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the conservative expansion of angular momentum within the rigid body framework.
This method is named Expanded Moment of Inertia Tensor (EMIT) after the way it
was created. The considerable advantages of the EMIT methodology are as follows:
It can extract a complete set of normal coordinates from molecular geometry at
any point in potential energy surface, and it provides normal modes that resemble
those obtained from the theoretical calculation. The EMIT reliability was confirmed
by calculations of power spectra of NO−

2 and NO−
3 anions in aqueous solutions. This
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CHAPTER I

INTRODUCTION

1.1 Literature Review

Normal mode analysis (NMA) has been utilizing in vast scientific areas. For exam-
ple, using normal modes in a 3D numerical simulation allows theoretical scientists
to study p-mode damping of solar-like oscillating stars [1]. Astronomists used NMA
to study of seismic waves of rubble-pile asteroids [2]. Seismologists were able to
solve lots of seismological problems by developing a theoretical framework for the
calculation of theoretical seismograms based on NMA [3, 4]. Biochemists and biol-
ogists could understand dynamic global characters of macromolecules, which play
an essential role in explaining their functions [5–8]. Chemists might be familiar with
the determination of infrared (IR) and Raman peaks obtained from spectroscopy
instruments by using NMA [9–11].

The power spectrum typically refers to the Fourier transform of the autocor-
relation function [12]. It is often used in signal processing to transform natural
or observable signals into the frequency domain in many research fields such as
electrical engineering, astronomy, cosmology, etc. In recent astronomy and cos-
mology research, Camera and co-workers developed an approach to optimize the
utilization of angular power spectra with spectroscopic galaxy survey data [13]. Be-
sides, Wilson and co-workers presented a forward modeling of the redshift-space
power spectrum multipole moments for a masked density field that might provide
constraints on modified gravity theories [14]. Meanwhile, in bio-medical research,
Micarelli, with his team, used power spectra (PS) analysis to study the eye velocity
traces of superior vestibular neuritis (VN) patients and healthy subjects that might



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2

be used as a tool to monitor the patients [15].

During 2011 and 2014, a group of researchers led by Vchirawongkwin with co-
workers studied dynamics behaviors of anions such as NO−

2 , NO−
3 , and CO2−

3 in
aqueous solutions via quantum mechanical charge field (QMCF) molecular dynam-
ics simulations. One interesting thing is that they computed the power spectra of
those anions by using normal coordinates, velocity autocorrelation function (VACF)
derived from the simulations, and Fourier transformation (FT). They found that the
power spectra agreed with the experiments. However, at that time, they manually
constructed normal coordinates by following the group theoretical methodology
guidelines [16, 17].

In computational chemistry, especially molecular simulation, the alignment of
the molecule for each simulation frame before analyzing is inescapable. The well-
known methodology is using the principal axis of the moment of inertia as the
reference axes. These can be found in most popular programs such as VMD and
Gaussian [18, 19]. Usually, the principal axis is composed of three perpendicular
vectors, which are computed by diagonalizing the moment of inertia tensor (MIT).
However, the whole molecule must be considered as the single rigid body object,
in other words, all atoms in a molecule are shrunk into one object.

Since the moment of inertia tensor combines all atoms in a molecule, vice
versa, the key idea of this work is aiming to distribute the moment of inertia tensor
to each atom by still keeping the molecule as the rigid body object. It is called an
atomic moment of inertia tensor (AMIT). Each AMIT shares the same magnitude of
angular velocity.

The MIT is always 3×3matrix is now expanded to 3N×3N matrix where N is a
number of atoms. The new matrix is called an expanded moment of inertia tensor
(EMIT). Then, the complete set of normal coordinates is obtained by diagonalizing
of this EMIT matrix and used for calculating power spectra as Vchirawongkwin and
co-workers did in their works to validate its reliability.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER II

THEORY

2.1 Normal Mode Analysis and Harmonic Approximation

2.1.1 Normal Mode Calculation

Consider a simple harmonic oscillator of a mass m connected with a spring that
has a force constant k in one dimension (Figure 2.1). According to Hooke’s Law,
The restoring force (F ) can be calculated by:

Figure 2.1: A mass m is attached to a massless spring with constant k

F = −kx = −dV

dx
, (2.1)

where the potential energy, V =
1

2
kx2, and x is the distance from the equilibrium

point.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4

In Newton’s Law, the aforementioned force can also be calculated by F = ma.
Thus, Equation (2.1) can be written as [20]

ma = −kx or m
∂2x

∂t2
= −kx. (2.2)

By solving the Newtonian equation, x is the function of time can be expressed
as:

x(t) = A sin(2πνt), (2.3)

where t is time, ν is fundamental vibration frequency, and A is the amplitude
of the vibration. Thus, Equation (2.2) will be

−4π2ν2mx = −kx. (2.4)

The above equation shows the relationship between the force constant and
the vibration frequency, which is elementary of normal modes calculations.

Usually, the force constant is an unknown variable, but it can be calculated by
using the second derivative of the potential energy derived from Equation (2.1)

k =
∂2V

∂x2
. (2.5)

2.1.2 Harmonic Approximation

Consider the potential energy of an anharmonic oscillator in one dimension
shown in Figure 2.2. Near the minimum (x0), the potential curve can be estimated
by using a Taylor expansion as follow [21],



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5

Figure 2.2: The potential energy of an anharmonic oscillator as a function of inter-
nuclear distance (red) and the harmonic approximation (blue)

V (x) ≈ V (x0)+V ′(x0)(x−x0)+
1

2!
V ′′(x0)(x−x0)

2+...+
1

n!
V (n)(x0)(x−x0)

n. (2.6)

Because the first term on the right is a constant, and the minimum can be set
to 0 so that V (x0) = V (0) = 0. The second term is also zero by definition of
the derivation, leaving the third and higher terms in the equation. For harmonic
approximation, terms with the power of 3 and higher are ignored, and the potential
function is now called harmonic potential,

V (x) ≈ 1

2!
V ′′(0)x2 =

1

2
kx2. (2.7)

2.1.3 Normal Mode Analysis

In the Cartesian coordinate system, each atom in a molecule represented by
the x-, y- and z-coordinates [20].

Atom i: Xi, Yi, Zi.
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Let xi, yi, and zi are the difference between the positions and equilibrium
positions in the x-, y- and z- coordinates, respectively. The new extensions are:

Atom i: xi = Xi −Xi,eq yi = Yi − Yi,eq zi = ZA − Zi,eq.

For a molecule consists ofN atoms, there are 3N×3N possible force constants
correspond to the motion of one atom subject to others. For example,

∂V 2

∂x1
2
= k11

xx (2.8)

is the force constant that represents the change of the force in the x-direction
on atom 1 when it moves in the x-direction.

And,

∂V 2

∂x1∂y1
= k11

xy (2.9)

is the force constant that represents the change of the force in the x-direction
on atom 1 when it moves in the y-direction.

Likewise,
∂V 2

∂x1∂y2
= k12

xy (2.10)

is the force constant that describes the change of the force in the x-direction on
atom 1 when atom 2 moves in the y-direction. The 3N×3N matrix that composed
of all possible force constants is called the Hessian matrix.
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k11
xx k11

xy k11
xz k12

xx k12
xy k12

xz . . . k1N
xx k1N

xy k1N
xz

k11
yx k11

yy k11
yz k12

yx k12
yy k12

yz . . . k1N
yx k1N

yy k1N
yz

k11
zx k11

zy k11
zz k12

zx k12
zy k12

zz . . . k1N
zx k1N

zy k1N
zz

k21
xx k21

xy k21
xz k22

xx k22
xy k22

xz . . . k2N
xx k2N

xy k2N
xz

k21
yx k21

yy k21
yz k22

yx k22
yy k22

yz . . . k2N
yx k2N

yy k2N
yz

k21
zx k21

zy k21
zz k22

zx k22
zy k22

zz . . . k2N
zx k2N

zy k2N
zz... ... ... ... ... ... . . . ... ... ...

kN1
xx kN1

xy kN1
xz kN2

xx kN2
xy kN2

xz . . . kNN
xx kNN

xy kNN
xz

kN1
yx kN1

yy kN1
yz kN2

yx kN2
yy kN2

yz . . . kNN
yx kNN

yy kNN
yz

kN1
zx kN1

zy kN1
zz kN2

zx kN2
zy kN2

zz . . . kNN
zx kNN

zy kNN
zz



(2.11)

Because of the force constants are calculated from the second derivative of the
potential energy. All atoms in a molecule must be energy minimized to make sure
that the molecule locates at the minimum in the potential energy surface where
is the point that the harmonic approximation is valid.

