a 4 9 A 91 1 = an o o
ﬂTﬁ%Lﬂ3181’?5’8’]851’J‘Uﬁl’Jﬂlﬁlﬂaﬁ%uﬂﬂ‘ﬂﬁ%ﬁﬂ!Tﬂﬂﬁ%m8U3ﬁﬁhﬂ1ﬁﬂgwu‘ﬁlﬂﬂ;§1uﬁ1

unAngauasuiiudoyaatuiinvaineinusaauntnisfing 2554 liusnisluadatdyaign (CUIR)
LﬁuLLWu%’a;ﬂa%mﬁﬁmLﬁ’maﬁwmﬁwuﬁ‘ NaRIUNI UL NS

The abstract and full e MsRRE Fidly farpisananaAnspdnIasH IR R TR RS ony (CUIR
are the thesis authors' AVIIBARADITHIETIMIANANIIY KB ate school.

AMZAMINTTUANAAT WNAINTRIUWIING 1D
=S =
UMy 2560

r'd
a a A 4 a [
AVANTUDIYWIANNIUNNIINGIQY



ANALYSIS OF NEAR INTERFACE CRACKS BY WEAKLY SINGULAR BOUN
DARY INTEGRAL EQUATION METHOD

Mr. Pisit Watanavit

A Thesis Submitted in Partial Fulfillment of the Requirements
for the Degree of Master of Engineering Program in Civil Engineering
Department of Civil Engineering
Faculty of Engineering
Chulalongkorn University
Academic Year 2017
Copyright of Chulalongkorn University



Thesis Title ANALYSIS OF NEAR INTERFACE CRACKS

BY WEAKLY SINGULAR BOUNDARY
INTEGRAL EQUATION METHOD

By Mr. Pisit Watanavit

Field of Study Civil Engineering

Thesis Advisor Associate Professor Jaroon Rungamornrat, Ph.D.
Thesis Co-Advisor Assistant Professor Watanachai Smittakorn, Ph.D.

Accepted by the Faculty of Engineering, Chulalongkorn University in

Partial Fulfillment of the Requirements for the Master's Degree

____________________________________________________________ Dean of the Faculty of Engineering
(Associate Professor Supot Teachavorasinskun, Ph.D.)

THESIS COMMITTEE

Chairman

(Professor Teerapong Senjuntichai, Ph.D.)
Thesis Advisor

(Associate Professor Jaroon Rungamornrat, Ph.D.)
Thesis Co-Advisor

(Assistant Professor Watanachai Smittakorn, Ph.D.)
Examiner

(Associate Professor Akhrawat Lenwari, Ph.D.)
External Examiner

(Assistant Professor Kitjapat Phuvoravan, Ph.D.)



J

Aavg Jauing : msimsizisesinusnalndaiudedszaiulassuifouis
ﬁuﬂ1ﬁﬂ§ﬁuﬁllﬂﬂ§1uﬁ1 (ANALYSIS OF NEAR INTERFACE CRACKS BY
WEAKLY SINGULAR BOUNDARY INTEGRAL EQUATION METHOD)
0.3 Inefinusnudn: se. as. 50y J9ONTTA, 0. 3 Inetinussu:
WAL AT, MUY ainsIng, 74 ni.

Y v
a o

a a c’dy ) =\ as A o JIA o v Aa o

’J“I/I‘t’ﬂuwu‘ﬁulﬂlﬁuﬂﬁzm‘EJ“]J’J‘ﬁﬁiJﬂﬁ“]JiW“LJ‘ﬁWHW’JLﬂﬂﬂ?l&ﬂ?ﬁ?ﬁiﬂ’]tﬂﬁ%ﬁiﬂﬂ
9 ya 1 o A [] a 9 [ aa o w Y dg! Y
ﬁ’ﬂﬂﬁN’JSEJEJ@]E]11!@]3ﬂaNﬂﬂﬁqulsﬁﬁlﬁuﬁaTS’JﬁﬂﬁnJllﬁ guMIMNUESNIUMelAnToU

