CHAPTER IV
COMPLETE MOMENT CONVERGENCE FOR
RANDOM VECTORS IN HILBERT SPACES

The concept of complete convergence has been generalized to a more gen-
eral concept of convergence which is complete moment convergence, introduced
in Chow [4], Later, in 2017, Ding et al. [¢] discussed the complete moment conver-
gence for a sequence of WOD random variables with dominating coefficient ( )
such that g(n) =0 ( Qtlog-2 ) and Liu et al. [18] obtained the complete mo-
ment convergence for a sequence of WOD random variables with any dominating
coefficient ().

In this chapter, we extend the complete moment convergence obtained in Ding
et al. [6] and Liu et al. [18] to obtain the complete moment convergence of
//—valued CWOD random vectors presented in Theorem 4.1 and Theorem 4.2,
respectively. Throughout this work, denote xé = (x+)g and x+= max{x,0}.

Theorem 4.1. Let{Xn, > 1} beasequence of H—valued CWOD random vectors
with mean zero and dominating coefficients g(n) with g(n) =0 ( d1-#"log-2 )
wherear > 1 and 0 < r <2 Assume that {Xrl, > 1} is coordinatewise weakly up-

per bounded by a random vector X with Z E \4\"/]7'[2 log® (1 + E,.\’(]:") < 00. Then,

j=1
for0 < g<r ande >0,

00 k q

Zlnm-w"'zg Max lel —m“} < 0.

Theorem 4.2, Let {Xn, .> 1} bea sequence ofH—valued CWOD random vectors
with mean zero and dominating coefficients g(n). Assume that {Xn, > 1} s
coordinatewise weakly upper bounded by a random vector X with
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NE X «|r,log2 (I + [XW]) <00 wherer>1and 1< p<”. Then, any e> 0,
j=1

tat ()ni <0

4.1 Proof of Main Results

In this section, the proofs of Theorem 4.1 and Theorem 4.2 will be discussed.
To prove Theorem 4.1, the following lemma is needed.

Lemma 4.3. Let {X,,, > 1} be a sequence of H-valued CWOD random vectors
with mean zero which is coordinatewise weakly upper bounded by a random vector

X with _1E|xA| < 0. Assumea >\ and0<q<2 For ,i,j > 1andany

real number x such that x > o7 definevj = pinej where

yto=-xh (Xi <-x<)+xt 1(x\j) <X)+xh (Xj()>X).
Then

ﬁ@X—?\ng( £ EY,

Proof. From the definition of Y}, we can show that

| \2g1 X £Y-
< maGX E[E[-xh (X0 < -x«) # Xt (X <xi)+ Xl (x105xi

£
=x~T max y* yA\E Xl axn < —xirp =XjMAXN >+ Xl Axjr > x
I</c<n>~— “—1

(4.1)
e X)) X)>xh+XIP Xo >X
<K<

X0 > +xp X)) >
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<Cx~*E E A L(jxLl> X5 +nxip fAx* 1> x (4.2)

<cr prin e [JEPI(XC)| > ) (4.3)

VRN L

where we use the fact that E~ tj —O0fori,j > Lto obtain (4.1), Lemma 34
fo obtain (4.2) and X> o1 to obtain (43).

Sincea>-and  E XY T(|x(j)|> ) < o,the term in (4.4) converges to
0as (oes to inf'rlrﬁly. [

Proof of Theorem 4.1, For fixed X> O and i, = 1,2,..., define

-x 0 (X)) <-xT) + x0)i ( x\)) < X») +xh (x]J) >xi)
(x1]) +x7) T(B < -xi) + (X* - x») (X)) > x 1

yt
2

1>>EFE EE and Yi=J2YiUg.
Note that y;() + = X" and so

Xi-EEE =EEE+EEE =w+ 2t

Let e> 0. Then

E(O" 2E k
n=| AR R Eix

""naraqz/ /&% k* +.1:é>dx
s |<Esh &
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=\.n -" N P i Rx, >en"+xt d

. pf{w\XBy)Xi >enat xt dx
< "T2P Mmax M X, >en*

HY oo e Xoxt o o
—A+h-

We have proved in Theorem 3.3 that /1 < oo, therefore it remains to show that
[2< 0,
To prove that 1 < 0o, we first split /2 into two terms as follows.