2.2 Moment of Inertia Tensor

Consider a rigid body composed of N particles rotates with constant angular
velocity ω around an axis that passes through its center of mass at the origin in
Figure 2.3 [22].

Figure 2.3: A rigid rotating body
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The total angular momentum can be expressed as

L =
N∑
i=1

miri ×
∂ri
∂t

=
N∑
i=1

miri × (ω × ri) =
N∑
i=1

mi[r
2
iω − (ri · ω)ri], (2.12)

where mi and ri are mass and position of an element i, respectively.

The above equation can be simply re-expressed in the matrix form

Lx

Ly

Lz

 =


Ixx Ixy Ixz

Iyx Iyy Iyz

Izx Izy Izz



ωx

ωy

ωz

 , (2.13)

where

Ixx =
N∑
i=1

mi(y
2
i + z2i ), (2.14)

Iyy =
N∑
i=1

mi(x
2
i + z2i ), (2.15)

Izz =
N∑
i=1

mi(x
2
i + y2i ), (2.16)

Ixy = Iyx = −
N∑
i=1

mi(xiyi), (2.17)

Iyz = Izy = −
N∑
i=1

mi(yizi), (2.18)

Ixz = Izx = −
N∑
i=1

mi(xizi). (2.19)

Ixx, Iyy, and Izz are called the moment of inertia about the x-axis, y-axis, and
z-axis, respectively. Meanwhile, Ixy, Iyz , and Ixz are the xy product of inertia, the
yz product of inertia, and the xz product of inertia, respectively. Equation (2.13)
can be represented as

L = Iω, (2.20)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

9

where I is the moment of inertia, or rotational inertia, of a rigid body, which
is the quantity that determines the mass is distributed about a rotation axis. Rep-
resenting of I in the form of a matrix in Equation (2.13) is called the moment of
inertia tensor (MIT).

2.3 Expanded Moment of Inertia Tensor

In the ball and stick model, a particular molecule can be considered as a quasi-
rigid body that consists of N -point masses located at each center of its constituent
atoms holding together by massless bonds (Figure 2.4). The net angular momentum
(L) of the molecule can be calculated by the product of the MIT (I) and the angular
velocity (ω) as shown in Equation (2.20).

Figure 2.4: A ball and stick model

The rigid body molecule rotates at the same angular velocity caused the total
angular momentum is merely the total contribution from individual masses.

L =
N∑
a=1

la, (2.21)

where la is an atomic angular momentum of each atom in the N-atom molecule
that is defined as:

la = ιaω, (2.22)

The atomic moment of inertia tensor (AMIT, ιa) refers to the contribution of an
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atom a to the MIT

ιa = ma


y2a + z2a −xa · ya −xa · za
−ya · xa x2

a + z2a −ya · za
−za · xa −za · ya x2

a + y2a

 , (2.23)

where the atom a can be regarded as a point mass ma that resides at position
(xa, ya, za) relative to the center of mass of the molecule.

By the multiplication of the identity, Equation (2.20) remains unchanged and
can be rearranged as:

LLL =
N

N
I ·ωωω

=

(
N∑
a=1

N

N
ιa

)
·ωωω

=
N∑
a=1

(
2−N

N
+

2N − 2

N

)
ιa ·ωωωa ;ωωωa = ωωω

=
N∑
a=1

[
2−N

N
ιa ·ωωωa +

N∑
b=1

(1− δab)
(ιa + ιb)

N
·ωωωb

]

=
N∑
a=1

N∑
b=1

[
δab

(2−N)

N
ιa ·ωωωa + (1− δab)

(ιa + ιb)

N
·ωωωb

]
︸ ︷︷ ︸

λa

=
N∑
a=1

λa,

(2.24)

where N is the number of atoms in the molecule. Although the term λλλa in
Equation (2.24) looks very similar to the term llla in Equation (2.21), it has a distinct
definition. Since llla is an individual angular momentum which means it does not
take the interaction between atoms into account, but λλλa takes. The λλλa is named
expanded angular momentum and is represented in a general form as:
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λλλa =
N∑
a=1

ϕab · ωb. (2.25)

The new term ϕab can be defined as:

ϕϕϕab =


2−N

N
ιιιa, a = b

1

N
(ιιιa + ιιιb), a ̸= b

.

In tensor notation, we can conveniently write the definition as

ϕab
ij =

(
2−N

N
ιaij

)
· δab +

(
ιaij + ιbij

N

)
· (1− δab),

where i and j index the Cartesian basis (x, y, and z), in addition to theN -dimensional
atomic labels a and b, and δab is the Kronecker delta for the two atoms.

To define the expanded moment of inertia tensor (EMIT), we combine the two
types of indices and represent this four-index mathematical object as a rank-two
tensor

Φµν = Φ(ai)(bj) = ϕab
ij .

The new labels µ and ν refer to the ith-axis of an atom a and jth-axis of an atom
b, therefore the EMIT matrix, ΦΦΦ, is of 3N × 3N dimension.

To understand how to construct the EMIT matrix and how to obtain the coef-
ficient 2/N − 1 and 1/N in Equation (2.24) clearly, more details will be discussed
here. Firstly, each atomic moment of inertia (ι) will be divided into the N parts,
which is now called a partial atomic moment of inertia tensor (PAMIT), where N is
the number of atoms in the molecule,

ιιιa =
N∑
a=1

1

N
ιa. (2.26)
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The ithjth off-diagonal element is constructed by the combination of the partial
atomic moment of inertia tensors of an atom i and j. It allows the interaction of
each atom is taken into account.



1

N
(ι1 + ι2)

1

N
(ι1 + ι3) . . .

1

N
(ι1 + ιN)

1

N
(ι2 + ι1)

1

N
(ι2 + ι3) . . .

1

N
(ι2 + ιN)

1

N
(ι3 + ι1)

1

N
(ι3 + ι2) . . .

1

N
(ι3 + ιN)

... ... ... 1

N
(ι4 + ιN)

1

N
(ιN + ι1)

1

N
(ιN + ι2)

1

N
(ιN + ι3)

1

N
(ιN + ι4)


(2.27)

It is clearly seen that there are 2N − 2 terms of 1

N
ιth distribute to the matrix,

N − 1 from ith column, and N − 1 from ith row. It is, therefore, 2 − N terms of
1

N
ιth remain at diagonal elements of the matrix. The full N × N matrix is shown

below.



2−N

N
(ι1)

1

N
(ι1 + ι2)

1

N
(ι1 + ι3) . . .

1

N
(ι1 + ιN)

1

N
(ι2 + ι1)

2−N

N
(ι2)

1

N
(ι2 + ι3) . . .

1

N
(ι2 + ιN)

1

N
(ι3 + ι1)

1

N
(ι3 + ι2)

2−N

N
(ι3) . . .

1

N
(ι3 + ιN)

... ... ... . . . ...
1

N
(ιN + ι1)

1

N
(ιN + ι2)

1

N
(ιN + ι3) · · · 2−N

N
(ιN)


(2.28)

Since ι is a 3× 3 matrix, therefore, the matrix above is expanded to 3N × 3N

and re-written in simple form as:
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ϕ11 ϕ12 ϕ13 . . . ϕ1N

ϕ21 ϕ22 ϕ23 . . . ϕ2N

ϕ31 ϕ32 ϕ33 . . . ϕ3N

... ... ... . . . ...
ϕN1 ϕN2 ϕN3 . . . ϕNN


. (2.29)

The crucial key of the EMIT methodology is that the eigenvectors matrix gained
from the diagonalization of the 3N × 3N EMIT matrix represents 3N normal coor-
dinates of the molecule.

Equation (2.30) and (2.31) show the significant difference between λλλa and llla . In
Equation (2.30), the total angular momentum is calculated by the dot product of a
diagonal matrix of llla and the atomic angular velocity matrix ωa. In Equation (2.31),
the total angular momentum is calculated by the multiplication of the EMIT matrix
and the atomic angular velocity matrix.

LLL =


l1 0 . . . 0

0 l2 . . . 0
... ... . . . ...
0 0 . . . lN




ω1

ω2

...
ωN

 , (2.30)

LLL =


ϕ11 ϕ12 . . . ϕ1N

ϕ21 ϕ22 . . . ϕ2N

... ... . . . ...
ϕN1 ϕN2 . . . ϕNN




ω1

ω2

...
ωN

 . (2.31)

2.4 Matrix Diagonalization

As mentioned in the previous section, the eigenvectors calculated from the
diagonalization of the EMIT matrix represent all possible normal coordinates of the
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molecule.

