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CHAPTER I

INTRODUCTION

In finance, an option is a derivative that represents a contract rights to buy

(call) or to sell (put) the underlying asset by the writer to the holder. The buyer

has to pay premium for the rights granted. Two types of option widely used in

applications are the American option and the European option. The American

option can be exercised at any time prior to expiration and the other option can

be exercised only at expiration. In this work, we are interested in the European

call option. We denote

S0 as the current stock price,

K as the strike price,

r as the risk-free rate of interest,

T as time to maturity

and σ as the volatility of the asset price.

A formula that has been widely used to calculate the theoretical option price

in many stock markets is the Black–Scholes formula (CBS). It was introduced by

three economists, Black, Scholes and Merton ([5], 1973). This formula is given by

CBS = S0Φ(d1)−Ke−rTΦ(d2), (1.1)

where d1 =
log(S0/K) + (r + σ2

2
)T

σ
√
T

,

d2 = d1 − σ
√
T

and Φ(x) =
1√
2π

∫ x

−∞
e−

t2

2 dt is the standard normal distribution function.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2

The binomial formula which is derived from the binomial model is another tool

that is used to calculate the option price.

In the binomial model, we divide T into n periods. For k = 0, 1, 2 . . . , n, let Sk

be the stock price at the end of kth period and assume that the current stock price

Sk either rises to SkuB with probability p or falls to SkdB with probability 1 − p

at the (k + 1)th period, where 0 < p < 1 and 0 < dB < 1 < e
rT
n < uB. Figure 1.1

(a) and Figure 1.1 (b) are examples of the binomial model where n = 1 and n = 2,

respectively.

(a) n = 1 (b) n = 2

Figure 1.1: Binomial model

Cox, Ross and Rubinste in ([9], 1979) showed that the binomial formula Bn for

option price is

Bn = e−rT

n∑
k=0

(
n

k

)
pk(1− p)n−k max

{
S0u

k
Bd

n−k
B −K, 0

}
, (1.2)

where

p =
e

rT
n − dB

uB − dB
, uB = eσ

√
T
n and dB = e−σ

√
T
n . (1.3)

It is well–known that the binomial formula converges to the Black–Scholes for-

mula. Moreover, there are many researchers who found the rate of this convergence

such as Leisen and Reimer ([17], 1996), Diener and Diener ([10], 2004), Heston and

Zhou ([12], 2000), and Ratibenyakool and Neammanee ([20], 2019).
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At the end of each period, the current stock price in the binomial model either

rises or falls. In this work, we are interested in the model where the current stock

price can steady at the end of period. That is the trinomial model. We assume

that for k = 0, 1, 2, . . . , n− 1, the current stock price Sk either rises to SkuT with

probability pu, falls to SkdT with probability pd or steadies at Sk with probability

pm = 1 − pu − pd, where 0 < pu, pd, pm < 1 and 0 < dT < 1 < e
rT
n < uT . The

example of the trinomial model where n = 2 is shown in Figure 1.2.

Figure 1.2: Trinomial model for n = 2

If uTdT ̸= 1, then the pattern is quite complicated. We can simplify the

trinomial model if we impose the condition uTdT = 1. The example is shown in

Figure 1.3.

Figure 1.3: Trinomial model in case of uTdT = 1

Assuming uTdT = 1, Boyle ([6], 1988) showed that the trinomial formula Tn is



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4

given by

Tn = e−rT

n∑
k=0

n−k∑
l=0

(
n

k, l, n− k − l

)
pkup

l
dp

n−k−l
m max

{
S0u

k−l
T −K, 0

}
, (1.4)

where
(

n

k, l, n− k − l

)
=

n!

k!l!(n− k − l)!
.

In 2007, Ahn and Song ([2]) considered the trinomial model in case of uT = u2
B,

dT = u−1
T , pu = p2 and pd = (1 − p)2, where uB and p are defined in (1.3). They

gave an idea that Tn = B2n and converges to the Black–Scholes formula. We can

see Figure 1.4 for n = 1.

(a) 2-step binomial model (b) 1-step trinomial model

Figure 1.4: Trinomial model of Ahn and Song

After that, Intarapanya and Neammanee ([14]) confirmed their conjecture by

giving the rigorous proof in 2019. The result is stated in Theorem 1.1.

Theorem 1.1. Let Tn be defined in (1.4) with uT = u2
B, pu = p2 and pd = (1−p)2,

where uB and p are defined in (1.3). Then,

Tn = B2n and lim
n→∞

Tn = CBS,

where CBS and Bn are defined in (1.1) and (1.2), respectively.

In 1988, Boyle ([6]) gave the trinomial model in case of

uT = eλσ
√

T
n , (1.5)
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pu =
(V +M2 −M)uT − (M − 1)

(uT − 1) (u2
T − 1)

, (1.6)

pd =
(V +M2 −M)u2

T − (M − 1)u3
T

(uT − 1) (u2
T − 1)

, (1.7)

and pm = 1− pu − pd, (1.8)

where λ > 1 ,

M = e
rT
n and V =

(
e

σ2T
n − 1

)
M2

and Entit et al. ([11], 2013) presented an example to show that the price of this

formula is closed to Black–Scholes formula.

In this work, we give the rigorous proof of this conjecture by showing that the

trinomial formula converges to the Black–Scholes formula. We also provide the

rate 1√
n

of this convergence. Our result is stated in Theorem 1.2.

Theorem 1.2. Let Tn be defined in (1.4) with uT , pu, pd, and pm be defined in

(1.5)–(1.8), respectively. If K ≥ S0, then

lim
n→∞

Tn = CBS, (1.9)

where CBS is defined in (1.1). Moreover, the rate of this convergence is 1√
n

.

That is

Tn = CBS +O

(
1√
n

)
.

To prove the theorem, we divide it into four parts. The first part is a basic

knowledge of the formulas which is in Chapter 2. After that, we give the Berry-

Esseen theorem for trinomial random vector in Chapter 3. The proof of (1.9) is

presented in Chapter 4. For the last part, we show that the rate of the convergence

is 1√
n

in Chapter 5.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER II

APPROXIMATION OF OPTION PRICES

In this chapter, we will present the formulas used in approximating the option

price. In the first section, we will present the Black-Scholes formula which has

been widely used to calculate the theoretical option price in many stock markets.

Next, we will present the binomial formula in the second section and the trinomial

formula which extends the concept of the binomial formula in the last section.

2.1 The Black-Scholes formula

In this section, we will present the source of a shortened version of the Black-

Scholes formula (see more details in [7] and [13]). The Black-Scholes formula was

introduced by three economists Fischer Black, Myron Scholes and Robert Merton

in 1973 ([5]). It has been used to calculate the option price. The model makes

certain assumptions, including:

1. the option can only be exercised at expiration;

2. no dividends are paid out during the life of the option;

3. the market movements cannot be predicted;

4. there is no commissions;

5. the risk-free rate and volatility of the underlying are constant; and

6. the returns on the underlying are normally distributed.

Assume that the stock price St obeys a stochastic process of the form

dSt =

(
µ+

σ2

2

)
Stdt+ σStdWt,
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where t ≥ 0 and Wt is a standard Brownian motion.

Let F (St, t) be the price of an option as a function of the underlying asset S(t),

at time t.

By Itô’s lemma, we have

dF (St, t) =

((
µ+

σ2

2

)
St

∂F

∂St

(St, t) +
1

2
σ2S2

t

∂2F

∂S2
t

(St, t) +
∂F

∂t
(St, t)

)
dt

+ σSt
∂F

∂St

(St, t)dWt.

Let P be a value of the portfolio that is created by selling one option and

buying δ stocks. Then, P = F − δSt which implies that

dP = d (F − δSt)

=

((
µ+

σ2

2

)
St

∂F

∂St

+
1

2
σ2S2

t

∂2F

∂S2
t

+
∂F

∂t

)
dt+ σSt

∂F

∂St

dWt

− δ

((
µ+

σ2

2

)
Stdt+ σStdWt

)
=

((
µ+

σ2

2

)
St

(
∂F

∂St

− δ

)
+

1

2
σ2S2

t

∂2F

∂S2
t

+
∂F

∂t

)
dt+ σSt

(
∂F

∂St

− δ

)
dWt.

Note that the coefficient of dWt contains the factor ∂F

∂St

− δ. This equation can

be simplified if we assume that δ =
∂F

∂St

. Then,

dP =

(
1

2
σ2S2

t

∂2F

∂S2
t

+
∂F

∂t

)
dt.

Since the return of the portfolio should be equal to the return of the riskless

account, we have

dP = rPdt.

Then, (
1

2
σ2S2

t

∂2F

∂S2
t

+
∂F

∂t

)
dt =

(
F − St

∂F

∂St

)
rdt.
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That is

rF =
∂F

∂t
+

σ2S2
t

2

∂2F

∂S2
t

+ rSt
∂F

∂St

. (2.1)

This equation is called that the Black-Scholes equation.

If F is an option price, then the boundary conditions are

1. F (ST , T ) = max {ST −K, 0}

2. F (0, t) = 0 for all t ∈ [0, T ]

3. For each t ∈ [0, T ], F (St, t) ∼ St, where St → ∞.

From these conditions, we can show that a solution of the Black-Scholes equa-

tion (2.1) is the Black–Scholes formula for an option price which is given by

CBS = S0Φ(d1)−Ke−rTΦ(d2), (2.2)

where d1 =
log(S0/K) + (r + σ2

2
)T

σ
√
T

,

d2 = d1 − σ
√
T ,

and Φ(x) =
1√
2π

∫ x

−∞
e−

t2

2 dt is the standard normal distribution function (see [7]

for more details).

Example 2.1. Let S0, K, r, σ and T be defined in Chapter 1.

Assume that S0 = $42, K = $40, r = 10%, σ = 20% and T = 0.5 years. Then,

d1 =
log(42/40) + (0.1 + 0.22/2)× 0.5

0.2
√
0.5

= 0.7693

and d2 =
log(42/40) + (0.1− 0.22/2)× 0.5

0.2
√
0.5

= 0.6278.

Hence,

CBS = 43Φ(0.7693)− 40e−0.1×0.5Φ(0.6278) = $4.76.
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2.2 The binomial formula

The binomial formula was given by Cox, Ross and Rubinstein ([9], 1979). They

divide T into n periods, where n ∈ N. For each k = 1, 2, . . . , n, let Sk be the stock

price at the end of the kth period. Assume that for k = 0, 1, 2, . . . , n − 1, the

current stock price Sk either rises to SkuB with probability p or falls to SkdB

with probability 1 − p at the end of the k + 1 period, where 0 < p < 1 and

0 < dB < 1 < uB. That is

Sk+1 =

SkuB with probability p

SkdB with probability 1− p,

for k = 0, 1, 2, . . . , n− 1.

From this fact, we see that

S1 =

S0uB with probability p

S0dB with probability 1− p

and S2 =

S1uB with probability p

S1dB with probability 1− p.

Then,

S2 =


S0u

2
B with probability p2

S0uBdB with probability 2p(1− p)

S0d
2
B with probability (1− p)2.

Hence, 2-step binomial formula is presented in Figure 2.1.

Figure 2.1: 2-step binomial model
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In general case, the binomial formula satisfies the following diagram.

Figure 2.2: n-step binomial model

We can show that

Sn = S0u
j
Bd

n−j
B with probability

(
n

j

)
pj(1− p)n−j,

where
(
n

j

)
=

n!

(n− j)!j!
and j = 0, 1, 2, . . . , n.

Let Cn be an option price at the end of the nth period. Then,

Cn = max {Sn −K, 0} .

That is

Cn = max
{
S0u

j
Bd

n−j
B −K, 0

}
with probability

(
n

j

)
pj(1− p)n−j,

for j = 0, 1, 2, . . . , n.

Let E [Cn] be the representative of the option price at the end of the nth period

and Bn be the current option price. Then, Bn = e−rTE [Cn], i.e.,

Bn = e−rT

n∑
j=0

(
n

j

)
pj(1− p)n−j max

{
S0u

j
Bd

n−j
B −K, 0

}
. (2.3)
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From the risk neutrality hypothesis, we know that in a risk-neutral economy,

the expected yield from all assets equals the risk-free rate of interest. Therefore,

for k = 0, 1, 2, . . . , n− 1,

E[Sk+1 | Sk] = Ske
rT
n (2.4)

which implies that SkuBp+ SkdB(1− p) = Ske
rT
n . That is

p =
e

rT
n − dB

uB − dB
(2.5)

(see [1], p.330 for more details).

If the binomial model is arbitrage free, then we need to assume that

0 < dB < 1 < e
rT
n < uB

which implies that 0 < p < 1.

From (2.3), (2.4) and (2.5), Cox, Ross and Rubinstein ([9]) showed that

Bn = S0

n∑
j=a

(
n

j

)
qj(1− q)n−j −Ke−rT

n∑
j=a

(
n

j

)
pj(1− p)n−j, (2.6)

where a = min{j ∈ {0, 1, 2, . . . , n} | j ≥ b},

b =
log (K/S0)− n log d

log (u/d)

and q = pue−
rT
n .

