
CHAPTER IV
COMPLETE MOMENT CONVERGENCE FOR

RANDOM VECTORS IN HILBERT SPACES

The concept of complete convergence has been generalized to a more gen­
eral concept of convergence which is complete moment convergence, introduced 
in Chow [4], Later, in 2017, Ding et al. [6] discussed the complete moment conver­
gence for a sequence of WOD random variables with dominating coefficient ฐ(ท) 
such that g(n) -= o  (ทQtlog-2 ท) and Liu et al. [18] obtained the complete mo­
ment convergence for a sequence of WOD random variables with any dominating 
coefficient ฐ(ท).

In this chapter, we extend the complete moment convergence obtained in Ding 
et al. [6] and Liu et al. [18] to obtain the complete moment convergence of 
/ / —valued CWOD random vectors presented in Theorem 4.1 and Theorem 4.2, 
respectively. Throughout this work, denote xq+ = (x+)q and x + = max{x,0}.

T heorem  4.1. Let {Xn, ท > 1} be a sequence of H —valued CWOD random vectors 
with mean zero and dominating coefficients g(n) with g(n) = o  (ท0/ 1- 7'/^ log- 2ท) 
where ar > 1 and 0 < r < 2. Assume that {Xr1, ท > 1 } is coordinatewise weakly up-

T h e o re m  4 .2 . Let {X n, ท. >  1} be a sequence of H —valued CWOD random vectors
with mean zero and dominating coefficients g(n). Assume that {Xn, ท > 1} is
coordinatewise weakly upper bounded by a random vector X  with

maxI< k<ท
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๐๐
^ E | X « | r,,log2 (l +  |XW |) < oo where r > 1 and 1 < p < ^ . Then, any e > 0, 
j = 1

t (1 +  ฐ(ท)) n ï < ๐0.

4.1 Proof of Main Results
In this section, the proofs of Theorem 4.1 and Theorem 4.2 will be discussed. 

To prove Theorem 4.1, the following lemma is needed.

L em m a 4.3. Let {x„, ท > 1} be a sequence of H-valued CWOD random vectors
with mean zero which is coordinatewise weakly upper bounded by a random vector๐๐
X with E  | x ^ |  < ๐0 . Assume a > \  and 0 < q < 2. For ท,i , j  > 1 and any 

:=1 ๐๐
real number X  such that X  >  ท 0 '7, define Y j  =  p / ^ e j where

yt๓ = - x h  (Xi๓ < -x < ) + x t๓ I ( x \ j) < X») + x h  (Xj(j) > XÎ ) .

± E Y ,

Then
lim X- ? max71—>๐๐ \<k<ท

Proof. From the definition of Yj, we can show that

I _ \ ? g 1 X £ Y -

< max , X E |  E  [ - x h  (Xj(j) < -x « )  +  Xt๓ I (
๐๐ /c

=  x~ î max y ^  y ^  \ E
l</c<n ~— “ —̂  I

X,๓ < x i1) +  XÏI (x ,■ •̂ > xî

—X«I ^ X -^  < —x ï ' j  — Xj^I  ̂ Xj^ > +  X«I ^ X j^  >  x«

(4.1)

<  X  « max 
\< k< ท X.น) X.น) > x h  +  XÏP X.(j) > X’

X,(j) > +  x ?p X.น) > x~i
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< Cx~* E  [nE  เ ^ ๓ 11 ( j x 1ij)I > X5  ̂ + n x î p  f \ x ^  I > x« j  

< c ■ ท}--'*'f ^ E  |Jf<j>|l(|xCi)| >  ท '*)
j=i< Cn'-̂ ŶE |xw|2]l(|x(j)| > ท") 1

j = 1

(4.2)

(4.3)

(4.4)

where we use the fact that E  ^ t j  — 0 for i , j  > 1 to obtain (4.1), Lemma 3.4 
to obtain (4.2) and X > ท0 '1 to obtain (4.3).

^  C O

Since a  > -  and ร  E  |X'-^| I ( |x ( j )| > ท'*) < ๐0 , the term in (4.4) converges to 
j=i

0 as ท goes to infinity. □

Proof of Theorem 4 .1 . For fixed X > 0 and i , j  = 1 ,2 ,..., define

yt๓ =  - x h  ( x j j) < - x ï )  +  x t0)i ( x \ j) < X») +  x h  ( x j J) > x i )  
(x ,๓ + x ï )  I ( E ๓ < - x i )  +  (x*๓ -  X») I ( x f j) > X*)  1E  = ( x l j) + x ï )  I ( \ ๓ < +

z > = E  E E  and Y i = J 2 Y iU)ej .