Generally, a particular matrix M is diagonalizable if it can be written as [23]:

M = P ·D · P−1, (2.32)

whereD is a diagonal matrix that consists of eigenvalues ofM . Meanwhile, P is
a nonsingular matrix that consists of eigenvectors corresponding to the eigenvalues
in D, and P−1 is the matrix invert of P . To calculate P−1, a matrix P must be a
square matrix causing a matrix M also needs to be a square matrix. Moreover, all
matrices M , D, P , and P−1 must have the same dimension. For a square matrix
M that is symmetric, eigenvectors columns in P obtaining from the diagonalization
are orthogonal vectors, which means the columns are perpendicular to each other.
Since the EMIT matrix is a symmetric matrix, the normal vectors (eigenvectors) are
orthogonal.

To compute eigenvalues and eigenvectors, let λ is a scalar, and it is said to be
the eigenvalue of a square matrix A when there is a nontrivial solution satisfying
the following equation [24].

AX = λX, (2.33)

where X is an eigenvector corresponding to λ.

Then, Equation (2.33) can be rearranged as follow

AX − λX = 0

AX − λIX = 0

(A− λI)X = 0,

(2.34)

since X must be a non-zero vector: thus, the characteristic polynomial of A
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must equals to zero.
p(λ) = det(A− λI) = 0. (2.35)

The following steps show an example of how to compute eigenvalues and
eigenvectors.

Let A is a (2× 2) square matrix.

A =

1 −2

1 4

 (2.36)

Then, the characteristic polynomial of A is

p(λ) = det
1− λ −2

1 4− λ

 , (2.37)

and

p(λ) = (1− λ)(4− λ) + 2 = λ2 − 5λ+ 6 = (λ− 2)(λ− 3). (2.38)

Two eigenvalues of A are 2 and 3.

Consider an eigenvalue λ = 2, Equation 2.34 becomes

1 −2

1 4

−

2 0

0 2

X1

X2

 =

−1 −2

1 2

X1

X2

 = 0. (2.39)

Thus,

−X1 − 2X2 = 0

X1 + 2X2 = 0
(2.40)
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or
X1 = −2X2. (2.41)

For convenient, let X2 equals 1, hence, X1 = -2 The eigenvector that corresponds
to λ = 2 is −2

1

 . (2.42)

Consider an eigenvalue λ = 3, an Equation 2.34 becomes1 −2

1 4

−

3 0

0 3

X1

X2

 =

−2 −2

1 1

X1

X2

 = 0. (2.43)

Thus,

−2X1 − 2X2 = 0

X1 +X2 = 0
(2.44)

or
X1 = −X2. (2.45)

Let X2 equals 1, and X1 = -1 The eigenvector that corresponds to λ = 3 is−1

1

 . (2.46)

Finally, eigenvalues are 2 and 3 and their corresponding eigenvectors are−2 −1

1 1

 . (2.47)

Although the above example demonstrates an approach to compute eigenval-
ues and eigenvectors, it is usually used for small matrices. For larger matrices,
there are several algorithms developed to reduce time-consuming. Meanwhile,
their reliabilities are still acceptable such as the Jacobi algorithm, QR algorithm,
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and spectral divide and conquer algorithms for real symmetric matrices and the
combination between generalized Householder reflection and generalized QL al-
gorithm for complex symmetric matrices.

This work uses the Eigen library package for C++ to deal with matrices [25]. The
library provides real Schur decomposition to calculate eigenvectors and eigenval-
ues of real square matrices.

M = U ·D · UT , (2.48)

where U is a real orthogonal matrix, a matrix whose transpose equals its inverse,
U−1 = UT and D is a real quasi-triangular matrix, a block-triangular matrix whose
diagonal consists of 1-by-1 blocks and 2-by-2 blocks with complex eigenvalues.
The diagonal elements of D are the eigenvalues of M . In general, there are both
real and complex Schur decompositions, and this decomposition can compute
eigenvalues and eigenvectors for square matrices that are not diagonalizable by
Equation 2.32.

There are lots of applications of matrix diagonalization, such as calculation of
normal coordinates from the EMIT matrix as described in Section 2.3, calculation
of principal axes of inertia in Section 2.6. Moreover, it plays a vital role in solving
a system of simultaneous linear differential equations, determining powers of ma-
trices, and solving a system of differential equations, which is the key to quantum
chemistry.

2.5 Pseudomolecular Model

According to the preliminary results, It was found that some of the normal
vectors were not parallel or antiparallel to the bond direction as they should be.
These were most often found in the symmetric stretching mode because of the
nature of the EMIT that the normal vectors always point in or out from the center
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of mass.

Figure 2.5: (a) The symmetric stretching of a water molecule (top) and a nitrite
anion (bottom) obtained from applying the EMIT method to actual molecules. The
center of mass is shown in the black sphere/truncated sphere. (b) an approach to
construct pseudomolecules

In this work, a pseudomolecule was used instead of an actual molecule. An
approach to model a pseudomolecule is shown pictorially in Figure 2.5 and is
described as follows: Firstly, all atoms in an actual molecule are changed to pseu-
doatoms. Secondly, pseudoatoms are divided into two types, which are a central
atom and surrounding atoms. Thirdly, a mass of a central atom is set to 100 units;
meanwhile, masses of surrounding atoms are set to 0.001 unit. Lastly, The pseu-
domolecule is used to construct the EMIT matrix instead of the actual molecule.

2.6 Reordering of Eigenvectors

Although eigenvectors obtained from diagonalization of the EMIT matrix repre-
sent a complete set of normal coordinates, there is no relationship between the
sequences of eigenvectors with types of normal modes. The following steps were
used to create a set of translation and rotational vectors as a set of reference
vectors, and it will be used in separating of vibration modes out of other motion
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modes.

2.6.1 Determine the Principal Axes of Inertia

Firstly, the center of mass (RCOM) of a molecule must be moved to the origin
by:

rcoma = ra −RCOM, (2.49)

where ra is an initial coordinate and rcoma is an coordinate after shifting of the
atom a and RCOM can be calculated by:

RCOM =

∑
a mara∑
a ma

. (2.50)

Secondly, the moment of inertia tensor (MIT) will be constructed as follow [19,
26]

III =


Ixx Ixy Ixz

Iyx Iyy Iyz

Izx Izy Izz

 =


∑

a ma(y
2
a + z2a)

∑
a ma(−xa · ya)

∑
ama(−xa · za)∑

a ma(−ya · xa)
∑

a ma(x
2
a + z2a)

∑
a ma(−ya · za)∑

a ma(−za · xa)
∑

a ma(−za · ya)
∑

ama(x
2
a + y2a)

 .

(2.51)

Finally, the eigenvalues and eigenvectors are obtained from the diagonalization
of MIT. The eigenvalues represent the principal moments; meanwhile, the 3 ×
3 matrix of eigenvectors will be used to calculate the vectors corresponding to
translation and rotation of the molecule in the upcoming step.
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2.6.2 Construct a Matrix of Translation and Rotation Vectors

The three translation vectors (Tx, Ty, Tz), which correspond to translation in
the x-, y-, and z-axis, respectively, are simply created by using the unit vectors [19].

For example, in the case of N atoms. The translation vectors that have 3N in
dimension can be constructed by:

Tx = (1, 0, 0, 1, 0, 0, · · · , 1, 0, 0)T

Ty = (0, 1, 0, 0, 1, 0, · · · , 0, 1, 0)T

Tz = (0, 0, 1, 0, 0, 1, · · · , 0, 0, 1)T .

To construct the rotational vectors, let M is the eigenvectors obtained from
the diagonalization of MIT.

MMM =


M11 M12 M13

M21 M22 M23

M31 M32 M33

 , (2.52)

Firstly, The matrix M ′ is created by modification of the third column of the
matrix M as follows

MMM ′ =


M11 M12 CofactorM13

M21 M22 −1 · CofactorM23

M31 M32 CofactorM33

 , (2.53)

Secondly, the dot product between M ′T and the coordinates of the atom a

concerning the center of mass gives
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(x′
a, y

′
a, z

′
a)

T = M ′T · (xa, ya, za).

Finally, The three rotational vectors (Rx, Ry, Rz), which correspond to rotation
in the x-, y-, and z-axis, respectively, can be expressed as follows.

Rx,i =



√
m1(y

′
1M

′
31 − z′1M

′
21)

√
m1(y

′
1M

′
32 − z′1M

′
22)

√
m1(y

′
1M

′
33 − z′1M

′
23)

√
m2(y

′
2M

′
31 − z′2M

′
21)

√
m2(y

′
2M

′
32 − z′2M

′
22)

√
m2(y

′
2M

′
33 − z′2M

′
23)...