We observe that the formula p depends on uB and dB. There are many re-

searchers who gave the formula of uB and dB. In 1976, Cox, Ross, and Rubinstein

([9]) obtained CRR formula by taking

uB = eσ
√

T
n and dB = e−σ

√
T
n . (2.7)
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In 1983, Jarrow and Rudd ([15]) defined

uB = eσ
√

T
n
+(r− 1

2
σ2)T

n and dB = e−σ
√

T
n
+(r− 1

2
σ2)T

n .

After that, Tian ([28], 1993) gave

uB =
e

(r+σ2)T
n

2

(
e

σ2T
n + 1 +

√
e

2σ2T
n + 2e

σ2T
n

−3

)
and dB =

e
(r+σ2)T

n

2

(
e

σ2T
n + 1−

√
e

2σ2T
n + 2e

σ2T
n

−3

)

and Walsh ([30]) gave

uB = eσ
√

T
n
+ rT

n and dB = e−σ
√

T
n
+ rT

n

in 2003.

In general, Chang and Palmer ([8], 2007) defined uB and dB by

uB = eσ
√

T
n
+λnσ2T

n and dB = e−σ
√

T
n
+λnσ2T

n , (2.8)

where λn is a general bounded sequence.

We observe that Chang and Palmer model generalized CRR model, Jarrow and

Rudd model and Walsh model by setting

λn = 0, λn =
r

σ2
− 1

2
and λn =

r

σ2
, respectively.

For CRR formula, Cox, Ross and Rubinstein showed that the binomial formula

converges to the Black–Scholes formula. Their result is stated in Theorem 2.2.

Theorem 2.2. Let Bn be defined in (2.6) with p, uB and dB are defined in (2.5)

and (2.7). Then

lim
n→∞

Bn = CBS.
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After that, Heston and Zhou ([12], 2000) showed that the rate of this conver-

gence is 1√
n

and Diener and Diener ([10], 2004) improved Heston and Zhou by

adding an additional term in approximation Bn. Their result is stated in Theorem

2.3.

Theorem 2.3. Let Bn be defined in (2.6) with p, uB and dB defined in (2.5) and

(2.7). Assume that S0 = 1 and T = 1. Then, for large n, we have

Bn = CBS +
e−

d21
2

24σ
√
2π

A− 12σ2 (σ2
n − 1)

n
+O

(
1

n
√
n

)
,

where σn = 1− 2 frac
[

log(1/K) + n log d
log(u/d)

]
and

A = −σ2(6 + d21 + d22) + 4(d21 − d22)r − 12r2 with frac[x] the fractional part of the

real number x.

Leisen and Reimer ([17], 1996) showed that the rate of convergence in Jarrow

and Rudd formula is 1

n
. Their result is

Bn = CBS +O

(
1

n

)
.

In general, Chang and Palmer showed that Bn converges to CBS at the rate 1

n
.

Theorem 2.4 is their result.

Theorem 2.4. Let Bn be defined in (2.6) with p, uB and dB defined in (2.5) and

(2.8). Then, for large n, we have

Bn = CBS +
S0e

− d21
2

24σ
√
2πT

A2n − 12σ2T (A2
1n − 1)

n
+O

(
1

n

)
,

where A1n = 1− 2frac
[

log(S0/K) + n log d
log(u/d)

]
and A2n = −σ2T

(
6 + d21 + d22

)
+ 4T

(
d21 − d22

) (
r − λnσ

2
)
− 12T 2

(
r − λnσ

2
)2

.
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In 2018, Ratibenyakool and Neammanee ([20]) improve Theorem 2.4 by giving

the better rate of convergence which is showed in Theorem 2.5.

Theorem 2.5. Let uB and dB be defined in (2.8) and 0 < r, σ, T ≤ 1. For large n

such that

n ≥ max
{
100T,

60

σ4
,
1.2657max{d21, d22}

σ4
, 30max{d21, d22}

}

and |r − λnσ
2| ≤ 1, we have

Bn = CBS +
S0e

−d21/2

24σ
√
2πT

An2 − 12σ2T
(
An1

2 − 1
)
+ An3

n
+

C0(d1, d2, σ)

n
√
n

,

where An1 and An2 defined as in Theorem 2.4,

An3 = −σ2T
(
2d21 + 2d22 − σ2

√
T
)
+
(
24T 2 + 4T

√
T
) (

r − λnσ
2
)2

+ 4T
(
2σd1 + 4σ

√
Td1 − σ2

√
T + 4σ2T

) (
r − λnσ

2
)
,

|C0(d1, d2, σ)| ≤ S0r(d1) +Kr(d2) and r(x) =
1.7185|x|3 + 19.3659

σ4
+ 49.9851.

2.3 The trinomial formula

The trinomial model is an extension of the binomial model. We know that

the current stock price in the binomial formula either rises or falls at the end of

each period. In the trinomial formula, we assume that for k = 0, 1, 2, . . . , n − 1,

the current stock price Sk either rises to SkuT with probability pu, falls to SkdT

with probability pd or steadies at Sk with probability pm = 1 − pu − pd, where

0 < pu, pd, pm < 1 and 0 < dT < 1 < uT . That is

Sk+1 =


SkuT with probability pu

Sk with probability pm

SkdT with probability pd,
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for k = 0, 1, 2, . . . , n− 1. Then

S1 =


S0uT with probability pu

S0 with probability pm

S0dT with probability pd

and

S2 =


S1uT with probability pu

S1 with probability pm

S1dT with probability pd

=



S0u
2
T with probability p2u

S0uT with probability 2pupm

S0 with probability p2m

S0uTdT with probability 2pupd

S0dT with probability 2pmpd

Skd
2
T with probability p2d.

(2.9)

We note that if uTdT ̸= 1, then the pattern is quite complicated as shown in

the Figure 2.3.

Figure 2.3: 2-step trinomial model in case of uTdT ̸= 1

If we impose the condition uTdT = 1, then (2.9) can be simplified into this

equation
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S2 =



S0u
2
T with probability p2u

S0uT with probability 2pupm

S0 with probability 2pupd + p2m

S0dT with probability 2pmpd

Skd
2
T with probability p2d

and the trinomial model in Figure 2.3 can be simplified into the trinomial model

shown in Figure 2.4.

Figure 2.4: 2-step trinomial model in case of uTdT = 1

Under assumption uTdT = 1, we can show that

Sn = S0u
j−l
T with probability

(
n

j, l, n− j − l

)
pjup

l
dp

n−j−l
m ,

where

(
n

j, l, n− j − l

)
=

n!

j!l!(n− j − l)!
,

for j, l = 0, 1, 2, . . . , n and j + l ≤ n.

Let E [max {Sn −K, 0}] represent an option price at the end of the nth period
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and Tn be the current option price. Then,

Tn = e−rTE [max {Sn −K, 0}]

= e−rT

n∑
j=0

n−j∑
l=0

(
n

j, l, n− j − l

)
pjup

l
dp

n−j−l
m max

{
S0u

j−l
T −K, 0

}
. (2.10)

There are 2 approaches to define pu, pd and pm. In 2007, Ahn and Song ([2])

considered a trinomial formula from the binomial formula with uB and dB defined

in (2.7). From the 2-step binomial model as depicted in Figure 2.5.

Figure 2.5: Binomial Model for n = 2

It is similar to the trinomial model with 1 period as depicted in Figure 2.6,

where pu = p2, pd = (1− p)2 and pm = 2p(1− p) with uT = u2
B and dT = d2B.

Figure 2.6: Trinomial Model for n = 1

They showed by example that the value Tn should be B2n and converges to the

Black–Scholes formula.

After that, Intarapanya and Neammanee ([14]) confirm the conjecture of Ahn

and Song by giving the rigorous proof in 2019. The result is stated in Theorem

2.6.
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Theorem 2.6. Let Tn be defined in (2.10) with uT = u2
B, pu = p2 and pd = (1−p)2,

where p and uB are defined in (2.5) and (2.7), respectively. Then

Tn = B2n and lim
n→∞

Tn = CBS,

where CBS and Bn are defined in (2.2) and (2.6), respectively.

Another approach is given by Boyle ([6], 1988). He assumed that the expected

yield from all assets equals the risk-free rate of interest and the second moment

from all assets equals the volatility. That is for k = 0, 1, 2, . . . , n− 1,

E[Sk+1 | Sk] = Ske
rT
n (2.11)

and E[S2
k+1 | Sk] = Ske

σ2T
n .

From these conditions, Boyle showed that

pu =
(V +M2 −M)uT − (M − 1)

(uT − 1) (u2
T − 1)

, (2.12)

pd =
(V +M2 −M)u2

T − (M − 1)u3
T

(uT − 1) (u2
T − 1)

, (2.13)

and pm = 1− pu − pd,

where M = e
rT
n and V =

(
e

σ2T
n − 1

)
M2.

We observe that the formulas of pu, pd and pm depend on uT . Boyle gave an

example to show that we can not use the rising rate uT = eσ
√

T
n of Cox et al. If

we let σ = 0.2, r = 0.1, T = 1 and n = 20, then uT = 1.045736 which implies that

pm = −0.0184 < 0.

Boyle suggested to use

uT = eλσ
√

T
n (2.14)

where λ > 1. In this case, we show in Lemma 5.1 that the values of pu, pd and pm

are between 0 and 1.
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After that, Entit et al. ([11], 2013) gave an example to show that an option price

from Boyle’s formula is closed to the price from Black–Scholes formula. Example

2.7 is an example of Entit et al.

Example 2.7. Let S0 = 100, K = 110, r = 0.05, σ = 0.3 and T = 1. Table 2.2

presents the option prices from the trinomial formula of Boyle which is closed to

the option prices from the Black–Scholes formula CBS = 10.0201.

n 50 100 175 242
Tn 10.0274 10.0195 10.0263 10.0202

Table 2.1: Option price from Boyle’s formula

From Example 2.7, Entit et al. gave the conjecture that the trinomial formula

of Boyle should converge to the Black-Scholes formula. In our work, we give the

rigorous proof of this conjecture.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER III

BERRY-ESSEEN THEOREM FOR TRINOMIAL

DISTRIBUTION

In the proof that the binomial formula Bn converges to the Black–Scholes for-

mula CBS, from (2.6), there are 2 terms of binomial probability, i.e.,

n∑
j=a

(
n

j

)
qj(1− q)n−j and

n∑
j=a

(
n

j

)
pj(1− p)n−j.

In order to prove Theorem 2.2, we need to show that that

lim
n→∞

n∑
j=a

(
n

j

)
qj(1− q)n−j = Φ(d1) and lim

n→∞

n∑
j=a

(
n

j

)
pj(1− p)n−j = Φ(d2).

To do this, we need Berry-Esseen theorem for binomial distribution which is

stated in Theorem 3.1.

Theorem 3.1 ([4], 1941). Let X be a binomial random variable with paramiter

(n, q) and Z be the standard normal random variable. Then there exists a positive

constant C such that for a, b ∈ R,∣∣∣∣∣P
(
a ≤ X − nq√

nq(1− q)
≤ b

)
− P (a ≤ Z ≤ b)

∣∣∣∣∣ ≤ C√
n
.

To prove that the trinomial formula Tn converges to the Black–Scholes formula

CBS, we also need the Berry-Esseen theorem for trinomial distribution. In this

chapter, we will prove this theorem.

We will say that a random vector (Xn1, Xn2, . . . , Xnk) has a multinomial dis-

tribution with parameters n and (p1, p2, . . . , pk) such that 0 ≤ p1, . . . , pk ≤ 1 and
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k∑
l=1

pl = 1 if the joint probability mass function of Xn1, Xn2, . . . , Xnk is

P (Xn1 = x1, . . . , Xnk = xk) =


(

n

x1, x2, . . . , xk

)
px1
1 · · · pxk

k , when
k∑

l=1

xl = n

0, ortherwise,

where x1, x2, . . . , xk are non-negative integers and
(

n

x1, x2, . . . , xk

)
=

n!

x1!x2! · · · xk!
.

A random vector (Xn1, Xn2, . . . , Xnk) is called a trinomial random vector if k = 3.

For a random vector (X1, X2, . . . , Xk) in Rk, the characteristic function of

(X1, X2, . . . , Xk) is defined by

E
(
ei(t1,t2,...,tk)·(X1,X2,...,Xk)

)

where (t1, t2, . . . , tk) ∈ Rk and (t1, t2, . . . , tk) · (X1, X2, . . . , Xk) =
k∑

j=1

tjXj.

It is showed that the characteristic function of the multinomial random vector

(Xn1, Xn2, . . . , Xnk) with parameters n and (p1, p2, . . . , pk) is

(
k∑

l=1

ple
itl

)n

(3.1)

for (t1, t2, . . . , tk) ∈ Rk. ([24], p.82 for more details).