20 " 00 k .
BT \ 1
L= E noTTHITe P max E (Y;+Z)|| >z | dz
naq 1<k<n || 4 ;
n=1 i=1
o0 s [ & ! | & !
- =\ | a
< E R P | ‘max E Y,i + max | E Z;|| > xe | dx
1 naq 1<k<n l 1<k<n l ;
n= I 1=

oo ~ OO K
— ety
< E i P | max 5 Z;
naq 1<k<n ||
n

li=1

1
> 10) dz
2

oc 0o k L"lT
= g {
=¥ . “2/ P { max g Yi||'> = fdz
n=1 n*q 1<ksn i=1 2
=: Iy + I

We will show that hoth L1 and /22 are finite.
For /21, by the same argument of Theorem 2.2 in [], we have




=Ef>~—T IX K 'I>.«)*
<cyE [Yw]2

3=l
<0.

To prove 12 < o, we know from Lemma 4.3 that max < 71—while
is sufficiently large. Lo

Moreover, from Proposition 2.46, we have {Yi,i > 1} is still CWOD.
Therefore, from Lemma 4.3, Lemma 34 and Lemma 3.6, we have

122: 2r max (Y1- EY1+ EYY dx
STXME pdta\éf r N
<C|n— JY-1Enex E(Y.-EY.) X
<cfl wrage2r ox-\(1# ( ))log2n y y B L()- £Y
=1 *'na? j=l »=1
<C'y rocrag: T x~7 j7n"log, £ It/
=1 J nag j=1»1
=CIT — *2 x~i(l+ log2 V[V pj —=Xcl fxjr < =X’
R PR A AT Lt 7
+ Y )X Axfro< Xn) + Xl > Xx«) | dx

(Z Co—aa=2 | x.2( + g(n))log2n V.V (x ip u4 >
n=1 JIII
Y0 Ay <

CZ Craa0— ] X~*(1+ ())log2 Ao P MY A I>x1)
n=1

FOEIY )20 ( A0)| < xi) )dx
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oy or=adlog J -1 Y’(X*p (X" >tq)
+ E\IXU)\ZI(\X{j)\< Xi) Jdx+ nA:| a'-0,- 10( ) log
IV TN (XIp (XA - XI) +e [xwi2 <X') )dx
=ipnt 12 (4.5)

To prove 22 s finite, we will prove that /221 and 7222 are finite.
For [2z,

2 < 0N 0001 ()log2 x~iﬂ|\/|x(j)|205<

gt b
| Jnag
=CYn<'"X-1
<0 (46)

For /...,

|221—CY ar-“%llog2 1V op(]x I>xi) dx
navj-. v

+Cy'nr-“ctloge [ x"FV._ e [X()~21(|x ()] <xi)dx
El =] V 2
= DI+ A21- (4.7)
For /221,

211 < C A Qr-QHlog2n ~ 75 (X ()LAI([N 1> 0)

2o i=i

<CAn Qra9 HQunlog2 A £{x G)rl(]x () >
=1
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ZcENME+EVx< sAri(r < |x0)<(ct1)a)
n=| o1 k=

=CE E EI*’ 1(*<I*wl (=t1) E A
<Cj’;i"fclqog3A:E|X(j)|r|(’\ < N ol<{k+1)a)
<CAME X (Irlogd (I + X NIFeQ< [x (i)f < o+ 1))

j=1 k=1
<CANE X ()2log3 (1 + X))
7=1

<0 (48)
For /221,
2= ¢ji) "0l AN (X 1< i) d

n=| j=1 le=  k0*

<C'"Mnar*@llog2n A~ A @ 2a- 1F;[X()RI(|X w| < (fc+ 1)Q
71=1 .=1k=n

=CA 2fA k ag-22~1E [XU21(|x 0] < o+ 1)a)  nQr18-1 log2«
j=i fesi -1

< CE fE_ *— 1 Fog2fek; [x0)[2]1(|x )| < [T+ 1))
j=1 fesi

=CE E f(arzaI10g2i:" EIXQRI((/ _1)«<*() <)
J=1 fox =

=¢ ft t-~ log2ATg[" )[21(0< <1
Tt gt L0 XDl <

0B RI((Z- Q< [xw] <N
1=2 /
= CE E r-- log2kE [x™20(0< |x@) < 1)
=i fei

+CE E m2Q1|0g2fc"E|x()|2|( a<\xU\<r)