< o Y o [ A:;d o w [ td'd wady [ =Y d‘
VI’JulﬂVl'lﬂlﬁﬁHJ'liﬂﬁ]'la’fNﬂ@mVI?J‘IJE]‘UHJ@]%'IFI@ ATANUAUTUUAVUNUNANI N’E)uu]ﬁlllliﬂ

q q Q

o 1 9 [ a 1 [ 9 A o o’é o o 9
NITNM Eﬂi'l\‘]iﬂﬂi'l? uazaﬂymzms@ﬂﬂmﬁﬂim% ﬁ%‘]J‘]Jﬁ‘JJﬂﬁ‘]JiWH‘ﬁ“]NﬂWﬂ‘UGU’E)QQUIJJ

J

NIVAVUVOVIIAUDIIAY AI508517 azAIsesR Taga s oA TaeldaumsUSwus
] v Y i
gupvesmengIumd M umsnldsud ez INuAIEZAINADITBILURIT08AD

[ =} am ~ a =\ am 4 a o’dy
ghk! 3zmmemJ1aﬂﬁmmmmm3mmaﬂuuasizmﬂuaﬁ"lw"lumaamuﬂwugmgﬂ

o

[ 3 4 = Jd v 1 a ) o
WannvuemIRamasuoIsuuaumIlsnusaanain Tasldmslszanamuuunaydnsy
A A o Y4 a Y a 9 9 a 9 A 9
HAMMABYDINITIAAOUNTUNNTURIHIT085 1 UT UV UTBE5 11 JoyauuriTesi1nla
115l umsmuIaiaalsnoUAIIT LU IH LT AASHUIBUTINAULUUIUO LT DY

¥ o o A Y3 = v vy o
31 Wﬁmﬁﬂﬁluﬂimﬁ%‘]ﬂgﬂu’llﬂuﬂleJLLﬁ@\ﬂﬁLWUE‘IQﬂ'JHJQﬂG]’EN ﬂ'ligﬁl'lﬂl’f]ﬂﬂ?ﬁ@ﬂ LUagay

ad A

~ o & 4 a A [ 1 @ ]
UIDULUDNTLLUYIUITNUUTUD 5')3J‘1/N!,Wd'é)ﬁﬂ‘lel'l'f)ﬂﬁwasllﬁ)\iﬂ'ﬂiﬂlﬂuﬂi\?ﬂlﬁ)ﬁﬁﬁﬂlla$igﬂgﬁ1ﬂ

a Y A 9
iﬂﬂN'Ji@ﬂ@ﬂ?ﬁ@ﬂhﬁﬂﬂ?@yﬁi@ﬂiTl

=

MAIM AINTsu e aeiloyoliae

a a A A A 2
11 AN Iu s ANYUDYD ’E).Tnﬁ'ﬂ}l”l‘}’iﬂﬂ

msfnu 2560 Aeiloro 0.nU3AH151



# # 5870209521 : MAJOR CIVIL ENGINEERING

KEYWORDS: ANISOTROPY, BIEM, BI-MATERIALS, STRESS INTENSITY

FACTORS, SUB-INTERFACE CRACKS
PISIT WATANAVIT: ANALYSIS OF NEAR INTERFACE CRACKS BY
WEAKLY SINGULAR BOUNDARY INTEGRAL EQUATION METHOD.
ADVISOR: ASSOC. PROF. JAROON RUNGAMORNRAT, Ph.D., CO-
ADVISOR: ASST. PROF. WATANACHAI SMITTAKORN, Ph.D., 74 pp.

This thesis presents a weakly singular boundary integral equation method for
analysis of sub-interface cracks in a three-dimensional, linearly elastic, multi-material
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CHAPTER 1

INTRODUCTION

The motivation and significance begins first and then the background and review of
relevant literature concerning modeling and analysis of fractures in linear elastic
media constituting dissimilar materials are presented. Next, the research objective,
scope of work, methodology, and research procedure are briefly addressed. Finally,

the outcome and key contribution of the present work are concluded.
1.1 MOTIVATION AND SIGNIFICANCE