The covariance matrix for a random vector (X1, X2, . . . , Xk) is Σ = [σij]k×k,

where σij is the covariance of Xi and Xj for i, j = 1, 2, . . . , k.

We will give some properties of trinomial random vector in Lemma 3.2 and

Proposition 3.3.

Lemma 3.2. Let (Xn1, Xn2, Xn3) be a trinomial random vector with parameters

n and (p1, p2, p3). Then there exists a sequence of independent random vectors

Y1, Y2, . . . , Yn in R3 such that for each j = 1, 2, . . . , n, Yj = (Yj1, Yj2, Yj3) and the

random vectors Y1, Y2, . . . , Yn satisfies the following conditions.
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1.
n∑

j=1

Yj
d
= (Xn1, Xn2, Xn3), where X

d
= Y means that X and Y have the same

distribution.

2. For each l = 1, 2, 3,
n∑

j=1

Yjl
d
= Xnl.

3. For each l = 1, 2, 3, Y1l, Y2l, . . . , Ynl are independent Bernoulli random vari-

ables with parameter pl.

Proof. Let Y1, Y2, . . . , Yn be independent random vectors in R3 such that for each

j = 1, 2, 3, . . . , n,

P (Yj = (x1, x2, x3)) =



p1 if (x1, x2, x3) = (1, 0, 0)

p2 if (x1, x2, x3) = (0, 1, 0)

p3 if (x1, x2, x3) = (0, 0, 1)

0 otherwise.

1. For j = 1, 2, . . . , n, let φj and φ be the characteristic functions of Yj and
n∑

j=1

Yj,

respectively.

For (t1, t2, t3) ∈ R3, we have

φ(t1, t2, t3) =
n∏

j=1

φj(t1, t2, t3)

=
n∏

j=1

E
(
ei(t1,t2,t3)·(Yj1,Yj2,Yj3)

)
=

n∏
j=1

(
ei(t1,t2,t3)·(1,0,0)P ((Yj1, Yj2, Yj3) = (1, 0, 0))

+ ei(t1,t2,t3)·(0,1,0)P ((Yj1, Yj2, Yj3) = (0, 1, 0))

+ ei(t1,t2,t3)·(0,0,1)P ((Yj1, Yj2, Yj3) = (0, 0, 1))
)

=
n∏

j=1

(
3∑

l=1

ple
itl

)
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=

(
3∑

l=1

ple
itl

)n

.

From (3.1), we see that
n∑

j=1

Yj has a trinomial distibution with parameters n and

(p1, p2, p3), i.e,
n∑

j=1

Yj
d
= (Xn1, Xn2, Xn3).

2. Let x ∈ {0, 1, 2 . . . , n}. Since

n∑
j=1

Yj
d
= (Xn1, Xn2, Xn3) ,

we have

P (Xn1 ≤ x) =
x∑

y=0

P (Xn1 = y)

=
x∑

y=0

n−y∑
z=0

P ((Xn1, Xn2, Xn3) = (y, z, n− y − z))

=
x∑

y=0

n−y∑
z=0

P

(
n∑

j=1

Yj = (y, z, n− y − z)

)

=
x∑

y=0

n−y∑
z=0

P

((
n∑

j=1

Yj1,

n∑
j=1

Yj2,

n∑
j=1

Yj3

)
= (y, z, n− y − z)

)

=
x∑

y=0

P

(
n∑

j=1

Yj1 = y

)

= P

(
n∑

j=1

Yj1 ≤ x

)
.

Then,

n∑
j=1

Yj1
d
= Xn1.

Similarly, we can show that
n∑

j=1

Yjl and Xnl have the same distribution for l = 2, 3.
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3. Let x1, x2, . . . , xn ∈ {0, 1, 2, . . . , n}. Then,

P (Y11 ≤ x1, . . . , Yn1 ≤ xn) =

x1∑
y1=0

· · ·
xn∑

yn=0

P (Y11 = y1, . . . , Yn1 = yn) (3.2)

Since Y1, Y2, . . . , Yn are independent, we can show that

P (Y11 = y1, Y21 = y2, . . . , Yn1 = yn)

=

n−y1∑
z1=0

· · ·
n−yn∑
zn=0

P (Y1 = (y1, z1, n− y1 − z1) , . . . , Yn = (yn, zn, n− yn − zn))

=

(
n−y1∑
z1=0

P (Y1 = (y1, z1, n− y1 − z1))

)
· · ·

(
n−yn∑
zn=0

P (Yn = (yn, zn, n− yn − zn))

)
= P (Y11 = y1)P (Y21 = y1) · · ·P (Yn1 = yn) .

From this fact and (3.2), we have

P (Y11 ≤ x1, . . . , Yn1 ≤ xn) =
n∏

j=1

P (Yj1 ≤ xj) .

Then, Y11, Y21, . . . , Yn1 are independent.

We see that

P (Yj1 = 1) = P ((Yj1, Yj2, Yj3) = (1, 0, 0)) = p1

and

P (Yj1 = 0) = P ((Yj1, Yj2, Yj3) = (0, 1, 0)) + P ((Yj1, Yj2, Yj3) = (0, 0, 1))

= p2 + p3

= 1− p1,

which implies that Yj1 is a Bernoulli independent random variable with parameter

p1, for all j = 1, 2, . . . , n.

Similarly, for each j = 1, 2, . . . , n, we can show that Yj2 and Yj3 are independent
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Bernoulli random variables with parameter p2 and p3, respectively.

Proposition 3.3. Let (Xn1, Xn2, Xn3) be a trinomial random vector with param-

eters n and (p1, p2, p3). Then

1. Var (Xnl) = npl(1− pl) for l = 1, 2, 3 and

2. the correlation between Xn1 and Xn2 is ρn = −
√

p1p2
(1− p1)(1− p2)

.

Proof. From Lemma 3.2, there exists a sequence of independent random vectors

{Yj = (Yj1, Yj2, Yj3)}j∈{1,2,...,n} in R3 such that
n∑

j=1

Yj
d
= (Xn1, Xn2, Xn3),

n∑
j=1

Yjl
d
=

Xnl and Y1l, Y2l, . . . , Ynl are independent Bernoulli random variables with parame-

ter pl, for l = 1, 2, 3.

1. Let l ∈ {1, 2, 3}.

We see that
n∑

j=1

Yjl is a binomial random variable with parameter (n, pl).

Since
n∑

j=1

Yjl
d
= Xnl, for all l = 1, 2, 3, we have

Var (Xnl) = Var
(

n∑
j=1

Yjl

)
= npl(1− pl).

2. Let j ∈ {1, 2, . . . , n}. Since P (Yj1 = 1, Yj2 = 1) = 0, we have

EYj1Yj2 =
∑

y1,y2∈{0,1}

y1y2P (Yj1 = y1, Yj2 = y2) = 0. (3.3)

Let j, l ∈ {1, 2, . . . , n} such that j ̸= l and x1, x2 ∈ {0, 1}.

Since Yj and Yl are independent,

P (Yj1 = x1, Yl2 = x2)

=

1−x1∑
y1=0

1−x2∑
y2=0

P (Yj = (x1, y1, 1− x1 − y1) , Yl = (y2, x2, 1− x2 − y2))

=

1−x1∑
y1=0

1−x2∑
y2=0

P (Yj = (x1, y1, 1− x1 − y1))P (Yl = (y2, x2, 1− x2 − y2))
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=

(
1−x1∑
y1=0

P (Yj = (x1, y1, 1− x1 − y1))

)(
1−x2∑
y2=0

P (Yl = (y2, x2, 1− x2 − y2))

)

= P (Yj1 = x1)P (Yl2 = x2)

which implies that Yj1 and Yl2 are independent.

Then,

EYj1Yl2 = EYj1EYl2 = p1p2.

From this fact and (3.3), we obtain

Cov (Xn1, Xn2) = Cov
(

n∑
j=1

Yj1,
n∑

l=1

Yl2

)

= E

(
n∑

j=1

Yj1 − np1

)(
n∑

l=1

Yl2 − np2

)

= E

((
n∑

j=1

Yj1

)(
n∑

l=1

Yl2

)
− np1

n∑
l=1

Yl2 − np2

n∑
j=1

Yj1 + n2p1p2

)

=
n∑

j=1

n∑
l=1

EYj1Yl2 − np1

n∑
l=1

EYl2 − np2

n∑
j=1

EYj1 + n2p1p2

=
n∑

j=1

EYj1Yj2 +
n∑

j=1

n∑
l=1
l ̸=j

EYj1Yl2 − n2p1p2 − n2p1p2 + n2p1p2

= n(n− 1)p1p2 − n2p1p2

= −np1p2.

Hence

ρn =
Cov (Xn1, Xn2)√

Var (Xn1)Var (Xn2)
= −

√
p1p2

(1− p1)(1− p2)
.

A random vector (Z1, Z2, . . . , Zk) in Rk is the multivariate normal random

vector in Rk with mean vector µ in Rk and covariance matrix Σ = [σij]k×k if its
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probability density function is defined by

f (x) =
1(√

2π
)k√det (Σ)

e
−

1

2 det (Σ)((x−µ)Σ−1(x−µ)T )
,

for all x = (x1, x2, . . . , xk) ∈ Rk. In case of µ = 0 and Σ = Ik, where 0 is the zero

vector and Ik is the identity matrix, we say that (Z1, Z2, . . . , Zk) is the multivariate

standard normal random vector. For a special case k = 2, (Z1, Z2) is said to be

a bivariate standard normal random vector and the probability density function f

of (Z1, Z2) is defined by f(x1, x2) =
1

2π
e−

x21+x22
2 , for (x1, x2) ∈ R2.

We know that the binomial distribution converges to the normal distribution.

We can find the rate of this convergence by the Berry-Esseen Theorem for the

binomial distribution which is stated in Theorem 3.1 (see Korolev and Shevtsova

([16], 2010), Shevtsova ([26], 2011), Shevtsova ([25], 2013), Schulz ([23], 2016),

and Zolotukhin, Nagaev and Chebotarev ([31], 2018) for more details). Moreover,

some authors improved the rate of this convergence from O

(
1√
n

)
to O

(
1

n

)
. For

examples, see Uspensky ([29], 1937), Neammanee ([18], 2005). and Ratibenyakool

and Neammanee ([21], 2017).

In order to prove the Berry-Esseen theorem for trinomial distribution in The-

orem 3.7, we need following theorems.

Theorem 3.4 ([19], 2018). Let W1,W2, . . . ,Wn be a sequence of independent ran-

dom vectors in Rk and (Z1, Z2, . . . , Zk) be the multivariate standard normal ran-

dom vector. Assume that EWj = 0 for all j = 1, 2, . . . , n and covariance matrix

of
n∑

j=1

Wj is Ik. If A is a convex set in Rk, then

P

(
n∑

j=1

Wj ∈ A

)
= P ((Z1, Z2, . . . , Zk) ∈ A) + ∆n,

where |∆n| ≤
(
42 4

√
k + 16

) n∑
j=1

E ||Wj||3 and || · || is the Euclidean norm.
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Theorem 3.5. Let (Xn1, Xn2, Xn3) be a trinomial random vector with parameters

n and (p1, p2, p3) and (Z1, Z2) be a bivariate standard normal random vector. For

a convex subset A in R3, we define

A∗ = {(x∗
1, x

∗
2) | (x1, x2, n− x1 − x2) ∈ A} , (3.4)

where

x∗
1 =

x1 − np1√
2np1(1− p1) (1 + ρn)

+
x2 − np2√

2np2(1− p2) (1 + ρn)
, (3.5)

x∗
2 =

x1 − np1√
2np1(1− p1) (1− ρn)

− x2 − np2√
2np2(1− p2) (1− ρn)

, (3.6)

ρn is the correlation between Xn1 and Xn2. Then,

P ((Xn1, Xn2, Xn3) ∈ A) = P ((Z1, Z2) ∈ A∗) + ∆n(p1, p2),

where

|∆n(p1, p2)| ≤
(
42 4

√
2 + 16

)√
(1 + ρn)

3

(
1√

np1(1− p1)
+

1√
np2(1− p2)

)
. (3.7)

Proof. Let Y1, Y2, . . . , Yn be defined in Lemma 3.2.

For each j = 1, 2, . . . , n, we define random variables Wj1 and Wj2 by

Wj1 =
Yj1 − p1√

2np1(1− p1) (1 + ρn)
+

Yj2 − p2

np2(1− p2)
√
2 (1 + ρn)

, (3.8)

Wj2 =
Yj1 − p1√

2np1(1− p1) (1− ρn)
− Yj2 − p2

np2(1− p2)
√
2 (1− ρn)

(3.9)

and define a random vector Wj by

Wj = (Wj1,Wj2) . (3.10)

We see that W1,W2, . . . ,Wn are independent and EWj1 = EWj2 = 0, for all
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j = 1, 2, . . . , n. Thus,

E
n∑

j=1

Wj =

(
E

n∑
j=1

Wj1, E
n∑

j=1

Wj2

)
=

(
n∑

j=1

EWj1,
n∑

j=1

EWj2

)
= (0, 0) . (3.11)

Let B = {(x1, x2) ∈ R2 | (x1, x2, n− x1 − x2) ∈ A} . Then,

A∗ = {(x∗
1, x

∗
2) | (x1, x2) ∈ B} .