Note that y;(i) +  = X ^  and so

Xi = E E E  = E E E  + E E E  = Y< +  Zt.

Let e > 0. Then
CO k -

E " ar- aq- 2E max1 </c< 71 E x ‘

ปี£vu1

n=l t=i -

๐๐ /'•๐๐ / k_  ^   ̂r1ar-aq- 2 / p
max \l<fc<n E * .71= 1 ./ บ \ t=l

dx
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=  V n - ^  r  P  (  max f x ,  ^—' y 0 11 <fc<ท -̂-'

p f m a x  y ) X i^  V ^ B พ
< ท"7’-2P ^ max ^  X, > en“^

+  V  ท0’- 0? - 2 [°° P (  max V  x t£ î  J n a q  \ i < k < ท ^

> en“ +  x t dx

> ena + x t dx

> x t dx

—: A + h -

We have proved in Theorem 3.3 that / 1 < oo, therefore it remains to show that 
/ 2 < ๐0.
To prove that 12 < oo, we first split /2 into two terms as follows.

We will show th a t both 121 and /22 are finite.
For / 21, by the same argument of Theorem 2.2 in [6], we have

E ทa r - a q - 2

ท a r - a q - 2

p o o  /  ° °  ทy  [งงJnaq \]= \ i=i L /»oo 0๐ ทfE E p■/ ’lQ? j = l 1 = ! v

0) ท)> x t l dx

X.O') * i )> x t ) dx
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= Ê f > ~ — T / X K ’I > .« ) *
< c y E  |Yw |2

3=1
< 0๐.

To prove 122 < 0๐, we know from Lemma 4.3 that max
\ < k < n t E Y l

< —— while ท 4
is sufficiently large.
Moreover, from Proposition 2.46, we have {Y i , i  > 1} is still CWOD. 
Therefore, from Lemma 4.3, Lemma 3.4 and Lemma 3.6, we have

122 =  y  ทa r ~ a q - 2 r p  (m a x  y  ( Y  1 -  E Y 1 +  E Y  1) 
7ะ[ Jn"  V1- -  é l

s fX M-2£ p (1'sa Ifx  -£Y- >11
< c |n —  JY-ÎEmax E (Y .-E Y .)

> —  dx 2
x i \  ,> -— dx 4 /

dx

L (;) -  £ Y  ๓<  c  f /  ท 0:r~ a q ~ 2 r  x - \  ( 1 + ฐ ( ท ) )  l o g 2 n y y E
ท=1 •'na? j =l  »=1

< c ' y  r1ocr-aq- 2  f x ~- ^  _j_ ^ n ^  log2 ท £  It /
ท=1 J naq j = 1 »=1

=  C ] T  ท — * - 2 [  x ~ ï  ( 1 + ฐ ( ท ) )  l o g 2 ท V / V /  p j  — X« I  f x j ^  <  — X ’ /
ท=1 ■7"“? ‘ j=i i=i v 7

+  Y j X  ^ x f ^  <  X » )  +  X«I >  x « )  I dx

/  x - ? ( l  +  g ( n ) ) l o g 2 n V V ( x ï p ( | 4 ’) >
j=i i=i Vl 7

I  ̂ y / ^  <  )  d x

j  x~* (1 +  ฐ(ท ) )  l o g 2 ท ^2n x »  P  ^1Y ^  I > x î )

+  ท £ | Y ° ) | 2 I ( เ ^ ü ) | <  x i )  ) d x

+ £  Y.

C tr  — a q —2

(j)

Ctr — a q  — 2
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Otr — aq— 11 log2 ท J x ~ î  Y', ( x * p  (jx^4| > £q)

+ E \ X U)\2l ( \ X {j)\ < x i )  ) d x +  c ^  ท01,'-0, - 10 (ท) log
n = l

X / V i  ^  (xip (Jx^i > xi) + e |xw|2i < X’ ) )dx

= : /221 +  7ๆ 22- (4.5)

To prove เ22 is finite, we will prove that /221 and 7222 are finite.
For /222,

/222 < c  ̂  ท07'-09-1ฐ(ท) log2 ท [  x~i ^ V |x (j)|2dx
ท^ i l l

<cj>2n^ ~ a q + a ~ l  f  x ~ l q d x

ท ะ i  Jnaq

=  C Y n < ' - X)- 1

< 0๐. (4.6)

For / 2 2 1 ,

I221 = C Y  ท'ar- “9- 1 log2 ท /  V  p  ( |x  ๓ I > x i )  dx 
ท= 1  Jnav j = 1 v '

+ c  y ' n “r- “«-1 log2 ท [  x"f V e |X (j) |2I ( | x (j)| < x i ) d x
,1=! i=i v 2

