
CHAPTER III
CARMICHAEL QUOTIENTS OVER POLYNOMIAL 

RINGS OVER FINITE LOCAL RINGS

For this chapter, we discuss the polynomial ring over a finite local ring and 
construct the Carmichael quotients over this ring in Section 3.1. Then we give the 
congruence relation of these quotients as in Section 2.2. Next, in Section 3.2, we 
consider (R[x]/f  R[x])x the unit group of the quotient ring of R[x] modulo f  in 
the case that /  is a monic primary polynomial. Some special properties of this 
polynomial give more detail about a structure of (R[x]/f  R[x])x . Importantly, this 
detail yields an idea to define the A. dth power residue symbol. Finally, we use this 
symbol to define the Carmichael quotients of degree d and give relations of these 
quotients and the Euler quotients of degree d and the Wilson quotients defined 
in [6].

3.1 Carmichael quotients over polynomial rings over finite 
local rings

A lo c a l  r in g  is a commutative ring with identity which has a unique maximal 
ideal. Let R be a finite local ring and M  the unique maximal ideal. Let k := R jM  
and define the reduction map 7 : R —> k by letting a £ R, ce =  a + M . In 
addition, for a polynomial h = น0 + oqx + . . . + anx n £ i?[x], we define h = 
Ccô + â[X + . . . + cR[xn £ k[x] and we say that h is r e g u la r  if its reduction h £ k[x] 
is not the zero in k[:r]. Note that every monic polynomial in R[x] is regular. 
Moreover, if h is regular then there exists a monic polynomial h* £ R[x] and a 
unit น £ R[x] such that uh = h*. This condition was shown in [9]. Then we may 
study only the monic polynomial in our work.
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Let /  be a monic non-constant polynomial in R[x], Then we have the division 
algorithm for /  stated that for any h G R[x], there exist unique v ,r  G /?[x] where 
deg(?-) < deg(/) such that h — V ■ f  + r .  Denote g  by / and it is called the
quotient when /  divide h.

Let {R{x}/fR[x])x be the unit group of the quotient ring of /?.[x] modulo /  and 
a G /?[.x]. We say that ก and /  are relatively prime if aR[x] + f  R[x] = R[x], i.e., 
there exist g,h  G R[x] such that ag + fh  = 1. That is, a + f  R.[x] G (R[x]/fR[x])x . 
Let o(a + fR.[x]) be the order of a + fR[x] in (R[x]f f  R[x])x . We define A(/) = 
lcm {o(c + fR.[x}) I c + fR.[x] G (R[x]/f R[x])x} = exp((/?[x]///?[x])x). Hence, 
aRf) ^  f  R[x] — 1 + f  R.[x], i.e., ax = l(mod /) . Then we get the polynomial

C (a J )  =
1A(ภ _  1

~ T

which is called the C a r m ic h a e l q u o t ie n t  for  /  b a se  a. Note that this quotient 
is well-defined by the division algorithm of / .

T h e o r e m  3 .1 . Let f  G f?[x] be a monic non-constant polynomial and a G /?[x] 
relatively prime to f. Denote (ท)f is the subgroup of (R[x]ff R[x])x generated by 
a + f  R[x] and o(a) — 1(a) f  |. We have

C(a , / ) ก(ท) J nrdeg(r)<deg ( /)  
r+fR[x]e(a)j

(mod / )

where is the quotient when f  divides ar.

Proof. For any polynomial ?' with deg(r) < deg(/) and r + f  R[x] G (ท)f. there
exists cr G R[x] such that ar = cr (mod / )  and deg(rr ) < deg(/); that is, ar — CT — 

ar
. /

r runs through all the polynomials with deg(r) < deg(/) and r + f  R.[x] G (ท)f ,  so 
does cr . Let Cr be the product of all such polynomials cr.

/ .  Since a + f  R{x), r + f  R[x] G (a)f, we have Cr + f  R{x] G (a) f. Then when
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Then
HD

c F 7
HD

=
deg(r)<deg(/)
r+/R [i]6 (a )/

dcg(r)<dcg(/)
r + fR [ x ] e { a ) f

ar -  f
HDar \ °(“)

.7 .

