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CHAPTER IV 

SHAFT(n,l)

เก this chapter, we show that a prism-like graph constructed from two copies 

of wheel graphs พ77 joining at the middle, which is denoted by Shaft(n, 1), is an 

edge-odd graceful graph whenever ท > 3 is an odd integer.

Definition 4.1 Let ท > 3 and พ71 be a wheel graph with V (พ71) = {น1, น2, น3,

... 1 น11, น} and พท่ be a copy of พ71 with the corresponding V (พท์) = {น 1, น2, น'3, 

....น'111น,}. Define Shaft(n, 1) by joining น of พ71 to the corresponding vertex น' of 

พท่. That is,

£(Shaft(n , 1)) =  E (w n) บ E (พท่) บ {นน' I น 6 พ71 and น' G พ;).

Figure 4.1 Shaft(3,l).

Next, we give an algorithm for labeling the edges of Shaft(n, 1), where ท > 3 is an 

odd integer.
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Algorithm 4.1

Let ท > 3 be an odd integer and G denote Shaft(n, 1). Then, q = 4n -F 1. Define

-> {1, 3,5,... ,8n + 1} by

1.1 ท น น ') = 8ท -F 1;

1.2 f ( .น!นท) = 2ท -  1;

1.3 f  (นi นi+ท = 2Ï — 1, for i G (1 ,2 ,3 ,....ท — 1);

1.4 / (น 1น) = 2 ท -F 1;

1.5 / (นiน) - 4ท — 2i -F 3, for i G {2,3,4,... 1 ท};

1.6 ทน'!น'ท) = 6 ท — 1;

1.7 / (น[น'น!) - 4ท -F 2É- 1, for t G {1,2,3,..., ท — 1};

1.8 ทน'!น ') = 6n -F 1;

1.9 ทน[น ') =: รท- 2i -F 3, for i G {2,3,4,..., ท}.

Example 4.2 From Algorithm 4.1, we can label each edge of Shaft(5,l) as shown in 

Figure 4.2.

Figure 4.2 Edge-labeling for Shaft(5,l).

^พ11ะฟ ็ขน_...2.™ ..?.^_______ ____

f u d U B ____
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Next, we show that if ท > 3 and ท is an odd integer, then Shaft(n, 1) is an edge-odd

graceful graph.

Theorem 4.1 S h a ft (ท, 1) is an edge-odd graceful graph whenever ท > 3 is

odd.

Proof. To prove that /  in Algorithm 4.1 is a bijection from E(G) to {1,3,5, ...,8n +

1], we consider the followings. From Algorithm 4.1(1.1), we have

A = {ทนน')} = {รท + 1}.

From Algorithm 4.1(1.2 and 1.3), we have

B -- { / (uiUi+1) , f  (น1นท) 1 i G {1,2,3,...,ท - 1}} 

= {1, 3, 5,..., 2ท — 3, 2ท — 1}.

From Algorithm 4.1(1.4 and 1.5), we have

C - {/(น1น),/(น;น) 1 t G {2,3,4,...,ท}}

- {2ท + 1,2ท + 3, 2ท + 5,..., 4ท — 1}.

From Algorithm 4.1(1.6 and 1.7), we have

D = { /O é«£+i )> /O i O  1 i G {1,2 ,3 ,. . . . ท - 1}} 

= {4n + 1,4n + 3 ,4ท + 5,..., 6n — 3,6ท — 1}.

From Algorithm 4.1(1.8 and 1.9), we have

E = [ f  (น[น'), f  (น[น') 1 เ G {2, 3,4,..., ท}}

= {6ท -F 1,6ท + 3, 6ท + 5, 6ท + 7,... 1 รท — 1}.

We can see clearly that A, B, c, D and E are disjoint and

/  (E(Shaft(n, 1))) = A  บ B บ c บ D บ E  = {1, 3,5.....รท + 1}



21

Next, we will show that the induced vertex-labels from edge-labels using Algorithm 

4.1 are in {0,1, 2,..., 8n -b 1} and all distinct. From Algorithm 4.1, we have

/ + (น) = (£f= 2 f (.นiù) + /(น!น) + / (uu')) (mod รท + 2)

= (££=2(4ท — 2i + 3) + (2ท + 1) + (รท + 1)) (mod รท + 2)

= ((4ท2 — (ท2 + ท) + รท — 4ท + 2 — 3) + 2ท -F 1 -F รท -F l)

(mod รท + 2)

= (รท2 — 2ท — 1 + 2ท -F 1 + รท -F 1) (mod รท + 2)

= (รท2 + รท + 1) (mod รท 4- 2)

= (รท2 — 1) (mod รท 4- 2);

/ +(น,) = (zr=2 / (น;น,) + /(นพ') + ทนน')) (mod รท + 2)

= (zr=2 (8ท — 2i 4- 3) + (6ท -F 1) + (รท + 1)) (mod รท + 2)

= ((รท2 — (ท2 4- ท) 4- 3ท — รท 4- 2 — 3) 4- 6ท 4- 1 4- รท 4-1)

(mod รท -F 2)

= (7ท2 — 6ท — 1 + 6ท -F 1 + รท -F 1) (mod รท + 2)

= (7ท2 + รท + 1) (mod รท + 2)

— (7ท2 — 1) (mod รท + 2);