= : 2̂211 +  2̂212- (4.7)

For /2211,

72211 <  C ^ n Qr- Qq- 1 log2 n ^ 7 ; | X (j)| ,?I l ( | ^ ๓ ! >  ท0 )
>1 = 1  i = i

< C ^ n Qr- a9- 1+Q(g- r)log2ท ^  £ | x (j)|r l ( | x (j)| > ท'ๆ
ท= 1  j = l
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=  c £ ^ £ ± E \ x < * \ r i ( r  <  | x 0 )| < (fc + I)a)
n = l  7  = 1  k = ท

= CE È  E1*ช’โ 1 (*“ < l*wl ร (*=+1)ฯ E  ^
< C ^ ^ l o g 3A :E |X (j)|r I ( ^  < เ^ ๓ I < {k + l)a)j=i fc=i
< C ^ ^ E | X (j)|r log3 (l +  |X (j)|) l(fc Q < | x (i)| < (fc +  1)“)

j = l  k = 1

<  C ^ E | X (j)|2 log3 ( l  +  | X (i)|)
7 = 1

< ๐0. (4.8)

For /2212,
oo oo oo

I2212 = c j i )  ท"'-0,,- 1 log2 ท ^ ^  /  ( |x 'พ) I < .xi) dx
n = l  j = l  lc=ท k0"*

< C ' ^ n ar“Q9~1log2n ^ ^ A : Q9- 2a- 1F;|X (j)|2l ( |X w | < (fc + 1)Q)
71=1 7  =  1 k = n

= C ^ 2 ^ k aq- 2a~l E  |XÜ)|2I ( |x ü)| < (fc + l)a) nQr_l8,-1 log2«
j = i  fc=i ท=1

< C Ë E  *— ■ -* iog2]fc£;|xü)|2]i(|xü)| < (fc + i)“)
j = i  fc=i

= C E E  fcar-2a-l 10g2fc ̂  E |X(j)|2I ((/ _ 1 )« < |*(j)| < r )
j=l fc=x /=1

= c f ± t - ~  log2 A: Tæ; |^โษ) |21 (0 < | x ü)| < 1)
j = i  fc=i V

+ ^  £ [ * ๓ |2I((Z - 1)Q < | x w | < r)^J 
1=2 /

= c Ê Ê r - -  log2 kE  | x ^ | 2 I (0 < | x ü)| < 1)
j = i  fc=i

+ C E E  fcQr_2Q_1iog2f c ^ E |x (i)|2i ((i -  I)a < \ x U)\ < r )
j = 1  fc=l 1= 2
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< C  +  c f 2 Y l k a r ~2a~ l1 o g 2 k ^ E \ X {j ) \2 l ( ( l - l ) a  <  | x {j)| <  l a )
j = 1 fc=l 1=2

= C ± ± E \ X ^ H ( l - i r < \ X ^ \ < ท  A:” ' - 20- 1 log2 k
j = 1 1=2  k = l - 1

< c £ f > - «  iog2 / E | x (j)|2 i ((Z -  I)a < |x  ๓ I < r )  
j=1 /=2

< c ^ j S o g 2£ £ |x (j)|2i((£ -  1)Q < | x (j)| < r )
j = l  (=2

<  c  f lo g 2 (1 +  | x ü) 1)1 ( ( J - 1 ) Q <  | x ü ) | <  r )
3 = 1  1=2

< c f j f ^ E | x W | 2log2 (l + |xW |)

< ๐0. (4.9)

From (4.5)-(4.9), we have 122 is finite. Therefore, the proof is completed. □  

To prove Theorem 4.2, we need the following lemma.

Lem m a 4.4. Let {Xj, 1 < i < ท} and {Yj, 1 < i < ท} be a sequence of H-valued 
random vectors. Then for any q > 1, e > 0 and a > 0,

X ( x ,  +  Y,) — ea <
{ ^ — )  s ||>{H feY‘1 ท

a?-1 \ e q ^

Proof. Note that

E x , ea
J I

<

l  ' เ ร ่* '
- ( | | è x
a £

t= l

ea > t \ dt

> ea +)+r p(ËHI>‘)‘“ 
M r >eqaq
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From the fact that, for any X, y and Z € H 1

tqaq~x (g — l)a9-1
_ L ( I  + _ L ) f i  f x ,a9-1 \ e 9 g — 1 /  •^'

(lk + y | | - N I ) + < ( I W | - N I ) + + ||y||.