..n..777])
deg(r)<deg(/)
r+ JR [x \e (a ) f

HD
ท ( น )

Dividing it by c°(a) yields

n..K M )
deg(r)<deg(/) 
r+JR [r]e {a ) 1

HD
o ( a )

Next, we consider the previous equation in modulo f 2

(
1 EE flW )

EE aA[!)

=

> HD\  Hu)

1- E
deg(r)<deg(/) - ■ J 

\  r + f R [ x ] e { a ) j  /

7
ar

ar
7

l
1 - /  £  ^

v M il \  °(ai

dcg(r ) <deg(/) 
\  r + / R [ x ] e ( a ) f

(

\

ar
7

I  - ^ /  E èo(a) ^--' ar
dog(r)<d«!g(/)
r+/ft[x]6(a)/

ar
7

(mod f 2)

(mod / 2)

(mod / 2).

Now, we have

1M f)  _ 1 =  a M ภ  T l l f  y  JLo(a) ' ar
dcg(r)<dcg(/)
r+/R[x]e(a)/

ar
7 (mod / 2).
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Finally, divide this congruence by / ,  we get that

deg(r)< d eg(/)r+fR\x}£(a)j
E 1 ar 

ar _ f (mod /)

A ( / ) E 1 ar 
ar _ f (mod /)

o (a ) dc:g(r)<deg(/)
r + / f i [ x je ( a ) /

as desired.

Iamthong and Meemark [6] defined the Wilson quotients over polynomial rings 
over finite local rings as follows. For a monic non-constant polynomial /  in R[x]
. we let, Aj ! be the product of the coset representatives of the group of unit 
(R.[x\/f R{x])x, in other words, it is the product of all element in the set {a G 
/2[rc] I a and /  are relatively prime and deg(o) < deg (/)}. We shall let t j  — b if 
6 + fR[x] is the unique element of order two in (R.[x}/f R[x])x and deg(6) < deg(/), 
and t f  = 1 otherwise, so that we have A^! =  e/(mod /) . Note that b ะ= — 1 if the 
characteristic of R is not equal to 2. This congruence gives the W ilson  q u o tie n t 
for /  as the polynomial

T h e o rem  3.2. Let f  E  /?[x] be a monic non-constant polynomial. Assume that 
the characteristic of R  is not equal to 2. Then

Proof. For each a E  /?.[:r] where a and /  are relatively prime and deg (a.) < deg(/), 
we rewrite the Carmichael quotient for /  base a as aX{̂  — 1 +  /  - C(a. /) . Then

E c <n ' /) -  oKmcn (mod /) .
deg(a)< deg (/) 

a , /  relatively prime
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we have

n (1 + !C(a,  ร))
deg(a)< deg (/) 

a , /  relatively prime

1 +  /  ^ 2  c (a’f)  ( m o d / 2).
deg(a)< deg (/)a , /  relatively prime

Next, we rewrite the Wilson quotient for /  as AM = €f + f  ■ พ if) . We obtain

(A,ฯ ) ^ ' '  =  ( £ / + / •  lV(/))A(/> = 'ะ},,, + - พน)  (mod f )
= 1 + น ) / พ น )  ( m o d / 2).

Finally, we know that E f  = e /1 in modulo / .  Then

1 +  /  c < a ,  / )  =  1 +  T < / , _ , A ( / ) / M ^ ( / )
deg(o )< deg (/) 

a, f  relatively prime

X  C(a, f )  = e,
deg(a)< deg (/) 

a , /  relatively prime

This completes the proof.

3.2 A.dth power residue symbol
Let R be a finite local ring and M  its unique maximal ideal. Let k := R /M  

arid define the reduction map 7 : R —> k as in the last section. For this chapter, 
assume that k is a field of order q = ps where p is a prime number and ร € N. 
By Theorem XVI11.2 in [9], we have that the unit group of R  is isomorphic to the 
group k x X (1 + A/). Recall that k x is a cyclic group of order q — 1 = ps -  1, 
so exp(kx) = q — 1. Moreover, 1 + M  is a p-group which has p power elements 
then exp(l + M) =  pe for some e G N. Since ps — 1 and pe are relatively prime, 
exp(i?x) = 1cm (exp(kx), exp(l + M)} = exp(kx) - exp(l + M).

(mod f 2)

(mod /) .