√
m3(y

′
3M

′
31 − z′3M

′
21)

√
m3(y

′
3M

′
32 − z′3M

′
22)

√
m3(y

′
3M

′
33 − z′3M

′
23)



,
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Ry,i =



√
m1(z

′
1M

′
11 − x′

1M
′
31)

√
m1(z

′
1M

′
12 − x′

1M
′
32)

√
m1(z

′
1M

′
13 − x′

1M
′
33)

√
m2(z

′
2M

′
11 − x′

2M
′
31)

√
m2(z

′
2M

′
12 − x′

2M
′
32)

√
m2(z

′
2M

′
13 − x′

2M
′
33)...

√
m3(z

′
3M

′
11 − x′

3M
′
31)

√
m3(z

′
3M

′
12 − x′

3M
′
32)

√
m3(z

′
3M

′
13 − x′

3M
′
33)



,

Rz,i =



√
m1(x

′
1M

′
21 − y′1M

′
11)

√
m1(x

′
1M

′
22 − y′1M

′
12)

√
m1(x

′
1M

′
23 − y′1M

′
13)

√
m2(x

′
2M

′
21 − y′2M

′
11)

√
m2(x

′
2M

′
22 − y′2M

′
12)

√
m2(x

′
2M

′
23 − y′2M

′
13)...

√
m3(x

′
3M

′
21 − y′3M

′
11)

√
m3(x

′
3M

′
22 − y′3M

′
12)

√
m3(x

′
3M

′
23 − y′3M

′
13)



,

where mi is the mass of an atom ith. Please note that the dimension of each
rotational vector is the same as the dimension of translation vectors.
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Tx Ty Tz Rx Ry Rz



T1,x T1,y T1,z R1,x R1,y R1,z

T2,x T2,y T2,z R2,x R2,y R2,z

T3,x T3,y T3,z R3,x R3,y R3,z

T4,x T4,y T4,z R4,x R4,y R4,z

... ... ... ... ... ...
T3N,x T3N,y T3N,z R3N,x R3N,y R3N,z

The scoring function for the translation mode in the i direction with the column
jth of the normal coordinates matrix (N ) can be expressed as:

ST =

∣∣∣∣∣
3N∑
i=k

Ti,k ·Nj,k

∣∣∣∣∣ , (2.54)

since the Ti and Nj are normalized, the maximum value must equal to 1,
which means that Nj is most similar to Ti. In contrast, the 0 value means there is
no relationship between Nj and Ti.

After the three translation modes were removed from the normal coordinates
matrix (N ), the remaining were compared with the reference rotational vectors
using the following scoring function,

SR =

∣∣∣∣∣
3N∑
i=k

Ri,k ·Nj,k

∣∣∣∣∣ . (2.55)

The interpretation of the score is the same as in the translation scoring function.
Then, the remaining 3N − 6 columns of the normal coordinates matrix, for non-
linear molecules, are now the vibration modes.
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2.7 QuantumMechanical Charge Field Molecular Dynamics (QMCF
MD)

The principle of quantum mechanical charge field (QMCF) molecular dynamics
lies in the quantum mechanical/molecular mechanical (QM/MM) dynamics which
the simulation system is divided into two main regions that are quantum mechan-
ical (QM) region and molecular mechanical (MM) region [27]. The significant differ-
ence is that, in the QMCF, the QM region is now divided into two subregions, QM
core zone, and QM solvation layer. These following equations calculate the forces
acting on a particle J located in each region,

Figure 2.6: Definition of quantum mechanical and molecular mechanical regions in
the QMCF approach

FFF core
J = FQM

J , (2.56)

FFF layer
J = FQM

J +
M∑
I=1

FBJHnC
IJ , (2.57)

FFFMM
J =

M∑
I=1,I ̸=J

FBJH
IJ +

N1+N2∑
I=1

qQM
I · qQM

J

r2IJ
+

N2∑
I=1

FBJHnC
IJ , (2.58)

where F core
J represents quantum mechanical forces acting on particle J in the
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core zone, F layer
J is the forces acting on particles J in the solvation layer, and FMM

J

corresponds to the forces acting on particles J located in the MM region.

2.8 Evaluation of Power Spectra

In general, the velocity autocorrelation function (VACF) and Fourier transform
(FT) are used to calculate power spectra of molecules. This traditional method
provides one power spectra for one molecule because there is only one velocity
trajectory. In this work, normal modes analysis is added up in order to calculate
an individual power spectra that corresponds to each normal coordinate.

2.8.1 Normal Coordinates

Normal mode analysis usually provides a complete set of normal coordinates
that used to create normal modes. In this work, The normal coordinates, Θ , are
the eigenvectors matrix and can be automatically calculated by the diagonalization
of the EMIT matrix constructed by using a pseudomolecule. For N atoms system,
the normal coordinates can be represented as:

ΘΘΘ = (|θ1⟩, |θ2⟩, · · · , |θ3N⟩) , (2.59)

2.8.2 Velocity Autocorrelation Function (VACF)

The normalized velocity autocorrelation function of the mode qth is defined as

Cq(t) =

∑nt

i ⟨vq(ti)|vq(ti + t)⟩∑nt

i ⟨vq(ti)|vq(ti)⟩
, (2.60)

where nt is the number of time origins ti, |vq(ti)⟩ and |vq(ti + t)⟩ are the velocity
vectors expressing the vibration mode q at time ti and ti + t, respectively.
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The definition of velocity vectors above is quite different from the atomic ve-
locities in molecular dynamic simulation.

Let V is the atomic velocity

V ≡
(
v1x v1y v1z v2x . . . vNz

)T
,

Then, V is projected onto the normal coordinate basis

U =
(
u1 u2 . . . u3N

)T
= ΘΘΘTV.

Finally, scale the normal coordinate basis by its corresponding velocities,

|vq⟩ = uq|θq⟩.

The methodology to evaluate power spectra is summarized in Figure 2.7. Begin
with choosing the atomic positions from the MD simulation. For convenient, the
atomic positions were taken from the first step to construct the pseudomolecule.
Then calculate the EMIT matrix and diagonalize it to obtain the eigenvector matrix,
which is a complete set of normal coordinates, then calculate the velocity vector
of each simulation step. Lastly, a series of velocity vectors were converted to
power spectra by Fourier transformation.
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Figure 2.7: Schematic diagram showing steps in the computation of power spectra,
using the EMIT method, from MD simulation.

2.8.3 Fourier Transform

Continuous Fourier Transform: The Fourier Transform is a mathematical tool
that decomposes any waveform, a representation of any variables as a function of
time, space, etc., into a sum of sinusoidal basis functions [28]. Given g(t) is the
continuous function of time (t ), the Fourier Transform of the function g(t) is
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Ft[g(t)](f) = G(f) =

∫ ∞

−∞
g(t)e−2πiftdt, (2.61)

where G(f) is called the spectrum of g, which is a function of frequency (f ). The
above equation is called the forward Fourier transform. Conversely, G(f) can be
converted back to g(t) by following equation.

F−1
f [G(f)](t) = g(t) =

∫ ∞

−∞
G(f)e2πiftdf, (2.62)

which is called the inverse Fourier transform.

According to Euler’s formula, eix = cos(x) + i sin(x), the complex exponential
function inside the integral can be split into sine and cosine terms. Thus, the Fourier
transform can also be expressed in terms of the Fourier sine transform and Fourier
cosine transform, as shown below.

Ft[g(t)](f) = G(f) =

∫ ∞

−∞
E(t) cos(2πift)dt− i

∫ ∞

−∞
O(t) sin(2πift)dt, (2.63)

where E(t) and O(t) are even and odd portions, respectively, the first term is often
called a real part of the full complex Fourier transform. Meanwhile, another term
is called an imaginary part.

Discrete Fourier Transform: So far g(t) is defined as a continuous function. Now,
consider the case of a discrete function. Let g(k) is one in N sample points taken
from g(t). It can be denoted as g(0), g(1), g(2), ..., g[N−1]). The discrete Fourier
transform (DFT) can be defined as [29, 30]:

Fn[{g(k)}N−1
k=0 ](n) = G(n) =

N−1∑
k=0

g(k)e−2πink/N , (2.64)
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whereG(n) is the nth frequency bin, and its frequency resolution can be calculated
by the division of sampling frequency by the number of samples.

And the inverse discrete Fourier transform is

F−1
n [{G(n)}N−1

n=0 ](k) = g(k) =
1

N

N−1∑
n=0

G(n)e2πink/N . (2.65)

Usually, if a sequence of g(k) is real numbers, a sequence of G(n) obtained
from DFT will have the same length with a sequence of g(k) and is complex num-
bers causing G(n) and G(N − n) have the same value. Thus, the frequencies that
can be used for analyzing are in between 0 Hz to (sampling frequency)/2 Hz. In
other words, the sampling frequency must be at least twice the highest waveform
frequency to make sure that the calculated frequency will appear within (sam-
pling frequency)/2 Hz, which is called Nyquist Frequency. Moreover, plotting the
magnitude of G(n) versus frequency is called a power spectrum.