. fe=l



33

<C o2y |Kar-2a-llog2k * E VX Gl((1-]) a < [X{))| < 1a)
]1fC|

=Ct+E\XMH(I-ir<iX?M\< A +-20- 1 logek

=2 k=1-1

-« og2/E [x ()21 (Z- Da<|x 1<)

<ch Jl 09 2EEX(J)2I((E - DQ<|x ()< r)

<03 o floge{LHXYBL{-1Q< xU) <)

< cfj_f"_E IXW [2log2 (I + [xW|)

< 0. (4.9)
From (4.5)-(4.9), we have 12 is finite. Therefore, the proof is completed. 0

To prove Theorem 4.2, we need the following lemma.

Lemma 4.4, Let {Xj, 1< i< }and {Y} 1<i< } beasequence of H-valued
random vectors. Thenfor any g>1e>0anda> 0,

Koot —a <. S|[>{HfeY

Proof. Note that

E X, ea“ B ea>t\dt

(Uex =) p(EHIN*

at

< M 1>
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e (g—1)adl
ok ey T L) 11X

From the fact that, for any X,y and Z€ H1

(Ik+y|[-ND)+<(TW]-N1)++ [Iyll

Hence,

A

E(x- +yy —la

<E E @a +FE
i+ E

Therefore, the lemma is proved.
Proof of Theorem 4-2. For ,1,] > 1, define
——PI ("X < =7j + <ni)+ 2 > Bl
= XN =x,,) = M (xfd <Pj + > m—1 > A

- fix® x,i=f>®e,Y, =f>®¢, andz, =fz@¢,.

Then X01= A® +y® =fiO + £X® +y® and consequently
Xj=1,)+tEXn+Yn,
Let e> 0. Then, by Lemma 44 witha= (1+ () ?,

A T-2-pE -edfl+g()) ?

<fy-20% N (EXni+Yn) +cf> r-2-?-l--+--1A~ﬂ£0 Sz
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<E -22n +ymtfy-a* X>xn +cf; r~2-p-1—+9(). X>

K1+ 10+ %3

To prove the main result, we will show that K1, K2 and K3 are finite.
Notethat y <2 X ) 17X > p\ We have

E»ra'EEX
<cAnrlME xwll(|x (| >np)

n= i= |

=ejrnrLpd ] £ [x () < [x0) < o+ )p)
h= j=1 le=n

et & Bk WO <K I- fcH))]E -Lp

<t =i o (fop < [x(i)f < (A+ 1)p)
<cME|xw
o X Wi
< oo, (4.10)
By the fact that E = 0 and similar to the proof of (4.10), we can prove

that

KA E nr..Zié é BX) <CJ_21E\X[])\rv<oo.
E

Moreover, from Lemma 2.46, we have {Znj,i > L} is still CWOD.
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For K3, by Lemma 3.6, we have
YEE0 T L gy le
<cyr 7~2~p|—+—T-r(i+( )) logz {JA ¥|A E 225
=¢c+ M ogfnptE 0
=¢fy-2hog2nf;y$S
<cfy-2hognf)y> Y
=Ctnt-hog"nt+tE nh(xy]<-np) +Xt !I(Xt <np)

£ 0N > p)
<CJ2 'HieemEEpp( SH)tTEX X <m

<oy 7"1-plog2 yy wep Axe o p)+ £ x () 20(jx () <np)
j=1 L

<cyy T-1-plog2 yy Ex™) Ax™ >np)

CTagi(Exw (4j<p

=X 31+ X 32 (4.11)

For £31

1=ty Iogzn‘yykaHx(m (fep < [x (i) < (k + )p)

= e £ E e bl (K <Xl < (c+ )y -Lplog2
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¥e 321 nogEXh b <pxor < o
< mm logz 1+

3=1

<00 (41)
For K32,
K3=c ’:lv Liiog2 . elxw 2 ((fe- p < |x ()| <fm)
< 2((& p < Pxw] < fop) " | 7-1-plogz

=1 [e=l
<C AN fcfi créplog2fcE 2 ((it- Hp < |x (i) < fep)
)=
< CJ_A_%E xU) mplog2 (i + ~ )
< 0. (4.13)

From (4.11)4.13), we have K'i is finite,
Therefore, the proof is completed. I
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