We divide the proof into 3 steps as follows.

Step 1. We will show that

P ((Xn1, Xn2, Xn3) ∈ A) = P

(
n∑

j=1

Wj ∈ A∗

)
.

We note that P ((Xn1, Xn2, Xn3) ∈ A) = P ((Xn1, Xn2) ∈ B) and for (x1, x2) ∈ B,

(x∗
1, x

∗
2) which are defined by (3.5) and (3.6) is unique.

Hence, it is sufficient to prove that for all (x1, x2) ∈ B,

P ((Xn1, Xn2) = (x1, x2)) = P

(
n∑

j=1

Wj = (x∗
1, x

∗
2)

)
.

Let (x1, x2) ∈ B.

Since
n∑

j=1

Yj =

(
n∑

j=1

Yj1,
n∑

j=1

Yj2

n∑
j=1

Yj3

)
d
= (Xn1, Xn2, Xn3), we have

P ((Xn1, Xn2) = (x1, x2))

= P

(
n∑

j=1

Yj1 = x1,

n∑
j=1

Yj2 = x2

)

= P


n∑

j=1

Yj1 − np1√
np1(1− p1)

=
x1 − np1√
np1(1− p1)

,

n∑
j=1

Yj2 − np2√
np2(1− p2)

=
x2 − np2√
np2(1− p2)

 .

(3.12)
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We note that for random variables X and Y ,

X = x and Y = y if and only if X + Y = x+ y and X − Y = x− y.

Then,

P (X = x, Y = y) = P (X + Y = x+ y and X − Y = x− y) .

From this fact and (3.12), we have

P ((Xn1, Xn2) = (x1, x2))

= P

(√
2 (1 + ρn)

n∑
j=1

Wj1 =
x1 − np1√
np1(1− p1)

+
x2 − np2√
np2(1− p2)

,

√
2 (1− ρn)

n∑
j=1

Wj2 =
x1 − np1√
np1(1− p1)

− x2 − np2√
np2(1− p2)

)

= P

((
n∑

j=1

Wj1,
n∑

j=1

Wj2

)
= (x∗

1, x
∗
2)

)

= P

(
n∑

j=1

Wj = (x∗
1, x

∗
2)

)
.

Thus,

P ((Xn1, Xn2, Xn3) ∈ A) = P ((Xn1, Xn2) ∈ B) = P

(
n∑

j=1

Wj ∈ A∗

)
.

Step 2. we will show that A∗ is a convex set.

That is for all x∗ = (x∗
1, x

∗
2), y∗ = (y∗1, y

∗
2) ∈ A∗,

[x∗,y∗] = {tx∗ + (1− t)y∗ | 0 < t < 1} ⊆ A∗.

Let x∗ = (x∗
1, x

∗
2), y∗ = (y∗1, y

∗
2) ∈ A∗.
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Then there exist (x1, x2, n− x1 − x2) and (y1, y2, n− y1 − y2) in A such that

x∗
1 =

x1 − np1√
2np1(1− p1) (1 + ρn)

+
x2 − np2√

2np2(1− p2) (1 + ρn)
,

x∗
2 =

x1 − np1√
2np1(1− p1) (1− ρn)

− x2 − np2√
2np2(1− p2) (1− ρn)

,

y∗1 =
y1 − np1√

2np1(1− p1) (1 + ρn)
+

y2 − np2√
2np2(1− p2) (1 + ρn)

and y∗2 =
y1 − np1√

2np1(1− p1) (1− ρn)
− y2 − np2√

2np2(1− p2) (1− ρn)
.

Let 0 < t < 1. Then tx∗ + (1− t)y∗ = (ũ1, ũ2), where

ũ1 = t

(
x1 − np1√

2np1(1− p1) (1 + ρn)
+

x2 − np2√
2np2(1− p2) (1 + ρn)

)

+ (1− t)

(
y1 − np1√

2np1(1− p1) (1 + ρn)
+

y2 − np2√
2np2(1− p2) (1 + ρn)

)

=
tx1 + (1− t)y1 − np1√
2np1(1− p1) (1 + ρn)

+
tx2 + (1− t)y2 − np2√
2np2(1− p2) (1 + ρn)

and

ũ2 = t

(
x1 − np1√

2np1(1− p1) (1 + ρn)
− x2 − np2√

2np2(1− p2) (1 + ρn)

)

+ (1− t)

(
y1 − np1√

2np1(1− p1) (1 + ρn)
− y2 − np2√

2np2(1− p2) (1 + ρn)

)

=
tx1 + (1− t)y1 − np1√
2np1(1− p1) (1 + ρn)

− tx2 + (1− t)y2 − np2√
2np2(1− p2) (1 + ρn)

.

Let u1 = tx1 + (1− t)y1 and u2 = x2 + (1− t)y2. Then

n− u1 − u2 = t(n− x1 + x2) + (1− t)(n− y1 + y2).

Since A is a convex set, we have

(u1, u2, n− u1 − u2) ∈ A.
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Thus,

u∗
1 =

u1 − np1√
2np1(1− p1) (1 + ρn)

+
u2 − np2√

2np2(1− p2) (1 + ρn)
= ũ1

and u∗
2 =

u1 − np1√
2np1(1− p1) (1 + ρn)

− u2 − np2√
2np2(1− p2) (1 + ρn)

= ũ2.

Hence, tx∗ + (1− t)y∗ = (u∗
1, u

∗
2) ∈ A∗ which implies that A∗ is a convex set.

Step 3. We will show that

P

(
n∑

j=1

Wj ∈ A∗

)
= P ((Z1, Z2) ∈ A∗) + ∆n(p1, p2),

where ∆n(p1, p2) is defined in (3.7).

To apply Theorem 3.4 for
n∑

j=1

Wj, where Wj is defined in (3.10), we have to show

that the covariance matrix of
n∑

j=1

Wj is I2.

For each j = 1, 2, . . . , n, we have

EW 2
j1 =

1

2 (1 + ρn)
E

(
Yj1 − p1√
np1(1− p1)

+
Yj2 − p2√
np2(1− p2)

)2

=
1

2(1 + ρn)
E

(
(Yj1 − p1)

2

np1(1− p1)
+

2(Yj1 − p1)(Yj2 − p2)

n
√
p1p2(1− p1)(1− p2)

+
(Yj2 − p2)

2

np1(1− p1)

)

=
1

2(1 + ρn)

(
1

n
+

2ρn
n

+
1

n

)
=

1

n
.

Then,

Var
(

n∑
j=1

Wj1

)
=

n∑
j=1

Var(Wj1) =
n∑

j=1

EW 2
j1 = 1.

Similarly, we can show that Var
(

n∑
j=1

Wj2

)
= 1.

Let j, l ∈ {0, 1, 2, . . . , n}. If j = l, then
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E

(
Yj1 − p1√
np1(1− p1)

+
Yj2 − p2√
np2(1− p2)

)(
Yl1 − p1√
np1(1− p1)

− Yl2 − p2√
np2(1− p2)

)

= E

( Yj1 − p1√
np1(1− p1)

)2

−

(
Yj2 − p2√
np2(1− p2)

)2


=
1

n
− 1

n

= 0.

Suppose that j ̸= l. Then,

E

(
Yj1 − p1√
np1(1− p1)

+
Yj2 − p2√
np2(1− p2)

)(
Yl1 − p1√
np1(1− p1)

− Yl2 − p2√
np2(1− p2)

)

= E

(
Yj1 − p1√
np1(1− p1)

+
Yj2 − p2√
np2(1− p2)

)
E

(
Yl1 − p1√
np1(1− p1)

− Yl2 − p2√
np2(1− p2)

)
= 0.

Hence,

EWj1Wl2

=

E

(
Yj1 − p1√
np1(1− p1)

+
Yj2 − p2√
np2(1− p2)

)(
Yl1 − p1√
np1(1− p1)

− Yl2 − p2√
np2(1− p2)

)
2
√

1− ρ2n

= 0

for all j, l = 1, 2, . . . , n. This implies that

Cov
(

n∑
j=1

Wj1,
n∑

l=1

Wl2

)
= 0.

Then, the covariance matrix of
n∑

j=1

Wj is I2.
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From this fact, Step 2 and (3.11), we can apply Theorem 3.4 for
n∑

j=1

Wj. Then,

P

(
n∑

j=1

Wj ∈ A∗

)
= P ((Z1, Z2) ∈ A∗) + ∆n(p1, p2),

where |∆n(p1, p2)| ≤
(
42 4

√
2 + 16

) n∑
j=1

E ||(Wj1,Wj2)||3 .

To show (3.7), we have to show that

n∑
j=1

E ||(Wj1,Wj2)||3 ≤
1√

(1 + ρn)
3

(
1√

np1(1− p1)
+

1√
np2(1− p2)

)
.

For j = 1, 2, . . . , n, we observe that

E

∣∣∣∣∣ Yj1 − p1√
np1(1− p1)

∣∣∣∣∣
3

=
1√

n3p31(1− p31)

(
(1− p1)

3 p1 + p31(1− p1)
)

=
(1− p1)

2 + p21

n
√
np1(1− p1)

≤ 1

n
√

np1(1− p1)
.

Similarly, we can show that

E

∣∣∣∣∣ Yj2 − p2√
np2(1− p2)

∣∣∣∣∣
3

≤ 1

n
√

np2(1− p2)

for all j = 1, 2, . . . , n.

From this fact, (3.8), (3.9) and Proposition 3.3 (2), we obtain −1 < ρn < 0 and

E ||(Wj1,Wj2)||3

= E
(
W 2

j1 +W 2
j2

) 3
2

= E

[
1

2 (1 + ρn)

(
Yj1 − p1√
np1(1− p1)

+
Yj2 − p2√
np2(1− p2)

)2
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+
1

2 (1− ρn)

(
Yj1 − p1√
np1(1− p1)

− Yj2 − p2√
np2(1− p2)

)2 ] 3
2

≤ 1√
8 (1 + ρn)

3
E

[(
Yj1 − p1√
np1(1− p1)

+
Yj2 − p2√
np2(1− p2)

)2

+

(
Yj1 − p1√
np1(1− p1)

− Yj2 − p2√
np2(1− p2)

)2 ] 3
2

=
1√

8 (1 + ρn)
3
E

( Yj1 − p1√
np1(1− p1)

)2

+

(
Yj2 − p2√
np2(1− p2)

)2
 3

2

≤ 1√
8 (1 + ρn)

3
E

2max


(

Yj1 − p1√
np1(1− p1)

)2

,

(
Yj2 − p2√
np2(1− p2)

)2

 3

2

≤ 1√
(1 + ρn)

3
max

E

∣∣∣∣∣ Yj1 − p1√
np1(1− p1)

∣∣∣∣∣
3

, E

∣∣∣∣∣ Yj2 − p2√
np2(1− p2)

∣∣∣∣∣
3


≤ 1

n
√

(1 + ρn)
3

(
1√

np1(1− p1)
+

1√
np2(1− p2)

)

for all j = 1, 2, . . . , n.

Hence,

n∑
j=1

E ||(Wj1,Wj2)||3 ≤
n∑

j=1

1

n
√
(1 + ρn)

3

(
1√

np1(1− p1)
+

1√
np2(1− p2)

)

≤ 1√
(1 + ρn)

3

(
1√

np1(1− p1)
+

1√
np2(1− p2)

)
.

From Step 1 and Step 3, we have

P ((Xn1, Xn2, Xn3) ∈ A) = P ((Z1, Z2) ∈ A∗) + ∆n(p1, p2),

where ∆n(p1, p2) is defined in (3.7).
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Proposition 3.6. For 0 ≤ an ≤ n, let

An =
{
(x1, x2, x3) ∈ R3 | x1, x2 ≥ 0, x1 + x2 ≤ n and x1 − x2 ≥ an

}
(3.13)

and A∗ be defined in (3.4). Then,

P ((Z1, Z2) ∈ A∗
n) =

1

2π

∫ bn2(p2,an)

bn1(p2)

∫ en(p1,p2)−cn(p1,p2)u2

bn(p1,p2,an)+cn(p1,p2)u2

e−
u21+u22

2 du1du2,

where bn1(p2) =
−np2√

np2(1− p2)
, (3.14)

bn2(p2, an) =
n− an − 2np2

2
√

np2(1− p2)
, (3.15)

bn(p1, p2, an) =
an − np1 + np2√
np1(1− p1)(1− ρ2n)

, (3.16)

cn(p1, p2) =

√
np2(1− p2)− ρn

√
np1(1− p1)√

np1(1− p1)(1− ρ2n)
(3.17)

and en(p1, p2) =
n− np1 − np2√

np1(1− p1)(1− ρ2n)
. (3.18)

Proof. Let g : R2 → R2 be defined by

g(u1, u2) = (g1(u1, u2), g2(u1, u2)) ,

where

g1(u1, u2) =
u1 + u2√
2(1 + ρn)

and g2(u1, u2) =
u1 − u2√
2(1− ρn)

.