To demonstrate how DFT works, let consider a sequence of 4 samples data
(N = 4) collected with sampling frequency 4 Hz. The value of g(0), g(1), g(2), and
g(3) are g0, g1, g2, and g3, respectively.

Since sampling frequency = 4 Hz and a number of samples are 4. Thus, the
frequency resolution is calculated by

frequency resolution =
4 Hz
4

= 1 Hz, (2.66)

and the value for the first frequency bin G(0) (0 Hz) is

G(0) = g0 ·e−2πi(0)(0)/(4)+g1 ·e−2πi(0)(1)/(4)+g2 ·e−2πi(0)(2)/(4)+g3 ·e−2πi(0)(3)/(4). (2.67)
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Like wise, the value for the frequency bin G(1) (1 Hz) is

G(1) = g0 ·e−2πi(2)(1)/(4)+g1 ·e−2πi(1)(1)/(4)+g2 ·e−2πi(1)(2)/(4)+g3 ·e−2πi(1)(3)/(4), (2.68)

G(2) (2 Hz) and G(3) (3 Hz) can be calculated using the same procedure. Fur-
thermore, the Nyquist Frequency is 2 Hz.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER III

METHOD

3.1 Obtaining of Normal Coordinates

To obtain the complete set of normal coordinates, Three compounds, H2O,
NO−

2 and NO−
3 , were used as examples. The molecules were geometry optimized

at the MP2 level with the 6-311++G(d,p) basis set. These compounds, then, were
used to construct EMIT matrices. All calculations are shown in Table 3.1.

Table 3.1: EMIT methodology to calculate normal coordinates

Calculation Add on*
H2O NO−

2 NO−
3

1 EMIT EMIT EMIT
2 EMIT+PMM+RO EMIT+PMM+RO EMIT+PMM+RO

*EMIT is the EMIT methodology, PMM is the pseudo-molecular model and RO is the
reordering of eigenvectors.

3.2 Obtaining of Power Spectrum

This work took the outputs from the same simulations in Vchirawongkawin’s
works [16, 17]. Details of their work are briefly described as follows. The simula-
tions of NO−

2 and NO−
3 anions in aqueous solutions were carried out on quantum

mechanical charge field molecular dynamics (QMCF MD) that counting the N -body
effects into the dynamical properties of the solute.

Parameters were specifically chosen in order to keep the density of the cubic
box resembles the experimental value, which is 0.997 g cm−1 at 298 K in pure water.
Some important parameters are listed in Table 3.2. The temperature was preserved
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at 298.16 K by the Berenden temperature scaling algorithm with a relaxation time
of 100 fs. The simulations were performed with the time step of 0.2 fs under the
NV T -ensemble using a predictor-corrector algorithm and were kept running for
50,000 steps (10 ps). The output is written after every five steps. Thus there are
10,000 steps for output, and the step size is 1.0 fs.

Table 3.2: The simulation parameters for each simulation system

Parameters Simulation System
Nitrite [16] Nitrate [17]

Number of solutes 1 1
Number of water 496 496
Box length (Å) 24.64 24.65
Temperature (K) 298 298
Core radius (Å) 3.2 3.5
QM radius (Å) 6.8 6.8

The details to calculate the power spectra are adapted from Vchirawongkawin’s
works and will be described in Figure 3.1 as follow. Firstly, in the 10,000 steps (10
ps), the coordinates of the first step were used to calculate normal coordinates.
Please be reminded that in Vchirawongkawin’s works, they recalculated normal
coordinates for every step. Secondly, all atomic velocities are transformed to the
normal coordinate basis. At this step, one set of atomic velocities was expanded
to 3N sets correspond to each mode in the normal coordinates. Thirdly, the newly
defined velocities were used to calculate the velocity autocorrelation. The length
of the velocity autocorrelation function is 1000 steps, and the newly defined ve-
locity at the first step and every five steps, later on, were used as the references.
Each segment of the velocity autocorrelation functions was averaged into one se-
quence. Since data points obtained from VACF is a half sinusoidal waveform with
90° phase (cosine waveform), thus, a sequence of data points must be extended
before calculate power spectra using DFT making it the full waveform with 0° phase
(sine waveform) by the following equation.

2N−1∑
n=1

g′(n) =

g(N−n+1) ;n < N

g(n−N+1) ;n ⩾ N,
(3.1)
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Figure 3.1: An approach to calculate VACF

where g(n) and g′(n) are original VACF and extended VACF , respectively. Since there
are 10,000 steps for 10 ps, the sampling frequency is 1.0 × 1015 Hz. According
to Equation 3.1, there are 1,999 data points. The frequency resolution in cm−1 is
1.0× 1015 s−1/(1, 999× 2.99792458× 10−10 cm/s−1) = 16.6865 Hz

Finally, Using discrete Fourier transformation to transform 3N velocity autocor-
relation functions into 3N spectra.
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3.3 Implementation

Construction of EMIT matrices and calculation of normal coordinates and power
spectra were implemented in C++ with the Eigen library [25].



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER IV

RESULTS AND DISCUSSION

4.1 EMIT Methodology and Normal Coordinates

To study the EMIT methodology and to obtain a set of normal coordinates, a
water molecule was first used as an example.

Firstly, a model of a water molecule was constructed and geometry optimized,
as described in Section 3.1. Positions of each atom are shown in Table 4.1.

Table 4.1: Coordinates of a water molecule in Angstrom after geometry optimiza-
tion.

Atom x y z
O 0.0000 0.0000 0.1188
H1 0.0000 0.7534 −0.4754
H2 0.0000 −0.7534 −0.4754

Secondly, the whole molecule was translated to move the center of mass to
the origin (0, 0, 0) before starting to construct the AMIT in Equation (2.23). An AMIT
of each atom is shown in Table 4.2.

Thirdly, the 9 × 9 matrix was constructed by an equation (2.28). The matrix is
shown in Table 4.3.

Finally, the eigenvectors and eigenvalues were obtained after the diagonaliza-
tion of the EMIT matrix. The eigenvalues and corresponding eigenvectors are shown
in Table 4.4.
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Table 4.2: An AMIT of each atom in the water molecule
Atom AMIT

O 0.0708 0.0000 0.0000
0.0000 0.0708 0.0000
0.0000 0.0000 0.0000

H1 0.8528 0.0000 0.0000
0.0000 0.2807 0.4008
0.0000 0.4008 0.5721

H2 0.8528 0.0000 0.0000
0.0000 0.2807 −0.4008
0.0000 −0.4008 0.5721
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The sets of normal coordinates are projected onto the water molecule and
pictorial displayed in Figure 4.1 by the sequence of output from the matrix diago-
nalization.

Figure 4.1: Nine normal coordinates of a water molecule that could be identified as
following modes, Tq represents translation in the q-direction, Rq represents rotation
around the q-axis, vs is the symmetric stretching, vas is the anti-symmetric stretching,
and σ is the bending modes.

Theoretically, a water molecule has nine motion modes, including three trans-
lation, three rotation, and three vibration modes. The three vibration modes are
divided into a symmetric stretching, an anti-symmetric stretching, and a bending
mode. According to Figure 4.1, it is obvious that the normal coordinates obtained
from the EMIT methodology could represent the directions of motions of the wa-
ter molecule. The translation in the x-axis, y-axis, and z-axis are modes 2, 8, and
3, respectively. The rotation around the x-axis, y-axis, and z-axis are modes 7, 1,
and, 6, respectively. Modes 4, 5, and 9 are bending, symmetric stretching, and
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anti-symmetric stretching modes, respectively.

Interestingly, it is also found that three normal coordinates that resemble the
translation modes have positive eigenvalues. Meanwhile, those that have signifi-
cant negative eigenvalues resemble the rotation modes. The eigenvalues of the
normal coordinates that represent the vibration modes are in between those of
translation and rotation.

More investigations were carried out by using NO−
2 and NO−

3 anions (full data
could be found in an Appendix A).

Figure 4.2: Nine normal coordinates of an NO−
2 molecule that could be identified as

following modes, Tq represents translation in the q-direction, Rq represents rotation
around the q-axis, vs is the symmetric stretching, vas is the anti-symmetric stretching,
and σ is the bending modes.
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Figure 4.2 shows the projection of nine normal coordinates to the NO−
2 anion.