Bi-materials or multi-materials are examples of advanced materials combining
advantages of two or more constituents joining at the interface. These materials have
been increasingly and widely employed in various applications in both engineering
and industrial sectors due to their desirable mechanical properties, high strength to
weight ratio, and high resistance to severe environmental conditions such as
temperature rises, high humidity, corrosions and chemical attacks. With such
positive features, this class of materials can therefore be commonly found in the
fabrication of either modern structures such as components and parts of aerospace
structures and automobiles or conventional structures such as dissimilar metal
welded joints in steel structures and pavement layers of roads and highways (see
Figure 1.1). Besides their advantages, understanding of the damage and failure
mechanism of those materials has been found an essential component in the design
to ensure the integrity and safety of the components and parts throughout their
lifespan usage. Most of bi-materials and multi-materials have been found prone to
fractures especially in regions near the material interfaces. For instance, fiber
reinforced ceramics, which are commonly used under the high temperature
condition, possess the brittle failure characteristic and low fracture toughness.
During applications, cracks can initiate in the ceramic matrix near the material
interface, then propagate towards the interface, and finally induce the interfacial

delamination and fracture of fibers (see Figure 1.2). Another example is welded



joints in steel structures. The high temperature induced during the welding process
can cause the high residual stress and cracking developed within the welding zone,
and it generally leads to the brittle failure mechanism. To simulate the fracture-
induced failure mechanism of bi-materials and multi-materials especially near the
material interface, it still requires the development of physically sound governing
physics capable of modeling complexity involved and the efficient and powerful
solution procedures to ensure the applications of the mathematical model in a broad

setting.

(a) (b)

(c) (d)

Figure 1.1: Application of bi-materials and multi-materials: (a) components and

parts of aircrafts, (b) welded joints of steel structures, (c) pavement layers, and (d)

automobiles

Studies of fracture characteristics of dissimilar media have been recognized in
a wide range, both in terms of experimental investigations and mathematical
simulations. While results obtained from laboratory tests offer the best data for

inferring actual responses and behavior of physical phenomena, required resources



especially those associated with the preparation of test specimens, control of
experimental settings, testing facilities, and time consumptions are quite significant
and commonly pose the limitation on the testing scenarios. The mathematical
modeling and simulations become an attractive alternative and have been
extensively employed due to the advances of numerical analysis of computational
technology. Applications of more sophisticated governing physics to capture
complicated situations in a broader and larger scale have been increasingly found.
The enhancement of solution procedures in terms of their computational efficiency

and capability to handle problems in a general framework is therefore obligatory.

5 P
| R

(a) (b) (c) (d)

Figure 1.2: Schematics indicating the cracking behavior and failure in ceramic

matrix composite (Liu, 2015)

Within the framework of linear elastic fracture mechanics (LEFM), the stress
intensity factors are essential parameters providing the measure of the dominant
elastic fields in a local region surrounding the crack edge. Various researchers
employed the concept of LEFM to develop solution techniques for determining the
stress intensity factors for cracks in dissimilar media (e.g., Lee et al., 1987; Huang
and Kardomateas, 2001; Chang and Wu, 2003; Chen et al., 2005; Xiao et al., 2005;
Hao, 2006; Noda et al., 2006; Rungamornrat, 2006; Chang and Xu, 2007; Yue et al.,
2007; Marsavina and Sadowski, 2008; Chen et al., 2010; Tu et al., 2013; Liu, 2015).
The stress intensity factors have been often utilized, as parameters in the fracture
models, in the prediction the crack initiation and propagation direction. Based upon

the past evidences, the influence of the non-singular part of the near-front elastic



field (e.g., T-stress representing a constant stress at the crack front) on the fracture
process has also been found significant. For instance, the size and shape of the
inelastic zone vicinity the crack tip affected from the T-stress, the stability of the
crack growth path, and the direction of crack growth (Chen et al., 2003; Profant et
al., 2008; Sevecek et al., 2012; Yu et al., 2012; Zhou et al., 2013). As a consequence,
two-parameter fracture models, integrating both the stress intensity factors and the
T-stress, have been increasingly used, in the past two decades, to predict the behavior
and responses of the cracked media.