Then,

P ((Z1, Z2) ∈ A∗
n) =

∫ ∫
A∗

n

f(x∗
1, x

∗
2)dx

∗
1dx

∗
2 =

∫ ∫
g−1(A∗

n)

f(g (u1, u2)) |D| du1du2,

(3.19)

where f(x∗
1, x

∗
2) =

1

2π
e−

x∗21 +x∗22
2 is the probability density function of bivariate stan-
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dard normal random vector (Z1, Z2) and

D = det

∂g1(u1, u2)

∂u1

∂g1(u1, u2)

∂u2
∂g2(u1, u2)

∂u1

∂g2(u1, u2)

∂u2

 =

∣∣∣∣∣∣∣∣
1√

2(1 + ρn)

1√
2(1 + ρn)

1√
2(1− ρn)

− 1√
2(1− ρn)

∣∣∣∣∣∣∣∣ = − 1√
1− ρ2n

(see [22] pp.153-154 for more details).

From (3.19) and the fact that

(g1(u1, u2))
2 + (g2(u1, u2))

2 =

(
u1 + u2√
2(1 + ρn)

)2

+

(
u1 − u2√
2(1− ρn)

)2

=
u2
1 + 2u1u2 + u2

2

2(1 + ρn)
+

u2
1 − 2u1u2 + u2

2

2(1− ρn)

=
(u2

1 + 2u1u2 + u2
2) (1− ρn) + (u2

1 − 2u1u2 + u2
2) (1 + ρn)

2(1 + ρn)(1− ρn)

=
u2
1 − 2ρnu1u2 + u2

2

1− ρ2n

=
(u1 − ρnu2)

2 + (1− ρ2n)u
2
2

1− ρ2n
,

we have

P ((Z1, Z2) ∈ A∗
n) =

∫ ∫
g−1(A∗

n)

f(g (u1, u2)) |D| du1du2

=
1

2π
√
1− ρ2n

∫ ∫
g−1(A∗

n)

e−
(g1(u1,u2))

2+(g2(u1,u2))
2

2 du1du2

=
1

2π
√
1− ρ2n

∫ ∫
g−1(A∗

n)

e
−

(u1−ρnu2)
2+(1−ρ2n)u22

2(1−ρ2n) du1du2. (3.20)

We know that (x∗
1, x

∗
2) ∈ A∗

n if and only if there exists a unique

(x1, x2, n− x1 − x2) ∈ An such that

x∗
1 =

x1 − np1√
2np1(1− p1) (1 + ρn)

+
x2 − np2√

2np2(1− p2) (1 + ρn)

= g1

(
x1 − np1√
np1(1− p1)

,
x2 − np2√
np2(1− p2)

)
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and

x∗
2 =

x1 − np1√
2np1(1− p1) (1 + ρn)

− x2 − np2√
2np2(1− p2) (1 + ρn)

= g2

(
x1 − np1√
np1(1− p1)

,
x2 − np2√
np2(1− p2)

)
.

That is

g

(
x1 − np1√
np1(1− p1)

,
x2 − np2√
np2(1− p2)

)
= (x∗

1, x
∗
2) .

Then,

g−1 (A∗
n) =

{(
x1 − np1√
np1(1− p1)

,
x2 − np2√
np2(1− p2)

)
| (x1, x2, n− x1 − x2) ∈ An

}
.

We know that for (x1, x2, x3) ∈ An, x1, x2 ≥ 0, x1 + x2 ≤ n and x2 − x1 ≤ −an.

Then

0 ≤ x2 ≤
n− an

2
and x2 + an ≤ x1 ≤ n− x2.

We can show that if 0 ≤ x2 ≤
n− an

2
and x2 + an ≤ x1 ≤ n− x2, then x1, x2 ≥ 0,

x1 + x2 ≤ n and x2 − x1 ≤ −an.

Thus,

An =

{
(x1, x2, n− x1 − x2) ∈ R3 | 0 ≤ x2 ≤

n− an
2

, and an + x2 ≤ x1 ≤ n− x2

}
.

Note that for (u1, u2) =

(
x1 − np1√
np1(1− p1)

,
x2 − np2√
np2(1− p2)

)
∈ g−1 (A∗

n), we have

0 ≤ x2 ≤
n− an

2
and an + x2 ≤ x1 ≤ n− x2.
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These imply that

−np2√
np2(1− p2)

≤ u2 ≤
n− an − 2np2

2
√
np2(1− p2)

, i.e., bn1(p2) ≤ u2 ≤ bn2(p2, an)

and

an − np1 + np2 + u2

√
np2(1− p2)√

np1(1− p1)
≤ u1 ≤

n− np1 − np2 − u2

√
np2(1− p2)√

np1(1− p1)
.

From this fact and (3.20), we obtain

P ((Z1, Z2) ∈ A∗
n)

=
1

2π
√

1− ρ2n

∫ bn2

bn1

∫ n−np1−np2−u2
√

np2(1−p2)√
np1(1−p1)

an−np1+np2+u2
√

np2(1−p2)√
np1(1−p1)

e
−

(u1−ρnu2)
2+(1−ρ2n)u22

2(1−ρ2n) du1du2.

We can show that

∫ n−np1−np2−u2
√

np2(1−p2)√
np1(1−p1)

an−np1+np2+u2
√

np2(1−p2)√
np1(1−p1)

e
− (u1−ρnu2)

2

2(1−ρ2n) du1

=
√
1− ρ2n

∫ en(p1,p2)−cn(p1,p2)u2

bn(p1,p2,an)+cn(p1,p2)u2

e−
u2

2 du

(
u =

u1 − ρnu2√
1− ρ2n

)
,

where bn, cn and en are defined in (3.16)–(3.18), respectively. Then,

P ((Z1, Z2) ∈ A∗
n) =

1

2π

∫ bn2(p2,an)

bn1(p2)

∫ en(p1,p2)−cn(p1,p2)u2

bn(p1,p2,an)+cn(p1,p2)u2

e−
u21+u22

2 du1du2.

Theorem 3.7. Let An be defined in (3.13) and (Xn1, Xn2, Xn3) be a trinomial

random vector with parameters n and (p1, p2, p3). Then

P ((Xn1, Xn2, Xn3) ∈ An) =
1

2π

∫ bn2(p2,an)

bn1(p2)

∫ en(p1,p2)−cn(p1,p2)u2

bn(p1,p2,an)+cn(p1,p2)u2

e−
u21+u22

2 du1du2

+∆n(p1, p2),
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where bn1(p2), bn2(p2, an), bn(p1, p2, an), cn(p1, p2), en(p1, p2) and ∆n(p1, p2) are

defined in (3.14)–(3.18) and (3.7), respectively.

Proof. To prove this Theorem, it is sufficient to show that An is a convex set.

Let t ∈ (0, 1) and (x1, x2, x3) , (y1, y2, y3) ∈ An.

Then x1, x2, y1, y2 ≥ 0, x1 + x2 ≤ n, y1 + y2 ≤ n, x1 − x2 ≥ an and y1 − y2 ≥ an.

Let

(u1, u2, u3) = t (x1, x2, x3) + (1− t) (y1, y2, y3)

= (tx1 + (1− t)y1, tx2 + (1− t)y2, tx3 + (1− t)y3) .

We see that u1, u2 ≥ 0.

Since x1 + x2 ≤ n and y1 + y2 ≤ n, we have

u1 + u2 = t(x1 + x2) + (1− t)(y1 + y2) ≤ tn+ (1− t)n = n

and u1 − u2 = t(x1 − x2) + (1− t)(y1 − y2) ≥ tan + (1− t)an = an.

Then, (u1, u2, u3) ∈ An which implies that An is a convex set.

From this fact, Theorem 3.5 and Proposition 3.6, the proof is complete.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER IV

CONVERGENCE OF TRINOMIAL FORMULA

In this chapter, we will show that the trinomial formula converges to the Black–

Scholes formula, i.e., lim
n→∞

Tn = CBS. In addition, we give examples of option prices

from both trinomial formula and Black–Scholes formula.

4.1 Convergence of trinomial formula

In the showing that lim
n→∞

Bn = CBS, we write Bn in form (2.6) which have 2

terms of binomial probability. To prove lim
n→∞

Tn = CBS, we also need to write Tn

in form which have 2 terms of trinomial probability as the lemma 4.1.

Let pu and pd be defined in (2.12) and (2.13) with uT is defined in (2.14). Then,

pu =
(V +M2 −M)uT − (M − 1)

(uT − 1) (u2
T − 1)

=

((
e

σ2T
n − 1

)
M2 +M2 −M

)
uT − (M − 1)

u3
T − u2

T − uT + 1

=

(
M2e

σ2T
n −M

)
u−1
T − (M − 1)u−2

T

uT − 1− u−1
T + u−2

T

=

(
e

2rT
n e

σ2T
n − e

rT
n

)
e−λσ

√
T
n −

(
e

rT
n − 1

)
e−2λσ

√
T
n

e
λσ

√
nT

n − 1− e
−λσ

√
nT

n + e
−2λσ

√
nT

n

=
e

2rT+σ2T−λσ
√

nT
n − e

rT−λσ
√

nT
n − e

rT−2λσ
√

nT
n + e

−2λσ
√

nT
n

e
λσ

√
nT

n − 1− e
−λσ

√
nT

n + e
−2λσ

√
nT

n

(4.1)

and pd =
(V +M2 −M)u2

T − (M − 1)u3
T

(uT − 1) (u2
T − 1)

=
M2e

σ2T
n −M − (M − 1)uT

uT − 1− u−1
T + u−2

T
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=
e

2rT
n e

σ2T
n − e

rT
n −

(
e

rT
n − 1

)
eλσ

√
T
n

e
λσ

√
nT

n − 1− e
−λσ

√
nT

n + e
−2λσ

√
nT

n

=
e

2rT+σ2T
n − e

rT
n − e

rT+λσ
√
nT

n + e
λσ

√
nT

n

e
λσ

√
nT

n − 1− e
−λσ

√
nT

n + e
−2λσ

√
nT

n

. (4.2)

We defined qu, qd and qm by

qu = puuT e
− rT

n , (4.3)

qd = pdu
−1
T e−

rT
n (4.4)

and qm = pme
− rT

n , (4.5)

where pm = 1− pu − pd.

By (2.11), we have

SkpuuT + Skpdu
−1
T + Skpm = Ske

rT
n

which implies that

uTpue
− rT

n + pdu
−1
T e−

rT
n + pme

− rT
n = 1,

i.e., qu + qd + qm = 1.

From this fact and the fact that qu, qd, qm > 0, we obtain

0 < qu, qd, qm < 1.

Lemma 4.1. Let (Xn1, Xn2, Xn3) and (Yn1, Yn2, Yn3) be trinomial random vectors

with parameters n and (qu, qd, qm), and n and (pu, pd, pm), where pu, pd, qu, qd and

qm are defined in (4.1)–(4.5) and pm = 1 − pu − pd. Let Tn be defined in (2.10).

Then

Tn = S0P ((Xn1, Xn2, Xn3) ∈ An)−Ke−rTP ((Yn1, Yn2, Yn3) ∈ An) ,
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where An is defined in (3.13) with

an =

√
n log (K/S0)

λσ
√
T

. (4.6)

Proof. By (2.10), we note that

Tn = e−rT

n∑
j=0

n−j∑
l=0

(
n

j, l, n− j − l

)
pjup

l
dp

n−j−l
m max

{
S0u

j−l
T −K, 0

}
= e−rT

∑
(j,l,k)∈B

(
n

j, l, k

)
pjup

l
dp

k
m max

{
S0u

j−l
T −K, 0

}
,

where B = {(j, l, k) ∈ R3 | j, l, k ∈ N ∪ {0} and j + l + k = n} .

Since uT = eλσ
√

T
n , we observe that for (j, l, k) ∈ B,

S0u
j−l
T −K ≥ 0 if and only if j − l ≥ log (K/S0)

loguT

=

√
n log (K/S0)

λσ
√
T

= an.