Sets of normal coordinates could be identified as follow: translation in the x-
direction, rotation around the y-axis, translation in the y-direction, anti-symmetric
stretching, rotation around the x-axis, translation in the z-direction, rotation around
the z-axis, bending and symmetric stretching.

Figure 4.3: Twelve normal coordinates of an NO−
3 molecule that could be identi-

fied as following modes, Tq represents translation in the q-direction, Rq represents
rotation around the q-axis, vq is the qth vibration modes
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In the case of the NO−
3 anion, there are a total of 12 modes of motions, including

three translation, three rotation, and six vibration modes. The sets of normal coor-
dinates in Figure 4.3 could be explained as translation in the z-axis, translation in the
x-axis, in-plane deformation, in-plane deformation, translation in the y-axis, out-of-
plane deformation, rotation around the x-axis, anti-symmetric stretching, rotation
around the z-axis, rotation around x-axis, anti-symmetric stretching and symmetric
stretching modes, respectively.

According to the study, it can be summarized that: The EMIT methodology
can provide the complete set of normal coordinates for all systems that used
as examples in this research. The eigenvalues for translation modes are always
positive, and the significant negative eigenvalues may relate to the rotation modes.

Figure 4.4: The symmetric stretching modes of a water molecule (left) and a nitrite
ion (right). The center of masses is represented in the yellow sphere.

Consider the symmetric stretching modes for the C2v group species in Figure 4.4.
It is well known that the center of mass of NO−

2 is farther from the central atom than
in the water molecule. The Figure 4.4 shows that the vectors of the surrounding
atoms of NO−

2 deviate from the bonds more than those in the water molecule too.
It is the fact that the sets of normal coordinates obtained from the EMIT method-
ology depend on the center of mass of the molecules, which is not appropriate
for the calculation of the power spectra that will be discussed later on.
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4.2 A Pseudomolecular Model

So far, it could probably say that EMIT methodology provides a complete set of
normal coordinates that resemble those obtained from theory. A pseudomolecular
model was introduced and used instead of real molecules to overcome the effect
of the center of mass dependent mentioned in the previous section. Figure 4.5
A) shows nine normal coordinates of NO−

2 obtained from EMIT using a pseudo-
molecular model. The modes could be identified as follow: rotation around the
y-axis, translation in the x-direction, translation in the z-direction, bending, symmet-
ric stretching, rotation around the z-axis, anti-symmetric stretching, rotation around
the x-axis and translation in the y-direction. Figure 4.5 B) shows the comparison
between a symmetric stretching mode and an anti-symmetric stretching mode cal-
culated using an actual molecule and a pseudomolecule. It is seen that, in the case
of a pseudomolecular model, the direction of vectors of the surrounding atoms are
now almost parallel/anti-parallel to the bonds.

Compare to the Figure 4.2 which is also the NO−
2 . Although the EMIT method-

ology always provides a complete set of normal coordinates, it is found that the
sequence of normal coordinates regarding eigenvalues are different. It has no signif-
icance when applying the EMIT methodology to small molecules that easy to dis-
play and easy to identify modes pictorially, but it is important for larger molecules
that manually identification of modes seems to be impossible. The additional
method, thus, to separate the vibration modes of the other motion modes is re-
quired.
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Figure 4.5: A) Nine normal coordinates of an NO−
2 anion that could be identified as

following modes, Tq represents translation in the q-direction, Rq represents rotation
around the q-axis, vs is the symmetric stretching, vas is the anti-symmetric stretching,
and σ is the bending modes. B) Comparison between two normal coordinates,
symmetric stretching (top) and anti-symmetric stretching (bottom) obtained from
an actual molecule (left) and a pseudomolecule (right)
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4.3 Separation of Vibration Modes

It is easy to distinguish the vibration modes out of others when the normal coor-
dinates are pictorially represented for some simple molecules, but it is practically
impossible for large molecules. Fortunately, there is an approach to construct nor-
mal coordinates of translation and rotational modes, as described in Section 2.6.2.

The eigenvalues and corresponding eigenvectors of the water molecule using
EMIT with a pseudomolecular model are shown in Table 4.5.

The translation similarity scoring values of a water molecule are shown in Ta-
ble 4.6. According to the score, Column 2, 9, and 3 correspond to translation in
the x-, y- and z-direction, respectively. After removing column 2, 9, and 3 out, the
remaining columns are shown in Table 4.7
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Table 4.7: The remaining eigenvalues and corresponding eigenvectors of the water
molecule after removing translation modes

column 1 2 3 4 5 6
eigenvalues −0.0003 −0.0005 0.0000 −0.0009 −0.0007 0.0000
eigenvectors −0.8165 0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 −0.3384 −0.7431
0.0000 0.4823 −0.6589 0.0000 0.0000 0.0000
0.4082 0.0000 0.0000 −0.7071 0.0000 0.0000
0.0000 −0.5706 −0.4176 0.0000 0.1692 0.3715
0.0000 −0.2411 0.3294 0.0000 0.6435 −0.2931
0.4082 0.0000 0.0000 0.7071 0.0000 0.0000
0.0000 0.5706 0.4176 0.0000 0.1692 0.3715
0.0000 −0.2411 0.3294 0.0000 −0.6435 0.2931

The rotation similarity scoring values of a water molecule are shown in Table 4.8.
It is found that columns 5, 1, and 4 in Table 4.7 correspond to rotation around the
x-, y- and z-axis, respectively.

Table 4.8: The rotation similarity scoring value

column 1 2 3 4 5 6
Rx Score 0.0000 0.0000 0.0000 0.0000 0.9566 0.2895
Ry Score 0.9988 0.0000 0.0000 0.0000 0.0000 0.0000
Rz Score 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000

Finally, there are three columns left as the vibration modes, which are shown
in Table 4.9.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

48

Table 4.9: The remaining eigenvalues and eigenvectors of the water molecule that
correspond to vibration modes

column 1 2 3
eigenvalues −0.0005 0.0000 0.0000
eigenvectors 0.0000 0.0000 0.0000

0.0000 0.0000 −0.7431
0.4823 −0.6589 0.0000
0.0000 0.0000 0.0000

−0.5706 −0.4176 0.3715
−0.2411 0.3294 −0.2931
0.0000 0.0000 0.0000
0.5706 0.4176 0.3715

−0.2411 0.3294 0.2931
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Figure 4.6: Nine normal coordinates of A) a water molecule and B) a NO−
2 ion after

reordering the sequence of modes using the scoring function. The last three modes
are assigned as vibration modes.

The ordered normal coordinates of a water molecule, a nitrite ion, and a nitrate
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ion are displayed in Figure 4.6 and Figure 4.7, respectively. According to Figure 4.6
A, B, nine normal coordinates are now shown in the sequence as follows. The
first three modes are translation in the x-direction, y-direction, and z-direction,
respectively. Moreover, the following three modes are rotation around x-axis, y-
axis, and z-axis, respectively. For water, the last three vibration modes are classified
as a bending mode, a symmetric stretching mode, and an anti-symmetric stretching
mode. For NO−

2 , the last three vibration modes are classified as a bending mode,
a symmetric stretching mode, and an anti-symmetric stretching mode. It is evident
that for N atoms of non-linear molecules, the last 3N −6 modes are undoubtedly
vibration modes.

Like two previous examples, In the case of NO−
3 shown in Figure 4.7, the first six

modes are three translations and three rotations modes and the last 6 (3N−6) are
now vibration modes. On the other hand, the first six modes could be identified
as non-vibration modes.
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Figure 4.7: Twelve normal coordinates of a NO−
3 anion after reordering the se-

quence of modes using the scoring function. The last six modes are assigned as
vibration modes.

Table 4.10 shows scalar products representing similarity scores between vibra-
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tion mode of Hessian normal coordinates and EMIT normal coordinates. The Hes-
sian normal coordinates are extracted from the frequency calculation of the three
systems. In case of H2O, the values are higher than 0.7 for both EMIT with/with-
out applying pseudomolecule. For NO−

2 , without pseudomolecule the values are
about 0.7, meanwhile the values are increased to about 0.9 with pseudomolecule.
These results show an important of the pseudomolecule that helps EMIT method-
ology to provide a set of normal coordinates that are getting closer to the Hessian
normal coordinates. In case of NO−

3 that the center of mass is located at the central
N atom, the values are above 0.9 for both cases. In summary, the EMIT normal co-
ordinates conform with the Hessian normal coordinates and the pseudomolecule
model is important for structures that its center-of-mass shifts from the central
atom as seen in NO−

2 meanwhile it does not reduce the similarity when applying
to the structure that the center-of-mass is already located at the central atom as
in NO−

3 .