Boundary integral equation methods (BIEMSs) have proven to be one of the most
efficient numerical techniques for performing the stress analysis and determining the
associated fracture data of cracks in linear elastic media. The primary advantage of
this method results directly from that the key governing equations contain only
unknowns on the domain boundary and crack surface. Therefore, the discretization
in the solution procedure is required on a solution space of a reduced dimension.
While applications of BIEMs to the analysis of cracks in a homogeneous elastic
medium have been well established, work related to the modeling of cracks in
dissimilar solids is relatively few. Enhancement of the techniques to be capable of
handling problems in a general and broad context (e.g., material anisotropy, multi-
material domains, general configurations of cracks and material interfaces, efficient
and accurate post-process for various types of fracture data, etc.) still require

extensive investigations.
1.2 BACKGROUND AND REVIEW

In this section, results from a careful literature survey are briefly presented not only
to provide the historical breakthrough on the development of the solution procedures
for obtaining both of the stress intensity factors and the T-stress for cracks in
dissimilar materials but also to indicate the originality and merit of the present study.
Only past studies within the framework of the classical linear elasticity and linear
elastic fracture mechanics are summarized. In addition, the review focuses mainly
on sub-interface cracks (i.e., cracks buried with the material near the material

interface) whereas the interfacial cracks (i.e., cracks locating along the material



interface) and the cracks terminating at the materials interface are out of scope of

the present study.
1.2.1 Analysis for Stress Intensity Factors

Previous researches concerning the development and use of both analytical methods
and numerical schemes for determining the stress intensity factors of near interface
cracks for numerous scenarios can be summarized as follows. Lee et al. (1987)
analyzed an arbitrary shape of planar crack near the bi-material interface of a three
dimensional, isotropic, linear elastic infinite domain. Results of the stress intensity
factor were expressed in a compact form. Later, Huang and Kardomateas (2001)
applied the dislocation solutions to obtain the stress intensity factors for a straight
crack parallel to the material interface and the interfacial crack in an anisotropic bi-
material half-plane under the crack-face traction. In their study, the free boundary
normal and parallel to the material interface were considered. In the half plane with
the free boundary parallel to the material interface, the mode-mixity is much smaller
than that of the near interface crack whereas for the free boundary perpendicular to
the material interface, the mode-1 stress intensity factor is dominated and exhibits
the slight dependence on the material properties. In addition, the mode-I stress
intensity factor is subjected to the rapid change across the material interface. Chang
and Wu (2003) proposed a modified path-independent integral and the relation
between the stress intensity factors and the J-integral for determining the solution
for a two-dimensional, isotropic, bi-material finite body containing a surface-
breaking crack normal to and terminating at the material interface. They found that
the stress intensity factors are more applicable than J-integrals because values of the
integrals either vanish or approach infinity when the crack tip terminates normally
at the bi-material interface. Next, Xiao et al. (2005) utilized the multi-region scheme
to solve an elliptical crack normal to the material interface of a transversely isotropic,
infinite, bi-material. The traction-singular elements were used in the solution
procedure to capture the singularity at the crack front and the field in the surrounding
region. The orientations of the elliptical crack with the major and minor axes normal
to the plane of isotropy were investigated. In addition, a finite cube containing an

elliptical crack was analyzed and results were then compared with the solution of



the infinite case. They also pointed out that the stress intensity factors in a finite cube
are significantly larger than those in the infinite domain. Hao (2006) reported the
analytical solution of the stress intensity factors for a straight crack normal to the
material interface of a two-dimensional, isotropic, infinite bi-material under the
plane-strain condition. In the same year, Noda et al. (2006) applied the body force
technique to examine an inclined elliptical crack near a bi-material interface in a
three-dimensional whole space under a uniform far-field loading. The body was
made from two isotropic materials and the unknown body force densities were
approximated in terms of the product between fundamental densities and
polynomials. In their work, the influence of the crack aspect ratio, the material
contrast and the distance from cracks to the material interface on both the value and
variation of the stress intensity factors were also investigated. Rungamornrat (2006)
established a regularized boundary element method to solve cracks in a three-
dimensional multi-material domain. The attractive feature of his technique results
from the weakly singular property of all involved integrals, the symmetry of the
weak formulation, and the use of special crack-tip elements along the crack edge to
discretize the near-front field. Results obtained revealed that the method can yield
very accurate stress intensity factors along the crack boundary even relatively coarse
meshes were employed in the simulations. Later, Chang and Xu (2007) applied the
extrapolation method to solve a two-dimensional, isotropic, bi-material finite body
containing an inclined, straight crack terminating at the material interface. The effect
of the crack orientation with respect to the material interface was also explored. In
the same year, Yue et al. (2007) established a dual boundary element method
(DBEM) for analysis of a square crack contained in three-dimensional, transversely
isotropic, finite and infinite bi-materials. The orientation of the square crack with
respect to the plane of material isotropy was assumed arbitrary. The jump in the
crack-face displacements was treated as primary unknowns on the crack face. Such
unknowns obtained from the DBEM were then used to extract the stress intensity
factors along the crack boundary. They found that the ordinary boundary of the
cracked bi-material can have the strong influence on the value of the stress intensity
factors but has insignificant effect on the variation pattern of the stress intensity