□

(Â;x!)A(/)=  Y l  ° A๓ =
deg(a)< deg (/) 

a , /  relatively prime
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A monic polynomial /  G /?[x] is p rim a ry  i î  f  =  n l for some monic irreducible 
polynomial าโ of degree ท  in k [ะ!:] and t  G N. Let /  be a monic primary polynomial. 
The special property of /  is that its quotient ring R[x}/f  R[x] is a finite local ring 
with a unique maximal ideal M f  = (M. 7T) / f  R[x] (for more detail, see [4]). Note 
that

(R.[x]/fR.[x})/((M.7r)/fR[x}) = R\x]/(M. 7r) = k[.r]/(7r) 9Ë k„

where kn is a finite field of order q". After we have that R[x}/f  R{x] is a finte 
local ring, as ill the last paragraph, we have (/? [ะ!;]///? [:r])x =  k x X (1 + M f )  
where k x is a cyclic group of order qn -  1 arid 1 + M f  is a p —group, so A(/) = 
exp ( ( / ?  [ะ!;]///?[ะ!;])x ) =  exp(k;x) - exp(l + M f )  — (q n — 1) ■ p l for some / G N .

By the map /' —> r + fR.[x} for all r G R x. we call embed R x into (R/fR.[x])x . 
Now. we can consider k x which is a cyclic group of order q — 1 as a subgroup of 
R x and so of (R ./fR \x])x . For a divisor d of q — 1, R x and (R./f  R[x])x have a 
unique cyclic subgroup of order d.

L e m m a  3 .3 . Let f  G /?[x] be a monic primary polynomial and ก G /?[x] relatively 
prime to f . For a divisor d of q — 1. there exists unique 3 G k x (embedded in R x ) 
such that =  /3(mod /) .

Proof. Since (a~d~ )J +  fRfx]  = 1 + fR\x],  the order of a~^  +  f  R[x] divides d. 
Since d is a divisor of |k x | = q -  1 and k f  is a cyclic group containing k x. there 
exists a subgroup of k x of order d containing “ + //?.[;!']. Therefore, there exists 
3 in k x such that a ~  = //(mod /) .  Moreover, the division algorithm of /  implies 
that 3 is unique. □

Let /  G R[x] be a monic primary polynomial and a G R[x] relatively prime 
to / .  For a divisor d of q — 1, define I — j = ft where ft is the unique element
in R x such that a~x~ = //(mod /) .  We call this symbol th at the A .d th  p o w e r  
r e s id u e  s y m b o l  o f  a m o d u lo  / .  In [6], Iamthong and Meemark defined dth

. which is the unique
d

p o w e r  r e s id u e  s y m b o l  o f  a m o d u lo  / ,  denoted by
/

a  in R x such that a à = «(mod / )  where ( p ( f )  = \(R.[x]/ f  R[x])x |. They also
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had the E u le r  q u o t ie n t  o f  d e g r e e  d for  /  b a se  a as a polynomial

E j(a J )  = -  -  ( ท ํ ท

Next, we find some relations between o'til power residue symbol and A.fitli power 
residue symbol. Since A(/) I 0 (/), we obtain

(  a \  _  fin  xen pjj (  a \ ^ ภ ิy — J  = a d = (a d )M/i = y-j J (mod / )  and
/ a \  พ) . / a W )\ . 1 .,
V / /  - a * -  'A  ~  y  ~ T ~ )  mof ^ '

/  \  /  \  xff) /  A(/jHowever, these two symbols he 111 L?x, so ( ^  j = ( -y ] = ( a
\ J  /  d  \ J  /  A.d \ / A.rf

P ro p o s itio n  3.4. Let /  G i?.[:r] 6e a monic primary polynomial and r 6 /£[x] 
where r and f  are relatively prime. We have that

( j ' j  = 1 if find, only if = 1-

Proof. We know that ( ~jj = y j
พ)

so the converse is obvious. Assume
1 + Mf\that ( A  . 1. Note that L z j  = 5  -  พ  + ' .  1^ — 1^ .  Since\ f J d  ^ ( /)  (gn -  1)A(1 + Mj) A (Id -M /)

|1 + AL/1 and A(1 + Mj)  are both power of p, there exists (/ É N u  {()} such that