Table 4.10: The absolute values of the scalar products representing similarity of
the EMIT normal coordinates and the Hessian normal coordinates*

vibration modesa
System σ νas νs
H2O w/o PMM 0.7989 0.7133 0.8074
H2O w PMM 0.7973 0.7195 0.7832
NO−

2 w/o PMM 0.7766 0.9795 0.7498
NO−

2 w PMM 0.9841 0.9980 0.9754
vibration modesb

System ν1 ν2 ν3 ν4 ν5 ν6
NO−

3 w/o PMM 0.9926 0.9926 0.9984 1.0000 0.9145 0.9145
NO−

3 w PMM 0.9926 0.9926 0.9984 1.0000 0.9144 0.9144
* w/o PMM and w PMM stand for without pseudomolecule model
and with pseudomolecule model, respectively.

a σ, νas, and νs are bending, antisymmetric stretching and symmetric
stretching modes, respectively.

b ν1 and ν2 are in-plane deformation modes, ν3 is the out of plane
deformation mode, ν4 is the symmetric stretching mode, and ν5
and ν6 are antisymmetric stretching modes.
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4.4 The Power Spectra and the EMIT Methodology

Usually, the traditional theoretical way to calculate spectra of molecules must
rely on the quantum mechanical calculation by using the harmonic approximation.
However, there is an alternative approach to compute the frequency of the oscil-
lating object by using the Fourier transform (FT) of the auto-correlation function. In
computational chemistry, a set of normal coordinates and velocity trajectory can
be used for calculation of velocity autocorrelation function (VACF), and VACF will
be Fourier transformed into frequency domain that correspond to each mode in
normal coordinates.

The vibration power spectrum of NO−
2 and NO−

3 using the EMIT methodology
without the pseudomolecular model to compute normal coordinates will be firstly
discussed here.
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Figure 4.8: Power spectra of a nitrite ion (NO−
2 ) A) Accumulative power spectrum.

B) Power spectra for the bending mode (green), anti-symmetric stretching mode
(black), and symmetric stretching mode (red). C) Power spectra with corresponding
modes for the bending mode (green), anti-symmetric stretching mode (black), and
symmetric stretching mode (red).

In the case of NO−
2 in (Figure 4.8 A), it is found that there are three major

characteristic peaks at 901, 1535, and 1602 cm−1. However, when represented in
an individual spectrum (Figure 4.8 B and C), there are two peaks at 901 and 1602
cm−1 for a symmetric stretching mode, there is one peak at 1535 cm−1 for an
anti-symmetric stretching mode, there are also two peaks at 901 and 1602 cm−1

for a bending mode. Please note that two peaks of a symmetric stretching and a
bending mode have similar positions, and the highest peak of two modes appears
at 901 cm−1, which is unsatisfying for a symmetric stretching that the highest peak
should appear at the higher frequency. However, when considering the irreducible
representations of vibrations (Γvib) of the C2V group that is:

Γvib = 2A1 +B2. (4.1)
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The vibration modes are identified as A1 (bending), B1 (anti-symmetric stretch-
ing) and A1 (symmetric stretching), respectively. Two peaks at 901 and 1602 cm−1

come from modes that belong in the same representation, which is acceptable.
One mode per peak is still more preferable.

Figure 4.9: Power spectra of a nitrite anion (NO−
3 ) A) Accumulative power spectrum.

B) Power spectra for the in-plane deformation (ν1/ν2, magenta/cyan), out-of-plane
deformation (ν3, blue), symmetric stretching (ν6, black), and anti-symmetric stretch-
ing (ν4/ν5, green/red) modes. C) Power spectra with corresponding modes for the
in-plane deformation (ν1/ν2, magenta/cyan), out-of-plane deformation (ν3, blue),
symmetric stretching (ν6, black) and anti-symmetric stretching (ν4/ν5, green/red)
modes.
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When represented in one spectrum in (Figure 4.9 A), there are four major charac-
teristic peaks at 784, 951, 1235 and 1585 cm−1 for NO−

3 . Considering the irreducible
representations of vibrations (Γvib) of the C3V group that is:

Γvib = A1 + A2 + 2E (4.2)

Since there are six vibratoinal modes for NO−
3 , there must have two other de-

generacy frequencies. In case of an individual spectra shown in Figure 4.9 B and C,
there is one doubly degeneracy modes at 784 cm−1 which represents two in-plane
deformation modesE (ν1 and ν2), the peak at 951 cm−1 represents the out-of-plane
deformation mode A2, the peak at 1235 cm−1 represents the symmetric stretching
mode A1 and two peaks at 1585 and 1602 cm−1 stand for the two anti-symmetric
stretching modes, these two last peaks are identified as another degeneracy mode
E ′.

4.5 The Power Spectra and the Role of the Pseudomolecular
Model

In the previous section, it is manifest that normal coordinates obtained from the
EMIT methodology able to provide the power spectra of the two example anions.
Even though there are some degeneracy peaks occur.
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Figure 4.10: Using the EMIT methodology with the pseudomolecular model: Power
spectrum of a nitrite anion (NO−

2 ) A) Accumulative power spectra. B) Power spectra
for the bending mode (green), anti-symmetric stretching mode (black), and symmet-
ric stretching mode (red). C) Power spectra with corresponding modes for the bend-
ing mode (green), anti-symmetric stretching mode (black), and symmetric stretching
mode (red).

Using the EMIT methodology together with the pseudomolecular model (Fig-
ure 4.10), it is found that in case of NO−

2 , there are 3 individual characteristic fre-
quencies at 901, 1535 and 1602 cm−1. These peaks are identified as A1 (bending),
B1 (anti-symmetric stretching) and A1 (symmetric stretching), respectively.
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Figure 4.11: Using the EMIT methodology with the pseudomolecular model: Power
spectrum of a nitrite ion (NO−

3 ) A) Accumulative power spectra. B) Power spec-
tra for the in-plane deformation (ν1/ν2, magenta/cyan), out-of-plane deformation
(ν3, blue), symmetric stretching (ν6, black), and anti-symmetric stretching (ν4/ν5,
green/red) modes. C) Power spectra with corresponding modes for the in-plane
deformation (ν1/ν2, magenta/cyan), out-of-plane deformation (ν3, blue), symmetric
stretching (ν6, black) and anti-symmetric stretching (ν4/ν5, green/red) modes.

For NO−
3 in Figure 4.11, there are 6 characteristic frequencies which can be

described as, the in-plane deformation E ′ (ν1 and ν2) modes appeared at 784
cm−1, the A2 out of plane at 951 cm−1, the A1 symmetric stretching at 1235 cm−1,
and the last two doubly degeneracy, E ′ appear at 1585 and 1602 cm−1.
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It is significantly different between the power spectrum of NO−
2 for EMIT method-

ology with and without the pseudomolecular model (w-PMM and w/o-PMM, re-
spectively), especially in symmetric stretching and bending mode. Recalling pre-
vious Figure 4.8 and Figure 4.10, in case of w/o-PMM, there are two main peaks
at 901 and 1602 cm−1 for both symmetric stretching and bending mode which
are not seen in case of w/-PMM. Since normal vectors for w/o-PMM are not paral-
lel/anti-parallel to the bond axis, there are some component vectors of bending
modes mix with the symmetric stretching mode and vice versa. This deviation is
not found in the case of NO−

3 . It is because of the center of mass of NO−
3 is already

located near the central N atom even there is no PMM. In contrast, the center of
mass of NO−

2 is far away from the central N atom for w/o-PMM but located near
the central atom when w/-PMM is applied. These results show the significant role
of the PMM that helps to shift the center of mass to the central atom yielding the
precise power spectra and, the PMM has not disrupted the molecule that the COM
is already located at the central atom. However, the PMM will not necessary if one
can develop the EMIT matrix that is independent of the COM.

4.6 Power Spectra Comparison

Comparison with the theoretical calculation and experiments shown in Ta-
ble 4.11 and 4.12. It is seen that vibration frequencies obtained from the EMIT
methodology w-PMM of NO−

2 and NO−
3 are well agreed with other methods and

are slightly larger than the others. The graphs in Figure 4.12 and Figure 4.13 are
power spectra obtained from the reference [16, 17] and from this research, respec-
tively. Please note that graphs are resized to let them have the same scale in
the frequency axis. According to the graphs, peaks in this research are sharper and
clearer, and the position is slightly greater than the reference one. In the case of
NO−

3 , the two peaks of anti-symmetric stretching modes are a little splitting, which
might be found in the molecular dynamics-based method.