factors along the crack front. Marsavina and Sadowski (2008) reported the



asymptotic stress field near the tip of an inclined straight crack terminating at the bi-
material interface. The numerical simulations were carried out using the analysis
software FRANC2D/L and the stress intensity factors were calculated based on the
extrapolation technique. For a crack inclined to the material interface, it was shown
that the singular stress field can be written as a linear combination of various modes
with unequal exponents. Both Chen et al. (2010) and Tu et al. (2013) examined the
near interface cracks within two-dimensional, anisotropic, infinite and finite bi-
materials using a single-domain boundary integral equation method. The stress
intensity factors were obtained from the near-tip displacement together with the
extrapolation method. The obtained solution was then utilized together with the
maximum tensile stress failure criterion to predict the crack propagation direction
and path under mixed-mode loadings. Recently, Liu (2015) proposed the enriched
finite element procedure to analyze a crack terminating at the material interface with
an arbitrary oriented angle. The two materials were assumed homogeneous and
isotropic and perfectly bonded at the material interface. The enriched crack-tip
elements were developed and utilized to accurately capture the stress intensity

factors along the crack edge.
1.2.2 Analysis for T-stress

Compared with those concerning the stress intensity factors, studies involving the
development of solution methodology for determining the T-stress of cracks in bi-
materials or multi-materials is relatively few. Some of those relevant to the present
investigation are briefly summarized below. Chen et al. (2003) employed the
technique based on the dislocation mechanics to investigate a crack normal to the
material interface of an isotropic, finite bi-material under the traction on the outer
surface. A series of Chebyshev polynomials of the first kind was employed to
represent the dislocation density. They pointed out that when the crack is contained
in a stiffer material, the stress intensity factor is larger than that embedded in a
homogenous domain and the crack path is always stable if the T-stress is negative.
Later, Profant et al. (2008) applied the method of dislocation-array to determine the
T-stress of a straight crack normal to and terminating at the material interface of a

bi-material. The technique was established in a general framework allowing the



material anisotropy to be considered and then further specialized to the case of the
orthotropic symmetry. First, the M-type integral from the far-field deformation
along with an auxiliary solution was calculated. Then the near-tip data was extracted
directly from the far-field deformation to determine the T-stress. Their model
offered a basis for the application of the fracture criterion at the material interface
when both the deflection and the penetration at the material interface must be
considered. Yu et al. (2012) employed the method of interaction integrals to obtain
the T-stress of an interfacial crack in the bi-material with the complex material
interface and under the traction on the outer boundary. In the same year, Sevedek et
al. (2012) applied the concept of the finite fracture mechanics and the matched
asymptotic expansions to study the effect of the higher-order terms in the expansion
of the near-front field on the competition between the delamination at the bi-material
interface between two aligned orthotropic brittle materials and the crack penetration.
The crack was assumed to be oriented arbitrary to the material interface. They
pointed out that the T-stress significantly affects the influence of the delamination
and the penetration. In addition, it was found that the crack penetration was favored
by the positive T-stress. Recently, Zhou et al. (2013) presented a set of analytical
solutions for an interfacial edge crack contained in a two-dimensional, isotropic,
finite bi-material. A set of Hamiltonian dual equations was derived using the
Hamiltonian principle of mixed energies and the final system was solved by the
method of separation of variables. The symplectic expansion method was then
applied to determine both the stress intensity factors and the T-stress.