8 “ v iT v !)  = pf' “» ( /)„  = ( /) ! ■ Th™ 1 -  ( / ) ] ’;  » Mder
of [ — ) in the group k x divides p5. However. k x is a cyclic group of order \ J  /  x.d
q — 1 = ps — 1 and ps — 1 is relatively prime to p. Hence, ( -  1 = 1 .

x.d
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3.3 Carmichael quotients of degree d

Let /  be a rnonic primary polynomial in p[x], We define the C arm ich ae l 
q u o tie n t o f d eg ree  d for /  base  a as a polynomial:

c d{a,f) =

*(/)a d
A ,d

f

Note that, in case d = 1, this quotient reduces to the Camichael quotient C (a , f )  
as in section 3.1. Next, we consider the Euler quotient of degree d for /  base a 
and we have

E d(a,f) =

/ M s( f l W ) MJ)

f
= Cd( a M . f ) .

We will complete this chapter with a congruence relation between the Carmichael 
quotients of degree d and the Wilson quotients.

T h eo rem  3.5. Let f  G /?[x] be a monic primary polynomial. For any divisor d of 
q — 1 . we have

( l )  C d (a .  / )  =  — p-f-fW(f)  (m o d /) .
d e g ( a ) < d e g ( / )  x d

a 1/  relatively prime

Proof. For any a. G y?[x] with deg(a) < deg(/) and a and /  are relatively prime, 
we rewrite the Carmichael quotient of degree d for /  base a as follows:

/ C i ( o , / ) +  ( ; ) AJ =  a ^ -
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Then

( A ? ! ) ^ =  n Ama d
deg(a)< deg (/) 

a , /  relatively prime

n ((7)
)< d cg (/)  v w /

+ f c d( a j )
dog(n)<dcg(/) 

a, f  relatively prime
A A

n..(7 )deg(a)< deg (/) 
\ a , f  relatively prime

A A
/  V.

1 +
deg(a)< deg (/)

1f  relatively prime

- 1
f c d( a j )

A 4

Consider

n 1

< a '
v / y -

T T  MZ1 
1 1 (mod / )

deg(a)< deg (/) 
a , /  relatively prime

AA
a

deg(a)<deg(/)
1/  relatively prime

A น)

= n “ (mod / )
deg(a)<deg( f )

\ a , f  relatively prime /
, . x 1. A(/)

-  ( A ;x !) d (mod / )

=  e
A ( /  )
f d (mod / )

By Lemma 3.3, both sides of this congruence lie in R x . This implies that they are 
equal. Then we have

(A* n (>+
dcg(a)<dcg(y) \  

\ a , f  relatively prime

fC d(a,f)
\

)
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Consider this equation in modulo / 2, we obtain

/
MO Alii

7 1  + £ .......... (?)
- 1 \

deg(a)<deg(/)
\  a , /  relatively prime

A,d
(mod /'2

MO Mil+‘ff E
deg(o)<deg(/) 

a , f  relatively prime

c d(a ,f)  (mod / 2).
A,c/

Rewriting the Wilson quotient for /  as ( / ) x ! = €/■  +  /  • พ (1/') implies that

(A J l)^  =
=  ^  +  ^ ) ^ - 1/VC(/) (mod / 2).

Therefore.

A(/) M /i 
e /  + f i /

MO

/  £  ( Y ^ )  = ^  + ^ / (m o d /2)
deg(a)<dog(/) V A’d /

a , /  relatively prime

7 i  (deg(a)< deg (/) \
a , f  relatively prime£ (o )< d eg (/)  \at.ivolv nrimp

c d ( a . f )  =
_  A น )  พ - 1 (mod / 2)

deg(o)< deg(/) 
a , f  relatively prime

Since €f — e_ 1 in modulo / ,  we have

Q (o ,/)  = A m  ALQ-1V ( / )

MJ1 E ( Y t )  1 ฉ (0,/)') = ^ ^ - V ( / )  (m o d /)
1พ , พ เ ก  \ \ J  / x,d J  adeg (a )< deg (/) 

a , f  relatively prime£ ((?)1) < d eg (/)  \  w  7

-1
deg(a)< deg (/) 

a, I  relatively prime
\ , d

C M , / )  I = (mod / )

as desired. □
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