The agreement of power spectra confirms the validity of normal coordinates
gained from the EMIT methodology and approves that there is at least one method
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Figure 4.12: Power spectra of a nitrate anion (NO−
2 ) A) obtained from the reference

and B) obtained from this research, and the peaks are classified as bending (green),
anti-symmetric stretching (black) and symmetric stretching (red)

that able to bypass the construction of the Hessian matrix and using harmonic
approximation.
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Figure 4.13: Power spectra of a nitrate anion (NO−
3 A) obtained from the reference

and the peaks are classified as the in-plane deformation (ν1/ν2, magenta), out-of-
plane deformation (ν3, blue), symmetric stretching (ν6, black), and anti-symmetric
stretching (ν4/ν5, red) modes B) Power spectra of a nitrite anion (NO−

3 ) obtained from
this research and the peaks are classified as the in-plane deformation (ν1/ν2, ma-
genta/cyan), out-of-plane deformation (ν3, blue), symmetric stretching (ν6, black),
and anti-symmetric stretching (ν4/ν5, green/red) modes.
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Table 4.11: vibration frequencies (cm−1) of the highest peak for each normal mode
of the NO−

2 anion evaluated by the EMIT methodology w-PMM, compared with the
experimental data and results calculated at various theoretical levels*

vibration mode of the NO−
2 aniona

Method σ νas νs
Experimental data
Solid NaNO2b 829 1232 1329
Solid KNO2b 806 1240 1322
CsNO2b 803 1230 1317
Ba(NO2)2 · H2Oc 820 1240 1328
Aqueous NaNO2d 817 1242 1331
Theoretical resultse
HF/6-31G 836[833] 1354[1400] 1449[1446]
MP2/6-31G 733[729] 1340[1370] 1212[1202]
HF/6-31+G(d) 893[889] 1457[1535] 1581[1577]
MP2/6-31+G(d) 789[782] 1352[1395] 1329[1312]
QCISD/6-31+G(d) 791[782] 1235[1288] 1344[1333]
HF/modified-DZ 820[812] 1262[1356] 1458[1418]
MP2/modified-DZ 720[712] 1274[1335] 1201[1185]
HF/DZP+ 908[879] 1427[1521] 1635[1584]
MP2/DZP+ 823[772] 1310[1363] 1356[1315]
QCISD/DZP+ 780[771] 1190[1241] 1346[1334]
G3MP2 896[893] 1527[1579] 1610[1608]
The reference method QMCF MDf

NO−
2 (H2O)496 896[808] 1531[1381] 1612[1454]

EMIT
NO−

2 (H2O)496 901 1535 1602
aσ, νas and νs are bending, anti-symmetric stretching and symmet-
ric stretching modes. bRaman data of solid [31]. cRaman data of
polycrystallineBa(NO2)2 · H2O [32]. dRaman data of 5.8 mol dm−3 aque-
ous NaNO2 solution [33]. eThe values obtained from the optimized ge-
ometry with the specified method in the PCM, and the corresponding
values for the gas phase presented in square brackets. fThe values in
parentheses were scaled by the factor 0.902 [34]. *Data obtained from
the reference [16].
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Table 4.12: vibration frequencies (cm−1) of the highest peak for each normal mode
of the NO−

3 anion evaluated by the EMIT methodology w-PMM, compared with the
experimental data and results calculated at various theoretical levels

vibration mode of the NO−
3 aniona

Method E ′ A
′′
2 A

′
1 E ′

Experimental data [35] 718 832 1048 1348
Theoretical results
MP2 712 790 1070 1529
CCSD 715 821 1088 1440
HF/MM MD 709 712 1088 1401, 1441
B3LYP/MM MD 649 710 965 1237, 1313
The reference QMCF MD method [17] 782 961 1238 1580
EMIT 784 951 1235 1585,1602
aE′ is the in-plane deformation mode, A′′

2 is the out of plane defor-
mation mode, A′

1 is symmetric stretching mode and the last E′ is the
anti-symmetric stretching mode. Data obtained from the reference [17]



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER V

CONCLUSION

This work shows the success of the Expanded Moment of Inertia Tensor or EMIT
methodology in the calculation of a complete set of normal coordinates without
either constructing Hessian matrices or using harmonic approximation. Since, math-
ematically, there are numerous sets of normal coordinates can be obtained for one
single molecule, but the set that resembles the group theory analysis is the most
preferred. For validation, the calculations of power spectra of two NO−

2 and NO−
3

anions are used as examples, and it turns out that the EMIT methodology provides
a set of normal modes that yield good power spectra for the molecule that the
center of mass is located at or near the central atom as in NO−

3 . Meanwhile, For
molecules like NO−

2 which the center of mass is far away from the central atom, us-
ing the pseudomolecular model, the model that allows shifting the center of mass
to the central atom, instead of the actual molecules provides a set of normal
coordinates that yields the good power spectra. No significant differences of the
power spectrum of NO−

3 obtained from with/without using the pseudomolecular
model (PMM) confirm that PMM does not affect to those molecules that the center
of mass has already located at the central atom. Thus, using EMIT methodology,
along with PMM, is recommended for any molecules.

Although two anions had been tested here, this work successfully proved that
there is at least one of the non-Hessian based methods which provide a complete
set of normal coordinates. On the other hand, this EMIT methodology produces a
complete set of normal coordinates from only molecular geometry. Furthermore,
the next challenging work is to investigate that the EMIT methodology is capable
of calculating normal coordinates for either larger or even macromolecules.
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APPENDIX A

OUTPUT

A.1 Output for NO−
2

Table A.1: Coordinates of NO−
2 in Angstrom after energy optimization.

Atom x y z
N 0.0000 0.0000 0.4640

O1 0.0000 1.0741 −0.2030
O2 0.0000 −1.0741 −0.2030

Table A.2: An AMIT of each atom in NO−
2

Atom AMIT
N 3.0142 0.0000 0.0000

0.0000 3.0142 0.0000
0.0000 0.0000 0.0000

O1 19.1189 0.0000 0.0000
0.0000 0.6597 3.4896
0.0000 3.4896 18.4592

O2 19.1189 0.0000 0.0000
0.0000 0.6597 −3.4896
0.0000 −3.4896 18.4592
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A.2 Output for NO−
3

Table A.5: Coordinates of NO−
3 in Angstrom after energy optimization.

Atom x y z
N −0.0002 −0.0001 0.0000

O1 0.7640 −1.0037 0.0000
O2 0.4877 1.1632 0.0000
O3 −1.2516 −0.1594 0.0000

Table A.6: An AMIT of each atom in NO−
3

Atom AMIT
N 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000
0.0000 0.0000 0.0000

O1 16.1179 12.2689 0.0000
12.2689 9.3390 −0.0001
0.0000 −0.0001 25.4569

O2 21.6461 −9.0767 0.0000
−9.0767 3.8061 0.0001
0.0000 0.0001 25.4522

O3 0.4066 −3.1922 −0.0001
−3.1922 25.0637 0.0000
−0.0001 0.0000 25.4703
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Table A.11: The remaining eigenvalues and corresponding eigenvectors of NO−
2

after removing translation modes
column 1 2 3 4 5 6

eigenvalues 0.0005 −0.0008 0.0000 −0.0016 0.0000 −0.0013
eigenvectors −0.8165 0.0000 0.0000 0.0000 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 0.7686 0.2755
0.0000 −0.5560 −0.5979 0.0000 0.0000 0.0000
0.4082 0.0000 0.0000 0.7071 0.0000 0.0000
0.0000 0.5178 −0.4815 0.0000 −0.3843 −0.1378
0.0000 0.2780 0.2990 0.0000 0.2386 −0.6656
0.4082 0.0000 0.0000 −0.7071 0.0000 0.0000
0.0000 −0.5178 0.4815 0.0000 −0.3843 −0.1378
0.0000 0.2780 0.2990 0.0000 −0.2386 0.6656

Table A.12: The rotation similarity scoring values of NO−
2

column 1 2 3 4 5 6
Rx Score 0.0000 0.0000 0.0000 0.0000 0.0257 0.8933
Ry Score 0.5256 0.0000 0.0000 0.0000 0.0000 0.0000
Rz Score 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000

Table A.13: The remaining eigenvalues and eigenvectors of NO−
2 that correspond

to vibration modes

column 1 2 3
eigenvalues −0.0008 0.0000 0.0000
eigenvectors 0.0000 0.0000 0.0000

0.0000 0.0000 0.7686
−0.5560 −0.5979 0.0000
0.0000 0.0000 0.0000
0.5178 −0.4815 −0.3843
0.2780 0.2990 0.2386
0.0000 0.0000 0.0000

−0.5178 0.4815 −0.3843
0.2780 0.2990 −0.2386
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