On the basis of an extensive literature survey, most of existing and relevant
investigations focused principally on the calculations of the stress intensity factors.
Studies regarding to the development of analytical or numerical techniques capable
of calculating the T-stress along the crack front for sub-interface or near-interface
cracks in three-dimensional dissimilar materials has not been well recognized. In
particular, the enhancement of the weakly singular boundary integral equation
method similar to that proposed by Rungamornrat (2006) to compute the T-stress of
cracks in bi-materials or multi-materials has not been found and this significant gap

of knowledge motivates the present investigation.



1.3 OBJECTIVE

The objectives of this research are (1) to develop a numerical technique based on the
weakly singular boundary integral equation method for determining the stress
intensity factors and the T-stress of near-interface cracks in a three-dimensional bi-
material domain and (2) to investigate the influence of the material contrast and the
distance from cracks to the material interface on the value and variation of both the
stress intensity factors and T-stress along the crack front.

1.4 SCOPE OF WORK

The research is conducted within the following scope: (1) a medium occupies a finite
region in a three-dimensional space and can be partitioned into several regions made
of homogeneous, generally anisotropic, linearly elastic materials and perfectly
bonded along the interface; (2) only bodies with pre-existing cracks located near the
material interface and without intersecting the material interface is considered; (3)
the process of crack initiation and crack growth is not considered; (4) the boundary
of the domain including the crack surface and the material interface is assumed
piecewise smooth (i.e., the set of points whose normal vector is not well-defined is
of measure zero); and (5) the non-overlapping crack and body force are not
considered.

1.5 METHODOLOGY AND PROCEDURE

The key focus of the present work is the development of a numerical procedure and
its applications to the analysis of near-interface cracks in bi-material media. A
particular numerical scheme based upon the weakly singular boundary integral
equation method is developed following the scope of work indicated above and its
computational performance including the accuracy and convergence is fully
investigated. A brief summary of the key methodology and research procedure is
given below.
(1) Basis field equations are taken from a classical theory of linear elasticity and
responses of cracked bodies follow the small-scale yielding assumption in
classical linear elastic fracture mechanics (e.g., Anderson, 2005).
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(3)

(4)
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A set of completely regularized boundary integral equations governing the
unknown data on the ordinary boundary and crack surface (e.qg., displacements,
tractions, jump in the crack-face displacements, and sum of the crack-face
displacements) of a homogeneous cracked body is established following the
work of Rungamornrat and Mear, 2008a and Rungamornrat and Senjuntichai,
2009.

A domain decomposition technique is employed to partition the multi-material
domain along the material interface into several homogeneous sub-domains. A
set of weakly singular weak-form boundary integral equations for both the
displacement and traction is then applied to obtain a set of weak-form equations
governing unknown data on the boundary, the crack surface and the material
interface for each sub-domain.

Continuity of the displacements and equilibrium conditions along the material
interfaces are enforced, in a strong sense, to combine all sets of governing
equations for each sub-domain. The final set of governing integral equations for
the entire domain is in a symmetric form and involves only unknown data on
the boundary, unknown displacements and tractions on the material interfaces,
and unknown jump in the crack-face displacement on the crack surface.

A weakly singular boundary integral equation governing the sum of the crack-
face displacements for cracks embedded within each sub-domain is established
by choosing a proper choice of the test functions appearing in the weak-form
displacement integral equation. This integral equation involves only the
unknown data within the sub-domain.

A standard procedure of weakly singular symmetric Galerkin boundary element
method (e.g., Rungamornrat and Mear, 2008b) along with the special near-front
approximation and the conforming discretization along the material interface (to
maintain the satisfaction of the continuity and equilibrium along the material
interface in a strong sense) is adopted to solve a set of governing equations
established in (4). An efficient numerical quadrature for weakly singular and
nearly singular double surface integrals and the evaluation of kernels for general

anisotropic materials are also implemented.
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(7) A set of weak-form equations established in (5) is discretized using standard
Galerkin technique along with the finite element procedure to form the
elementwise approximation and then solved for the sum of the crack-face
displacements.

(8) The sum of and jump in the crack-face displacements on elements containing
the crack front are directly post-processed to obtain the stress intensity factors
and T-stresses along the crack front using formula proposed by Rungamornrat
and Mear, 2008b and Pham et al., 2015a; Pham et al., 2015b.

(9) Computational procedure is implemented in a form of an in-house computer
code and various scenarios are employed to verify and investigate the
computational performance of the implemented code.