Hence,

Ê (X- + Y *) — ta < £
■J + Ê * ea + E

Therefore, the lemma is proved.
Proof of Theorem 4-2. For ท, i, j  > 1, define

— —UP I ( ^ x ^  < —ท? j + < n ï)  + ท?I > ทP j 1
=  x j ^  — x „ )  = ท?! ( x f 3̂ < —UP j + > ท?  ̂ —ท?]! > ท ^  ,

-  fix®  x„i = f > ® e „ Y „ ,  = f > ® e ,  and z„, = f ; z ® e , .

Then X,0'1 = A ®  + y® = fiO + £X® + y® and consequently 
Xj = z„j + £ X ni +  Y nj.

Let e > 0. Then, by Lemma 4.4 with a =  (1 +  ฐ(ท))ท?,

^  ท7’-2- P E  - e ( l  + g(ท)) ท?

< f y - 2-i?£ ^  (£Xni + Yni) + c f > :

e (1 + ฐ(ท)) ท?

r-2-รุ 1 ro ?-------— £
1 + ^(ท)

2
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< E ท - 2- ^  ± Y m  + f y - a-* X > x ni + C  f ; ท r ~2- p-—1 + 9 (ท)' x>
ะ: /< 1 +  1<2 +  *โ3

To prove the main result, we will show that K 1 , K 2 and K 3 are finite.
Note that y๓ < 2 X.น) I  ̂ X > ทp \  We have

E » r- a- ' E E ^

< c ^ n r_1"p ^ E | x w | l ( | x (y | > np)
n = l  j = l

= c j ^ n r~1_p J ] ^ £ | x (j)| l  (fcp < | x 0)| < (fc + l)p)
n = l  j = l  /c=n

= c ê ê E ix ๓ I1 (^  < Ix ๓ I -  (fc+!)*)]£ ท - 1- p

<  £ ( f cp <  | x ( i ) | <  (A: +  l ) p )
j=i fc=i

< c ^ £ | x w |rp
>=1

< 0 0 . (4.10)

By the fact that E = 0 and similar to the proof of (4.10), we can prove
that

K̂ È nr~2' i ë è B X .น) < C J 2  E \ x [ ] ) \r v < 0 0 . 
j=1

Moreover, from Lemma 2.46, we have {Znj,i > 1} is still CWOD.
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For K 3, by Lemma 3.6, we have

r —2 —-  1ท  p l  + 5(n)'^  =  e g

< c  y ^  ท7'~2~p -— —T - r ( i + ฐ(ท)) log2 ท y ^  y ^  E
l + ร พ U t i

= c ± ท ^ - น og* n p ± E

= c f y - 2- h o g 2n f ; y S

< c f y - 2~hog2n f ) y >

= C ± n ^ - h o g^ n ± ± E  

-f ท*1 Çx ^  >  np  )

z2 ’5

-Ci)

y(j)
n i

n h  ( x ÿ ] < - n p )  +  X t๓ ! (  X t๓ < n p)

> HP ) + E< C J 2  ท'-2-îioe2n Ê Ê p p (

<  c  y y  ท7'''1 - p log2 ท y y  H P  p   ̂ X ^ :
ท=1 j = 1 L

<  c y y ท7'- 1 - p log2 ท y y  Æ x ^ )  ^ x ^  > n p )
n = l  j = l+ Ĉnr_1"ilog2n̂£; xw 21 (jx(j)| < np)

n = l  j = l

X.๓ X.๓ < np

p) +  £  x (i) 2II ( j x (j)| < n p )

=: x 31 +  x 32. (4.11)

For £ 31,

^31 =  ^ y y  log2 n yy yy f î | x (j)| (fcp < | x (i)| <  (k + l)p )
ท = 1  j = l  k = ท

= e E E  e |x (j ) | ( k ï  <  | x (j)| <  (k + l ) p )  y y  ท - 1 - p log2 ฑ
j  = 1 /c=l n = l
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* c ± ± r -  hog2 kE\x(j)\ (kp < | x (j)| < (k + l )p )
3 = 1 fc=lcëElx๓
3 =1

<

< oo.

logz 1 +

(4.12)

For K32,

K32 = c ^ V _1_iiog2 e\xw 2I ((fc- I)p < |x (j)| < fcp)
ท=1 j=i fc=i

< 21 ((&- l)p < | x w | < fcp) ^  ท7-1-p log2 ท
j = 1 /c=l n = k

< C ' ^ ^ f c r“plog2fcE 2I ((it -  l)p < | x (i)| < fcp)
j=i fc=i

< C ^ 2 E xU) rp log2 ( i  +  ^ ๓ ) 
j=i

< oo. (4.13)

From (4.11)—(4.13), we have K'i is finite.
Therefore, the proof is completed. □
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