g e t  th a t  a + a = a .  Hence we 
o b t a i n  ( 3 )*
Case 3 . D1 0  { e } ,  Dp = ( e ) .



ๆๆ6

U sin g  a p r o o f  s i m i l a r  to  the  one i n  Case 2 ,  we can show 
t h a t  ร^ = 0  and (ร = 0 or Sg = D).

I f  ร^ = ร£ = 0  th en  we o b t a i n  (1 )  or ( 2 ) .  I f  ร^ = 0  and 
ร^ = D th en  X + a = X + d and a + X = a fo r  a l l  X  £ D. By 
P r o p o s i t i o n  3»p2 ( ๆ ) ,  we g e t  th a t  a + a = a .  Hence we o b t a i n  ( 4 ) .  
Case b .  D,1 = = { e } .  S in c e  (D, + ) = (D^, + ) (บ2 >+),  D = { e } .
Hence I k | = 2 .  T h is  i s  a c o n t r a d i c t i o n .  T h ere fore  t h i s  c a s e  
cannot o c c u r .
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