Then

Tn = e−rT
∑

(j,l,k)∈C

(
n

j, l, k

)
pjup

l
dp

k
m

(
S0u

j−l
T −K

)
= S0

∑
(j,l,k)∈C

(
n

j, l, k

)
(puuT e

−T
n )j(pdu

−1
T e−

T
n )l(pme

−T
n )k

−Ke−rT
∑

(j,l,k)∈C

(
n

j, l, k

)
pjup

l
dp

k
m

= S0

∑
(j,l,k)∈C

(
n

j, l, k

)
qjuq

l
dq

k
m −Ke−rT

∑
(j,l,k)∈C

(
n

j, l, k

)
pjup

l
dp

k
m

= S0P ((Xn1, Xn2, Xn3) ∈ C)−Ke−rTP ((Yn1, Yn2, Yn3) ∈ C) , (4.7)

where

C = B ∩
{
(j, l, k) ∈ R3 | j − l ≥ an

}
=
{
(j, l, k) ∈ R3 | j, l, k ∈ N ∪ {0}, j + l + k = n and j − l ≥ an

}
.
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We know that for (x1, x2, x3) ∈ R3 such that x1 + x2 + x3 ̸= n,

P ((Xn1, Xn2, Xn3) = (x1, x2, x3)) = 0 = P ((Yn1, Yn2, Yn3) = (x1, x2, x3)) .

By (3.13), we have

An =
{
(x1, x2, x3) ∈ R3 | x1, x2 ≥ 0, x1 + x2 ≤ n and x1 − x2 ≥ an

}
with an is defined in (4.6).

We can see that

P ((Xn1, Xn2, Xn3) ∈ An) = P ((Xn1, Xn2, Xn3) ∈ C)

and P ((Yn1, Yn2, Yn3) ∈ An) = P ((Yn1, Yn2, Yn3) ∈ C) .

From these facts and (4.7), the proof of this lemma is complete.

Lemma 4.2. Let pu and pd be defined in (4.1) and (4.2). Then,

1. lim
n→∞

pu =
1

2λ2
,

2. lim
n→∞

pd =
1

2λ2
, and

3. lim
n→∞

√
n (pd − pu) = −(2r − σ2)

√
T

2λσ
.

Proof. 1. Let x =

√
T

n
. Then, by (4.1), we have

pu =
e2rx

2+σ2x2−λσx − erx
2−λσx − erx

2−2λσx + e−2λσx

eλσx − 1− e−λσx + e−2λσx
=

f(x)

g(x)
, (4.8)

where

f(x) = e2rx
2+σ2x2−λσx − erx

2−λσx − erx
2−2λσx + e−2λσx (4.9)

and g(x) = eλσx − 1− e−λσx + e−2λσx. (4.10)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

45

We see that

f
′
(x) =

(
4rx+ 2σ2x− λσ

)
e2rx

2+σ2x2−λσx − (2rx− λσ) erx
2−λσx

− (2rx− 2λσ) erx
2−2λσx − 2λσe−2λσx

and g(k)(x) = λkσkeλσx − (−1)kλkσke−λσx + (−2)kλkσke−2λσx. (4.11)

Note that lim
x→0

f(x)

g(x)
and lim

x→0

f
′
(x)

g′(x)
are in the form 0

0
.

By the L’hopital’s rule, we obtain

lim
n→∞

pu = lim
x→0

f(x)

g(x)
= lim

x→0

f
′′
(x)

g′′(x)
. (4.12)

Since

f
′′
(x) =

(
4rx+ 2σ2x− λσ

)2
e2rx

2+σ2x2−λσx +
(
4r + 2σ2

)
e2rx

2+σ2x2−λσx

− (2rx− λσ)2 erx
2−λσx − 2rerx

2−λσx − (2rx− 2λσ)2 erx
2−2λσx

− 2rerx
2−2λσx + 4λ2σ2e−2λσx

and (4.11), we have

lim
x→0

f
′′
(x)

g′′(x)
=

λ2σ2 + 4r + 2σ2 − λ2σ2 − 2r − 4λ2σ2 − 2r + 4λ2σ2

4λ2σ2
=

1

2λ2
.

From this fact and (4.12), we finish the proof.

2. By (4.2), we have

pd =
e

2rT+σ2T
n − e

rT
n − e

rT+λσ
√

nT
n + e

λσ
√

nT
n

e
λσ

√
nT

n − 1− e
−λσ

√
nT

n + e
−2λσ

√
nT

n

=
h(x)

g(x)
, (4.13)

where x =

√
T

n
,

h(x) = e(2r+σ2)x2 − erx
2 − erx

2+λσx + eλσx (4.14)
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and g(x) is defined in (4.10).

By the same argument of 1., we can use the L’hopital’s rule to show that

lim
n→∞

pd = lim
x→0

h
′′
(x)

g′′(x)
=

1

2λ2
.

3. From (4.8) and (4.13), we have√
n

T
(pd − pu) =

h(x)− f(x)

xg(x)
,

where f(x), g(x) and h(x) are defined in (4.9), (4.10) and (4.14) with x =

√
T

n
.

We can see that lim
x→0

h(x)− f(x)

xg(x)
, lim

x→0

(h(x)− f(x))
′

(xg(x))′
and lim

x→0

(h(x)− f(x))
′′

(xg(x))′′
are

in the form 0

0
. Hence,

lim
n→∞

√
n (pd − pu) = lim

x→0

h(x)− f(x)

xg(x)

= lim
x→0

h
′′′
(x)− f

′′′
(x)

xg′′′(x) + 3g′′(x)

= −(2r − σ2)
√
T

2λσ
.

Lemma 4.3. Let qu and qd be defined in (4.3) and (4.4). Then

1. lim
n→∞

qu =
1

2λ2
.

2. lim
n→∞

qd =
1

2λ2
.

3. lim
n→∞

√
n (qd − qu) = −(2r + σ2)

√
T

2λσ
.

Proof. 1. We see that

lim
n→∞

eλσ
√

T
n e−

rT
n = 1.
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From this fact, (4.3) and lemma 4.2 (1.), we have

lim
n→∞

qu = lim
n→∞

puuT e
− rT

n = lim
n→∞

pue
λσ
√

T
n e−

rT
n =

1

2λ2
.

2. Similar to 1., we can show that

lim
n→∞

qd = lim
n→∞

pde
−λσ

√
T
n e−

rT
n =

1

2λ2
.

3. By (2.14), (4.3) and (4.4), we obtain

√
n (qd − qu) = e−

rT
n
√
n
(
pdu

−1
T − puuT

)
= u−1

T e−
rT
n
√
n (pd − pu) + pue

− rT
n
√
n
(
u−1
T − uT

)
= e−λσ

√
T
n e−

rT
n
√
n (pd − pu) + pue

− rT
n

−λσ
√

T
n
√
n
(
1− e2λσ

√
T
n

)
.

Note that lim
n→∞

√
n
(
1− e2λσ

√
T
n

)
= lim

n→∞

1− e2λσ
√

T
n

n− 1
2

is in the form 0

0
.

We use the L’hopital’s rule to show that

lim
n→∞

√
n
(
1− e2λσ

√
T
n

)
= lim

n→∞

λ2σ
√
Tn− 3

2 e2λσ
√

T
n

−1
2
n− 3

2

= −2λ2σ
√
T .

From this fact and lemma 4.2 (1.) and (3.), we have

lim
n→∞

pue
− rT

n
−λσ

√
T
n
√
n
(
1− e2λσ

√
T
n

)
=
(

lim
n→∞

pu

)(
lim
n→∞

√
n
(
1− e2λσ

√
T
n

))
=

(
1

2λ2

)(
−2λ2σ

√
T
)

= −σ
√
T

λ

and

lim
n→∞

e−λσ
√

T
n e−

rT
n
√
n (pd − pu) = lim

n→∞

√
n (pd − pu) = −(2r − σ2)

√
T

2λσ
.
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Hence,

lim
n→∞

√
n (qd − qu) = lim

n→∞
e−λσ

√
T
n e−

rT
n
√
n (pd − pu)

+ lim
n→∞

pue
− rT

n
√
n
(
e−λσ

√
T
n − eλσ

√
T
n

)
= −(2r + σ2)

√
T

2λσ
.

Lemma 4.4. Let (Yn1, Yn2, Yn3) be trinomial random vector with parameters n and

(pu, pd, 1 − pu − pd), where pu and qd are defined in (4.1) and (4.2). Let An be

defined in (3.13) with an is defined in (4.6). If K ≥ S0, then

lim
n→∞

P ((Yn1, Yn2, Yn3) ∈ An) = Φ (d2) ,

where

d2 =
log(S0/K) + (r − σ2

2
)T

σ
√
T

. (4.15)

Proof. Since K ≥ S0, we have an ≥ 0. From Theorem 3.7, we have

P ((Yn1, Yn2, Yn3) ∈ An) =
1

2π

∫ bn2(pd,an)

bn1(pd)

∫ en(pu,pd)−cn(pu,pd)x2

bn(pu,pd,an)+cn(pu,pd)x2

e−
x21+x22

2 dx1dx2

+∆n(pu, pd), (4.16)

where

|∆n(pu, pd)| ≤
(
42 4

√
2 + 16

)√
(1 + ρn)

3

(
1√

npu(1− pu)
+

1√
npd(1− pd)

)
,

bn1(pd), bn2(pd, an), bn(pu, pd, an), cn(pu, pd) and en(pu, pd) be defined in (3.14)–

(3.18) with ρn is the correlation between Yn1 and Yn2.

By Proposition 3.3 (2.), we have

ρn = −
√

pupd
(1− pu)(1− pd)

. (4.17)
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From Lemma 4.2, we see that

lim
n→∞

(
42 4

√
2 + 16

)√
(1 + ρn)

3

(
1√

npu(1− pu)
+

1√
npd(1− pd)

)
= 0

which implies that

lim
n→∞

∆n(pu, pd) = 0.

Next, we will show that

1

2π

∫ bn2(pd,an)

bn1(pd)

∫ en(pu,pd)−cn(pu,pd)x2

bn(pu,pd,an)+cn(pu,pd)x2

e−
x21+x22

2 dx1dx2 = Φ(d2) .

For convenience, we write bn1, bn2, bn, cn and en instead of bn1(pd), bn2(pd, an),

bn(pu, pd, an), cn(pu, pd) and en(pu, pd), respectively.

By lemma 4.2, we have

lim
n→∞

bn1 = lim
n→∞

−npd√
npd(1− pd)

= −∞, (4.18)

lim
n→∞

bn2 = lim
n→∞

n− an − 2npd

2
√
npd(1− pd)

= lim
n→∞

(1− 2pd)
√
n

2
√
pd(1− pd)

− lim
n→∞

an

2
√
npd(1− pd)

= lim
n→∞

(1− 2pd)
√
n

2
√
pd(1− pd)

− lim
n→∞

log (K/S0)

2λσ
√
Tpd(1− pd)

= ∞ (4.19)

and lim
n→∞

ρn = − lim
n→∞

√
pupd

(1− pu)(1− pd)
=

1

1− 2λ2
.

From this fact and lemma 4.2, we obtain

lim
n→∞

cn = lim
n→∞

√
npd(1− pd)− ρn

√
npu(1− pu)√

npu(1− pu)(1− ρ2n)

=

(
−2λ2

1− 2λ2

)(
2λ2 − 1√

(1− 2λ2)2 − 1

)
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=
λ√

λ2 − 1
, (4.20)

lim
n→∞

en = lim
n→∞

n (1− pu − pd)√
npu(1− pu)(1− ρ2n)

= ∞ (4.21)

and lim
n→∞

bn = lim
n→∞

1√
pu(1− pu)(1− ρ2n)

(
an√
n
+
√
n (pd − pu)

)
=

λ
√
2λ2 − 1√
λ2 − 1

(
log (K/S0)

λσ
√
T

− (2r − σ2)
√
T

2λσ

)

= −d2
√
2λ2 − 1√
λ2 − 1

. (4.22)

Note that

∫ en−cnx2

bn+cnx2

e−
x21
2 dx1 = −

∫ −en+cnx2

−bn−cnx2

e−
x21
2 dx1

= −
(∫ −en+cnx2

−∞
e−

x21
2 dx1 −

∫ −bn−cnx2

−∞
e−

x21
2 dx1

)
=

∫ −bn−cnx2

−∞
e−

x21
2 dx1 −

∫ −en+cnx2

−∞
e−

x21
2 dx1.

Then,

∫ bn2

bn1

∫ en−cnx2

bn+cnx2

e−
x21+x22

2 dx1dx2 = R1 −R2, (4.23)

where R1 =

∫ bn2

bn1

∫ −bn−cnx2

−∞
e−

x21+x22
2 dx1dx2

and R2 =

∫ bn2

bn1

∫ −en+cnx2

−∞
e−

x21+x22
2 dx1dx2.