/ +(นi)  = (/ (น 1นท) + / (น 1น2) + / (น 1น)) (mod รท + 2)

= ((2ท — 1) -F 1 + (2ท -F 1)) (mod รท + 2)

= 4ท -F 1;

/ +(พเ) = (/(Ui-lUi) +/( uiui+i) + /(uiu)) (mod รท -F 2)

= ((2i — 3) + (2i — 1) -F (4ท — 2i -F 3)) (mod รท -F 2)



/ +(นท)

r « )

ท น 12)

r (น ;)

/ +(น; 1)

= 4ท + 2i — 1, for i € {2, 3 , 4 , ,  ท — 1};

= (/(พ 1 นท) + /(นท -1 นท) + /(นทน)) (mod รท + 2) 

= ((2ท — 1) + (2ท — 3) + (2ท 4- 3)) (mod รท + 2) 

= 6ท — 1;

= (/(น(นท) + / (น[น'2) + /(น(น')) (mod รท + 2)

= ((6ท — 1) + (4ท + 1) + (6ท 4- 1)) (mod รท + 2) 

= (16ท 4- 1) (mod รท + 2)

= รท — 1;

= ( / (นรน() + /(นร!นร!) 4-/(นร!น')) (mod รท 4- 2)

= ((4ท + 1) + (4ท + 3) + (รท — 1)) (mod รท + 2) 

= (16ท 4- 3) (mod รท 4- 2)

= รท 4- 1;

= ( / (นร-1 นร) + / « น 1'+ !) + / (น1'น')) (mod รท + 2) 

= ((4ท + 21 — 3) + (4ท 4- 2i — 1) + (รท — 2Ï + 3)) 

(mod รท + 2)

= (16ท + 2Ï — 1) (mod รท + 2)

= 2Ï — 5, for i G (3 ,4 ,5 ,....ท — 1);

= (/(นพท) + /(นท- l นท) + /(นทน,)) (mod รท + 2) 

= ((6ท — 1) + (6ท — 3) + (6ท + 3)) (mod รท + 2) 

= (18ท — 1) (mod รท + 2)
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= 2ท — 5.

We can see that

{ f+(ui) I i 6 { 1 , 2 , 3 , ท}}

= (4ท + 1} บ {4n -F 3 ,4ท -F 5 ,4n -F 7,..., 6n — 3} บ {6ท — 1}

= {4ท + 1,4ท + 3,4ท + 5,..., 6ท — 1}

and

{ /+(น;) I Î 6 {1,2,3,...,ท}}

= {รท -  1} บ {รท + 1} บ {1,3, 5,..., 2ท — 7} บ {2ท -  5}

= {1, 3, 5,... 12ท — 5} บ {รท — 1} บ {รท + 1}.

It is clear that if ท is an odd integer and ท > 3, these two sets are disjoint and both 

are subsets of {0,1, 2 ,...,รท + 1}. We can see that the vertex-labeling of vertices 

{น 1, น 2, น3, — , น ท} and {น'1,น'2,น'3,...,น'ท} are odd integers. However, the vertex- 

labeling of vertices {น, น,} are even integers. Thus they are disjoint from the vertex

labeling of {น1,น2,น3,...,นn} and {น},น2,น3, — ,น'ท}. Finally, we need to show that 

/ +(น) and f +(น') are distinct under modulo รท + 2. Suppose in a contrary that

/ + (น) = / +(น') (mod รท + 2).

Then, รท2 -  1 = 7ท2 — 1 (mod รท -F 2). That is, 2ท2 = 0 (mod 4ท + 1). Thus, 

there exists an integer k such that 2ท2 = (4ท + 1 )k. Since 2ท2 is even and 4n -F 1 

is odd, k is even and 2ท2 — 4nk — k — 0.

By the quadratic formula, we have

4k ± Vl6/c2 + 8k V4k 2 -F 2k
n =  4 -= k ±

Since k is even, there exists an integer l such that k = 21. Then,

V l6 12 + 4 z
ทะะะ 21±

2
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Thus, the function f  defined in Algorithm 4.1 is an edge-odd graceful labeling 

and Shaft(n, 1) is an edge-odd graceful graph for ท is odd and ท > 3. ■

Since ท is an odd integer and ท > 3, 1612 + 41 = 4i(4/ -F 1) must be square. This is

a contradiction since g.c.d.(4/,4f + 1) = 1. Hence, f +(น) and f +(น') are distinct.

Example 4.3 From the edge-labeling in Example 4.2, the induced vertex-labeling of 

Shaft(5,1) is shown in Figure 4.3.

(41 )

Figure 4.3 The vertex-labeling is induced from the edge-labeling in Example 4.2.

Conjecture We may extend the investigation by trying to find an algorithm for

edge-labeling that makes Shaft(n, 1) to be an edge-odd graceful graph for even 

integer ท with ท > 4. However, we still cannot construct a general algorithm for 

labeling such graph. Figures 4.4 and 4.5 show some examples of labeling that make 

Shaft(4,1) and Shaft(6,1) become edge-odd graceful graphs. Here, we make a 

conjecture that Shaft(n, 1) is an edge-odd graceful graph for every integer ท > 3.
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Figure 4.4 Edge-labelings for Shaft(4,l) and Shaft(6,l).

(21) (29) (5) (13)

Figure 4.5 The vertex-labelings are induced from the edge-labelings in Figure 4.4.
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