(10) A parametric study is carried out to study the influence of material parameters
and the distance from cracks to the material interface on the values and

distribution of the stress intensity factors and the T-stress along the crack front.
1.6 OUTCOME AND CONTRIBUTION

The present study offers an accurate, efficient, fully verified numerical procedure
for the analysis of near interface cracks in elastic multi-material domains. The
technique implemented is quite general in the sense that the general geometry of
cracks, material interface and bodies, general loading conditions, and general
material anisotropy are considered in the underlying formulation. In addition, both
the stress intensity factors (directly related to the singular part of the near-front stress
field) and the T-stress (measured of non-zero, non-singular stress along the crack
front) can be obtained by the proposed technique. The proposed technique of this
high capability should be a potentially useful tool in the simulations of crack growth

and fracture-based fatigue and failure analysis causing by near interface cracks.
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CHAPTER 2
PROBLEM FORMULATION

This chapter briefly presents the problem description, a set of basic field equations
governing all involved field quantities, a set of completely regularized integral
representations of the displacements, stresses, and tractions for homogeneous, linear
elastic, cracked bodies, and the symmetric formulation of the key governing

equations for a bi-material domain containing cracks.

2.1 PROBLEM DESCPRITION

A Cartesian coordinate system {O; x;, X,, X,} with the origin O and the orthonormal
basis {e,,e,,e,} is introduced for further reference in the development presented

below (i.e., X, denotes the coordinate of any point x in the direction e, for i=1,2,3

) and, in what follows, a standard indicial notation applies for all lower case

subscripts. In addition, a comma notation f is used throughout to represent a partial

derivative of the function f with respect to the coordinate x;, i.e., of /0x;.

X3, €3

X2, €2

X1, €1

Figure 2.1: Schematic of cracked body comprising two regions made from different

homogeneous linear elastic materials
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Now, consider a three-dimensional, linear elastic, finite body Q as shown in
Figure 2.1. The body consists of two regions, denoted by Q' and Q?, in which the

region Q" (y=1,2) is made from a homogeneous, generally anisotropic, linear
elastic material with the prescribed elastic constants E;, and they are perfectly
bonded along the interface denoted by S, . Here and in what follows, the superscript

y takes the value 1 and 2 and the summation is not implied for this repeated

superscript. In the present study, the body is assumed to be free of the body force
and only sub-interface cracks are considered (i.e., cracks intersecting or aligning

with the interface S, are not of interest). The geometry of cracks embedded in the
region Q”are represented by two geometrically identical, smooth surfaces SZ* and
SZ . The outward unit normal vector at any point &7 e S* and its coincident point
& e Sl are denoted, respectively, by n”* and n’" and they clearly satisfy
n”* =-n’". On both crack surfaces SZ* and SZ, the traction t is fully prescribed
(i.e., t(x)=t""(x) Vxe S and t(x)=t""(x) vxeSZ  where t’" and t’~ are
given functions). The ordinary boundary of the body, denoted by S,, can be
decomposed into S, =S SZ where S/ is the boundary of the region Q7. The
boundary S/ can be further divided into a surface S/ on which the traction t is
fully prescribed (i.e., t(x)=t"°(x) ¥xeS/) and a surface S/ on which the
displacement u is fully prescribed (i.e., u(x) =u"’(x) vx e S}).

A statement of the research problem is to develop an efficient computational
procedure for determining numerical solutions of the boundary value problem
described above. In particular, the stress intensity factors and the T-stress along the
crack front are of primary interest. In addition, the influence of the material
parameters and the distance between the crack and the material interface on such

fracture data along the crack front is also explored in the present study.
2.2 BASIC FIELD EQUATIONS

Mechanical responses of a three dimensional, linearly elastic body (commonly

described by the displacement, strain and stress measures) can be theoretically
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modeled by a classical theory of linear elasticity. From the conservation of linear
and angular momentum in the absence of the body force, linear kinematics based on
an infinitesimal strain theory, and linear constitutive relations, the displacement field

u = u(x), the strain field £ = g(x) and the stress filed ¢ = o(x) are governed by