We observe that

0 ≤ R2 =

∫ bn2

bn1

∫ −en

−∞
e−

(x+cnx2)
2+x22

2 dxdx2 (x = x1 − cnx2)

=

∫ −en

−∞

∫ bn2

bn1

e−
x2+2cnx2x+c2nx22+x22

2 dx2dx
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=

∫ −en

−∞

∫ bn2

bn1

e−

x2

c2n+1
+

x2

√
c2n+1+ cnx√

c2n+1


2

2 dx2dx

=

∫ −en

−∞
e
− x2

2(c2n+1)

∫ bn2

bn1

e−

x2

√
c2n+1+ cnx√

c2n+1


2

2 dx2dx

≤
∫ −en

−∞
e
− x2

2(c2n+1)

∫ ∞

−∞
e−

x2

√
c2n+1+ cnx√

c2n+1


2

2 dx2dx

=

∫ −en

−∞
e
− x2

2(c2n+1)
1√

c2n + 1

∫ ∞

−∞
e−

u2

2 dudx

(
u = x2

√
c2n + 1 +

cnx√
c2n + 1

)

=

√
2π√

c2n + 1

∫ −en

−∞
e
− x2

2(c2n+1)dx

=
√
2π

∫ −en√
c2n+1

−∞
e−

v2

2 dv

(
v =

x√
c2n + 1

)

= 2πΦ

(
−en√
c2n + 1

)
. (4.24)

By (4.20) and (4.21), we have lim
n→∞

en√
c2n + 1

= ∞ which implies that

lim
n→∞

Φ

(
−en√
c2n + 1

)
= 0

and lim
n→∞

R2 = 0. (4.25)

We can follow the arguments of (4.24) to show that

R1 ≤ 2πΦ

(
−bn√
c2n + 1

)
. (4.26)

Note that

R1

=

∫ bn2

bn1

∫ −bn

−∞
e−

(x−cnx2)
2+x22

2 dxdx2 (x = x1 + cnx2)
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=

∫ −bn

−∞

∫ bn2

bn1

e−
x2−2cnx2x+c2nx22+x22

2 dx2dx

=

∫ −bn

−∞

∫ bn2

bn1

e−

x2

c2n+1
+

x2

√
c2n+1− cnx√

c2n+1


2

2 dx2dx

=

∫ −bn

−∞
e
− x2

2(c2n+1)

∫ bn2

bn1

e−

x2

√
c2n+1− cnx√

c2n+1


2

2 dx2dx

=
1√

c2n + 1

∫ −bn

−∞
e
− x2

2(c2n+1)

∫ βn(x)

γn(x)

e−
u2

2 dudx

(
u = x2

√
c2n + 1− cnx√

c2n + 1

)

≥ 1√
c2n + 1

∫ −bn

bn1(c2n+1)
2cn

e
− x2

2(c2n+1)

∫ βn(x)

γn(x)

e−
u2

2 dudx, (4.27)

where

γn(x) = bn1
√

c2n + 1− cnx√
c2n + 1

,

and βn(x) = bn2
√

c2n + 1− cnx√
c2n + 1

.

Since ρn = −
√

pupd
(1− pu)(1− pd)

< 0, we have

cn =

√
np2(1− p2)− ρn

√
np1(1− p1)√

np1(1− p1)(1− ρ2n)
> 0

which implies that

bn1 (c
2
n + 1)

2
≤ cnx ≤ −cnbn, for bn1 (c

2
n + 1)

2cn
≤ x ≤ −bn.

Then,

γn(x) = bn1
√

c2n + 1− cnx√
c2n + 1

≤ bn1
√

c2n + 1− bn1 (c
2
n + 1)

2
√

c2n + 1
=

bn1
√
c2n + 1

2
=: γn

(4.28)
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and

βn(x) = bn2
√

c2n + 1− cnx√
c2n + 1

≥ bn2
√

c2n + 1 +
cnbn√
c2n + 1

=: βn. (4.29)

Hence, [γn, βn] ⊆ [γn(x), βn(x)] and

∫ βn(x)

γn(x)

e−
u2

2 du ≥
∫ βn

γn

e−
u2

2 du.

From this fact and (4.27), we have

R1 ≥
1√

c2n + 1

∫ −bn

bn1(c2n+1)
2cn

e
− x2

2(c2n+1)

∫ βn

γn

e−
u2

2 dudx

=

(
1√

c2n + 1

∫ −bn

bn1(c2n+1)
2cn

e
− x2

2(c2n+1)dx

)(∫ βn

γn

e−
u2

2 du

)

=

(∫ −bn√
c2n+1

bn1

√
c2n+1

2cn

e−
v2

2 dv

)(∫ βn

γn

e−
u2

2 du

) (
v =

x√
c2n + 1

)

= 2π

(
Φ

(
−bn√
c2n + 1

)
− Φ

(
bn1
√
c2n + 1

2cn

))
(Φ (βn)− Φ (γn)) . (4.30)

By (4.18), (4.19), (4.20) and (4.22), we obtain

lim
n→∞

γn = lim
n→∞

bn1
√

c2n + 1

2
= −∞,

lim
n→∞

βn = lim
n→∞

bn2
√
c2n + 1 +

cnbn√
c2n + 1

= ∞,

lim
n→∞

bn1
√
c2n + 1

2cn
= −∞

and lim
n→∞

−bn√
c2n + 1

= d2

which imply that

lim
n→∞

Φ

(
−bn√
c2n + 1

)
= Φ(d2)
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and

lim
n→∞

(
Φ

(
−bn√
c2n + 1

)
− Φ

(
bn1
√
c2n + 1

2cn

))
(Φ (βn)− Φ (γn)) = Φ (d2) .

From these facts, (4.26) and (4.30), we have

lim
n→∞

R1 = 2πΦ (d2) . (4.31)

Hence, by (4.23), (4.25) and (4.31),

lim
n→∞

1

2π

∫ bn2

bn1

∫ en−cnu2

bn+cnu2

e−
u21+u22

2 du1du2 = lim
n→∞

R1 − lim
n→∞

R2 = Φ(d2) .

Lemma 4.5. Let (Xn1, Xn2, Xn3) be trinomial random vector with parameters n

and (qu, qd, qm), where qu, qd and qm are defined in (4.3), (4.4) and (4.5).

Let An be defined in (3.13) with an is defined in (4.6). If K ≥ S0, then

lim
n→∞

P ((Xn1, Xn2, Xn3) ∈ An) = Φ (d1) ,

where

d1 =
log(S0/K) + (r + σ2

2
)T

σ
√
T

. (4.32)

Proof. We can follow the arguments of the proof in lemma 4.4 and replace pu and

pd by qu and qd to show that the conclusion of this lemma holds.

Using lemma 4.1 and lemma 4.4-4.5, we have the following Theorem.

Theorem 4.6. Let Tn be defined in (2.10). If K ≥ S0, then

lim
n→∞

Tn = CBS,

where CBS is defined in (2.2).
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4.2 Numerical examples

In the following examples, we compare the option prices from trinomial and

Black–Scholes formulas for different values of n.

Example 4.7. The option prices obtained from the trinomial formula with pa-

rameters S0 = $100, K = $110, r = 5%, σ = 30%, T = 1 year and λ = 1.3 are

plotted in Figure 4.1 for n = 5, 10, 15, . . . , 170. The black solid line indicates the

corresponding Black–Scholes option price. Table 4.1 shows some explicit trinomial

option prices along with the Black–Scholes option price.

n 20 40 60 80 100 120 140
Tn 10.0236 10.0633 10.0233 10.0293 10.0372 10.032 10.0215
CBS 10.0201

Table 4.1: Option price using trinomial formula and Black–Scholes formula with
S = $100, K = $110, r = 5%, σ = 30%, T = 1 year and λ = 1.3

Figure 4.1: Option prices using trinomial formula and Black–Scholes formula with
S = $100, K = $110, r = 5%, σ = 30%, T = 1 year and λ = 1.3

Example 4.8. Similarly, the results of an example with parameters S0 = $110,

K = $120, r = 4%, σ = 40%, T = 1 year and λ = 1.5 are shown in Figure 4.2 and

Table 4.2.
n 20 40 60 80 100 120 140
Tn 15.4346 15.3067 15.3256 15.3517 15.3553 15.3504 15.3422
CBS 15.3310

Table 4.2: Option prices using trinomial formula and Black–Scholes formula with
S = $110, K = $120, r = 4%, σ = 40%, T = 1 year and λ = 1.5
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Figure 4.2: Option prices using trinomial formula and Black–Scholes formula with
S = $110, K = $120, r = 4%, σ = 40%, T = 1 year and λ = 1.5

Based on Figure 4.1 and Figure 4.2, we can see that option prices from trinomial

formula converges to the option price from the Black Scholes formula when n

increases which is in accordance with theorem 4.6.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER V

RATE OF CONVERGENCE OF TRINOMIAL

FORMULA

In chapter 4, we know that the trinomial formula converges to the Black–Scholes

formula, i.e., lim
n→∞

Tn = CBS. In this chapter, we will show that the rate of this

convergence is 1√
n

, i.e., Tn = CBS +O

(
1√
n

)
.

Before we prove the main result in Theorem 5.6, we need the following 4 lem-

mas.

Lemma 5.1. Let pu and pd be defined in (4.1) and (4.2). Then, for a large n,

1. pu =
1

2λ2
+

2r
√
T − σ2

√
T

4λσ
√
n

+O

(
1

n

)
.

2. pd =
1

2λ2
− 2r

√
T − σ2

√
T

4λσ
√
n

+O

(
1

n

)
.

Proof. 1. For a, b ∈ R, we have

e
a
n
+ b√

n =
∞∑
k=0

1

k!

(
a

n
+

b√
n

)k

= 1 +
b√
n
+

2a+ b2

2n
+

6ab+ b3

6n
√
n

+ rn,

where

rn =
a2

2n2
+

1

6

(
a3

n3
+

3a2b

n2
√
n
+

3ab2

n2

)
+

∞∑
k=4

1

k!

(
a

n
+

b√
n

)k

.

It is easy to show that, for large n, we have∣∣∣∣∣
∞∑
k=4

1

k!

(
a

n
+

b√
n

)k
∣∣∣∣∣ ≤ 1

24

(
a

n
+

b√
n

)4 ∞∑
k=0

(
|a|
n

+
|b|√
n

)k

= O

(
1

n2

)
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which implies that

|rn| ≤
a2

2n2
+

1

6

(
a3

n3
+

3a2b

n2
√
n
+

3ab2

n2

)
+O

(
1

n2

)
= O

(
1

n2

)
.

Hence,

e
a
n
+ b√

n = 1 +
b√
n
+

2a+ b2

2n
+

6ab+ b3

6n
√
n

+O

(
1

n2

)
. (5.1)

We can apply this fact to show that

e
(2r+σ2)T

n
+λσ

√
T√

n = 1 +
λσ

√
T√

n
+

(4r + 2σ2 + λ2σ2)T

2n

+
(12r + 6σ2 + λ2σ2)λσT

√
T

6n
√
n

+O

(
1

n2

)
,

e
rT
n

+λσ
√
T√

n = 1 +
λσ

√
T√

n
+

(2r + λ2σ2)T

2n
+

(6r + λ2σ2)λσT
√
T

6n
√
n

+O

(
1

n2

)
,

e
rT
n = 1 +

rT

n
+O

(
1

n2

)
and e

kλσ
√
T√

n = 1 +
kλσ

√
T√

n
+

k2λ2σ2T

2n
+

k3λ3σ3T
√
T

6n
√
n

+O

(
1

n2

)

for all k ∈ R.

From these facts and (4.1), we obtain

e
3λσ

√
T√

n − e
2λσ

√
T√

n − e
λσ

√
T√

n + 1 =
2λ2σ2T

n
+

3λ3σ3T
√
T

n
√
n

+O

(
1

n2

)

and

pu =
e

2rT+σ2T−λσ
√
nT

n − e
rT−λσ

√
nT

n − e
rT−2λσ

√
nT

n + e
−2λσ

√
nT

n

e
λσ

√
nT

n − 1− e
−λσ

√
nT

n + e
−2λσ

√
nT

n

=
e

(2r+σ2)T
n

+λσ
√

T√
n − e

rT
n

+λσ
√

T√
n − e

rT
n + 1

e
3λσ

√
T√

n − e
2λσ

√
T√

n − e
λσ

√
T√

n + 1
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=

σ2T +
λσrT

√
T + λσ3T

√
T√

n
+O

(
1

n2

)
2λ2σ2T +

3λ3σ3T
√
T√

n
+O

(
1

n

)

=
1

2λ2
+

2r
√
T − σ2

√
T

4λσ
√
n

+

O

(
1

n

)
2λ2σ2T +

3λ3σ3T
√
T√

n
+O

(
1

n

)
=

1

2λ2
+

2r
√
T − σ2

√
T

4λσ
√
n

+O

(
1

n

)
.

2. Similarly to 1., we have

pd =
e

2rT+σ2T
n − e

rT
n − e

rT+λσ
√

nT
n + e

λσ
√

nT
n

e
λσ

√
nT

n − 1− e
−λσ

√
nT

n + e
−2λσ

√
nT

n

=
e

(2r+σ2)T
n

+ 2λσ
√
T√

n − e
rT
n

+ 2λσ
√
T√

n − e
rT
n

+ 3λσ
√
T√

n + e
3λσ

√
T√

n

e
3λσ

√
T√

n − e
2λσ

√
T√

n − e
λσ

√
T√

n + 1

=

σ2T +
2λσ3T

√
T − λσrT

√
T√

n
+O

(
1

n2

)
2λ2σ2T +

3λ3σ3T
√
T√

n
+O

(
1

n

)

=
1

2λ2
− 2r

√
T − σ2

√
T

4λσ
√
n

+

O

(
1

n

)
2λ2σ2T +

3λ3σ3T
√
T√

n
+O

(
1

n

)
=

1

2λ2
− 2r

√
T − σ2

√
T

4λσ
√
n

+O

(
1

n

)
.

Remark 5.2. We see that for large n, pu and pd are between 0 and 1

2
which imply

that pm = 1− pu − pd ∈ (0, 1).

Lemma 5.3. Let qu and qd be defined in (4.3) and (4.4) with uT , pu and pd defined

in (2.12), (2.13) and (2.14). Then, for a large n,

1. qu =
1

2λ2
+

2r
√
T + σ2

√
T

4λσ
√
n

+O

(
1

n

)
;
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2. qd =
1

2λ2
− 2r

√
T + σ2

√
T

4λσ
√
n

+O

(
1

n

)
.

Proof. 1. We apply (5.1) to show that

e
λσ

√
T√

n
− rT

n = 1 +
λσ

√
T√

n
+O

(
1

n

)
.

From this fact, (4.3) and lemma 5.1 (1.), we obtain

qu = puuT e
− rT

n

= e
λσ

√
T√

n
− rT

n

(
1

2λ2
+

2r
√
T − σ2

√
T

4λσ
√
n

+O

(
1

n

))

=
1

2λ2
+

2r
√
T + σ2

√
T

4λσ
√
n

+O

(
1

n

)
.

2. Similarly to 1., we have

qd = pdu
−1
T e−

rT
n

= e
−λσ

√
T√

n
− rT

n pd

=

(
1− λσ

√
T√

n
+O

(
1

n

))(
1

2λ2
− 2r

√
T − σ2

√
T

4λσ
√
n

+O

(
1

n

))

=
1

2λ2
− 2r

√
T + σ2

√
T

4λσ
√
n

+O

(
1

n

)
.

Lemma 5.4. Let (Yn1, Yn2, Yn3) be trinomial random vector with parameters n and

(pu, pd, 1 − pu − pd), where pu and pd are defined in (4.1) and (4.2). Let An be

defined in (3.13) with an is defined in (4.6). If K ≥ S0, then for large n,

P ((Yn1, Yn2, Yn3) ∈ An) = Φ(d2) +O

(
1√
n

)
,

where d2 is defined in (4.15).
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Proof. From (4.16), we have

P ((Yn1, Yn2, Yn3) ∈ An) =
1

2π

∫ bn2(pd,an)

bn1(pd)

∫ en(pu,pd)−cn(pu,pd)x2

bn(pu,pd,an)+cn(pu,pd)x2

e−
x21+x22

2 dx1dx2

+∆n(pu, pd),

where

|∆n(pu, pd)| ≤
(
42 4

√
2 + 16

)√
(1 + ρn)

3

(
1√

npu(1− pu)
+

1√
npd(1− pd)

)
,

bn1(pd), bn2(pd, an), bn(pu, pd, an), cn(pu, pd), en(pu, pd) and ρn be defined in (3.14)–

(3.18) and (4.17).

Note that lim
n→∞

pu, lim
n→∞

pd and lim
n→∞

ρn exist, then

(
42 4

√
2 + 16

)√
(1 + ρn)

3

(
1√

npu(1− pu)
+

1√
npd(1− pd)

)
= O

(
1√
n

)

which implies that

∆n(pu, pd) = O

(
1√
n

)
.

Next, we will show that

1

2π

∫ bn2(pd,an)

bn1(pd)

∫ en(pu,pd)−cn(pu,pd)x2

bn(pu,pd,an)+cn(pu,pd)x2

e−
x21+x22

2 dx1dx2 = Φ(d2) +O

(
1√
n

)
.

For convenience, we write bn1, bn2, bn, cn and en instead of bn1(pd), bn2(pd, an),

bn(pu, pd, an), cn(pu, pd) and en(pu, pd), respectively.

By (4.23) and (4.24), we have

∫ bn2

bn1

∫ en−cnx2

bn+cnx2

e−
x21+x22

2 dx1dx2 = R1 −R2, (5.2)
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where

R1 =

∫ bn2

bn1

∫ −bn−cnx2

−∞
e−

x21+x22
2 dx1dx2

and

0 ≤ R2 =

∫ bn2

bn1

∫ −en+cnx2

−∞
e−

x21+x22
2 dx1dx2 ≤ 2πΦ

(
−en√
c2n + 1

)
. (5.3)

Since lim
n→∞

pu, lim
n→∞

pd and lim
n→∞

ρn exist and lim
n→∞

pu + lim
n→∞

pd < 1, we have

en =
√
n

(
1− pu − pd√

pu(1− pu)(1− ρ2n)

)
≥ C1

√
n, (5.4)

for some positive constant C1. We know that for t ∈ (−∞, 0),

Φ(t) ≤ − 1

t
√
2π

e−
t2

2 ≤ −1

t

([27], p.26) which implies that

Φ(−C
√
n) = O

(
1√
n

)
, (5.5)

for all positive constant C. By (5.4) and lim
n→∞

cn exists, we have

−en√
c2n + 1

≤ −C2

√
n,

for some positive constant C2. From this fact, (5.3) and (5.5), we obtain

0 ≤ R2 ≤ 2πΦ

(
−en√
c2n + 1

)
≤ 2πΦ

(
−C2

√
n
)
= O

(
1√
n

)
,

i.e.,

R2 = O

(
1√
n

)
. (5.6)
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By Lemma 5.1, we have

pu =
1

2λ2
+O

(
1√
n

)
and pd =

1

2λ2
+O

(
1√
n

)

which implies that

pu(1− pu) + 2pupd + pd(1− pd) = pu + pd − (pu − pd)
2 =

1

λ2
+O

(
1√
n

)
. (5.7)

We know that for γ, y ∈ R,

(1 + y)γ =
∞∑
k=0

(
γ

k

)
yk, (5.8)

where
(
γ

k

)
=


γ(γ−1)···(γ−k+1)

k!
if k ∈ N

1 if k = 0

(see [3], p. 356 for more details). Hence, for k ∈ N,∣∣∣∣( −1
2

k + 1

)∣∣∣∣ = ∣∣∣∣−1
2
(−1

2
− 1) · · · (−1

2
− k + 1)(−1

2
− k)

(k + 1)!

∣∣∣∣ = ∣∣∣∣(−1
2

k

)∣∣∣∣ 1
2
+ k

k + 1
≤
∣∣∣∣(−1

2

k

)∣∣∣∣ .
Then,

∣∣∣∣(−1
2

k

)∣∣∣∣ ≤ ∣∣∣∣(−1
2

1

)∣∣∣∣ = 1

2
for k ≥ 1.

From this fact, (5.7) and (5.8), we have

(
pu + pd − (pu − pd)

2 )− 1
2 = λ

(
1 +O

(
1√
n

))− 1
2

= λ

(
∞∑
k=0

(
−1

2

k

)(
O

(
1√
n

))k
)

= λ

(
1 +O

(
1√
n

) ∞∑
k=0

(
−1

2

k

)(
O

(
1√
n

))k
)

= λ+O

(
1√
n

)
. (5.9)
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Hence, by (5.9) and lemma 5.1,

− bn√
c2n + 1

=
1√

pu + pd − (pu − pd)
2

(
− an√

n
+
√
n (pu − pd)

)

=

(
λ+O

(
1√
n

))(
log (S0/K)

λσ
√
T

+
2r
√
T − σ2

√
T

2λσ
+O

(
1√
n

))

= d2 +O

(
1√
n

)
.

From this fact, we have∣∣∣∣∣
∫ − bn√

c2n+1

d2

e−
u2

2 du

∣∣∣∣∣ ≤
∣∣∣∣∣ bn√

c2n + 1
+ d2

∣∣∣∣∣ = O

(
1√
n

)

which implies that

Φ

(
−bn√
c2n + 1

)
=

1√
2π

∫ −bn√
c2n+1

−∞
e−

u2

2 du

=
1√
2π

∫ d2

−∞
e−

u2

2 du+
1√
2π

∫ − bn√
c2n+1

d2

e−
u2

2 du

= Φ(d2) +O

(
1√
n

)
. (5.10)

By (4.26), (4.30) and (5.10), we have

R1 ≤ 2πΦ

(
−bn√
c2n + 1

)
= 2πΦ(d2) +O

(
1√
n

)
(5.11)

and

R1 ≥ 2π

(
Φ

(
−bn√
c2n + 1

)
− Φ

(
bn1
√

c2n + 1

2cn

))
(Φ (βn)− Φ (γn))

= 2π

(
Φ(d2) +O

(
1√
n

)
− Φ

(
bn1
√
c2n + 1

2cn

))
(1− Φ (−βn)− Φ (γn)) ,

(5.12)

where γn and βn are defined in (4.28) and (4.29).
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Since lim
n→∞

pd exists, we have

bn1 = − npd√
npd(1− pd)

≤ −C3

√
n,

for some positive constant C3.

From this fact and the fact that lim
n→∞

cn exists, we obtain

bn1
√

c2n + 1

2cn
≤ −C4

√
n. (5.13)

and γn =
bn1
√
c22 + 1

2
≤ −C5

√
n, (5.14)

for some positive constants C4 and C5.

By (5.5), (5.13) and (5.14), we have

Φ

(
bn1
√

c2n + 1

2cn

)
≤ Φ

(
−C4

√
n
)
= O

(
1√
n

)
(5.15)

and Φ (γn) ≤ Φ
(
−C5

√
n
)
= O

(
1√
n

)
. (5.16)

Since lim
n→∞

pd, lim
n→∞

cn and lim
n→∞

bn exist, we have

bn2 =
(1− 2pd)

√
n

2
√

pd(1− pd)
− log (K/S0)

2λσ
√

Tpd(1− pd)
≥ C6

√
n

and

βn = bn2
√

c2n + 1 +
cnbn√
c2n + 1

≥ C7

√
n,

for some positive constants C6 and C7, i.e., −βn ≤ −C7

√
n.

From this fact and (5.5), we have

Φ (−βn) ≤ Φ
(
−C7

√
n
)
= O

(
1√
n

)
. (5.17)
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By (5.12) and (5.15)–(5.17), we obtain

R1 ≥ 2π

(
Φ(d2) +O

(
1√
n

))(
1 +O

(
1√
n

))
= 2πΦ(d2) +O

(
1√
n

)
. (5.18)

Hence, by (5.2), (5.6), (5.11) and (5.18),

1

2π

∫ bn2(pd,an)

bn1(pd)

∫ en(pu,pd)−cn(pu,pd)x2

bn(pu,pd,an)+cn(pu,pd)x2

e−
x21+x22

2 dx1dx2 = R1 −R2 = Φ(d2) +O

(
1√
n

)
.

Lemma 5.5. Let (Xn1, Xn2, Xn3) be trinomial random vector with parameters n

and (qu, qd, qm), where qu, qd and qm are defined in (4.3)–(4.5). Let An be defined

in (3.13) with an is defined in (4.6). If K ≥ S0, then for large n,

P ((Xn1, Xn2, Xn3) ∈ An) = Φ(d1) +O

(
1√
n

)
,

where d1 is defined in (4.32).

Proof. We can follow the arguments of the proof in lemma 5.4 and replace pu and

pd by qu and qd to show that the conclusion of this lemma holds.

Using lemma 4.1 and lemma 5.4-5.5, we have the following Theorem.

Theorem 5.6. Let Tn and CBS defined in (2.10) and (2.2). If K ≥ S0, then, for

large n,

Tn = CBS +O

(
1√
n

)
.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER VI

FUTURE RESEARCH

In this Chapter, we will give some idea of future research for trinomial formula.

In case of binomial formula, Heston and Zhou ([12], 2000) showed that the rate of

convergence is 1√
n

. After that, Diener and Diener ([10]) improved the rate to 1

n
in 2004. To do this, they used the Berry-Esseen theorem for binomial distribution

with a collection term, i.e.,

P

(
X − np√
np(1− p)

≤ x

)
= Φ(x) +

C√
n
+O

(
1

n

)
, (6.1)

where X is a binomial random variable with parameter (n, p), C is a known con-

stant and Φ is the standard normal distribution function.

In [10], when they applied (6.1) to Bn, the term of order 1√
n

is zero. Hence,

Bn = CBS +O

(
1

n

)
.

From Chapter 5, we know that the rate of convergence in case of trinomial

formula is 1√
n

. We have an idea to use the same technique of [10] to improve

the rate of convergence to 1

n
. To prove this conjecture, we need the Berry-Esseen

theorem for trinomial distribution with a correction term.
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