Oj ()= Oiji (X), Oij. (x)=0 (2.1)
;i (X) = By & (X) (2.2)
& (X)=(u;+u;;)/2 (2.3)

where u;, ¢, and o; denotes components of the displacement, strain and stress
referring to the coordinate system {O;x;, X,, X;}, respectively, and E,, represents
the prescribed elastic constants of a constituting material. Note that E;,, are spatially

independent in the current development and essentially satisfy following symmetries

Eiu = Eq = Eje = Ey; - For the special case of isotropic materials, Ej, can be fully
described by only two independent material parameters and admits a concise form

2v
Eijkl = :u{é‘iké‘jl +5il5jk +E5ij5kl} (2-4)

where 4 is the elastic shear modulus, v is Poisson’s ratio, and §; denotes a

Kronecker-delta symbol. At any point x on a smooth surface (i.e., a surface with
the well-defined unit normal vector), the traction vector, denoted by t, can be related

to the stress at the same point by
t(x) = Ojj (X)nj (X) (2.9)

where t; and n; are components of the traction t and a unit normal vector n,

respectively. A set of linear partial differential equations (2.1) and (2.3) and a set of
linear algebraic equations (2.2) form the complete basic equations governing the

unknown elastic fields u=u(x), € =&(x) and ¢ =06(x) for a body made of a

homogeneous linearly elastic material and free of the body force.
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2.3 REGULARIZED INTEGRAL EQUATIONS FOR HOMOGENEOQOUS
DOMAIN

X3, €3

X2, €2

X1, €1

Figure 2.2 : Schematic of homogeneous, anisotropic, linearly elastic finite body

containing crack

Consider a finite cracked body Q that is made of a homogeneous, linearly elastic
material and free of the body force as shown in Figure 2.2. The total boundary of the

body consists of the ordinary boundary S, and two geometrically identical surfaces

S. and S; . By following the work of Rungamornrat and Mear (2008a), the boundary

integral representations for the displacement and stress at any interior point X € Q

take the form

U, (X) = [UP (€= X)7;(E)dAE) - [HY (£ - M (E)V; (£)dA)
° * (2.6)
+[ Gl (&= XD, (£)dA()

04 () = 4, i{ (26— %7, (E)AE) +]CE (E- 0D, (5)dA</;)}
13 : @7

- [Hi(€-2)7,(£)dAE)
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where S=S,US{; &, denotes the alternating tensor; D, (-)=ne,,0()/0¢&; stands for

the differential operator; and the boundary and crack-face data z; and v, are defined

by

@10 . &9
P (@) =0 (@) +6(©),  Eesy |

u;($), §es,

) = 2.9
he) {Auj(y)zu;(f)—u;(f), £es; 29

in which t;(£) and uj (&) are traction and displacement components at any point
&eS: whereas t; (&) and uj (&) are traction and displacement components at its
coincident point on the other crack surface S;. Explicit expressions for the
- tk -
fundamental solutions H (5~ x), U/ (&~ X), G (£ —X) and C; (§ — X) appearing

in (2.8) and (2.9) for general anisotropic, linear elastic materials are given by (see

Rungamornrat and Mear (2008a) for details of derivation).

N
HPE—x) = - 1 (& );.) in (2.10)
4 r
1
PrE v _ -1
UPE-X) =5 Z_@g(z,z),-pdsa) 2.11)
GP = E —1 2q
i (E-X)=¢,, e g 7r Z@O zbzc(z,z)dp s(2) (2.12)
tl tkoe 1 - tkoe l
Cr(E—x)=A a7 ] 2242 2)2ds(2), A :gpamgpbt(EbkndEajeo_§EajkbEdneoj (2.13)

z.r=0

where r =& —x; 1 =|r|; z denotes a unit vector defined on a plane perpendicular to
the position vector I; (z,z) is a matrix whose entries are defined by (z,2),, =zE;,z

: (z,2) is the inverse of (z,z) ; and the line integrals appearing in (2.11)-(2.13) are
defined along a unit circle on the plane z-r =0. It is evident from above expressions

that the function H; (£ —x) is independent of the material properties and singular
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onlyat & = x of O(r’?) whereas U P(&-x), GL(&—x) and Cﬁnkj (& — x) are material
dependent and singular only at & =x of ¢(r™). For the special case of isotropic
materials, the functions U (£ - x), G (£ - x) and C;fj (& —x) admit the following

closed-form expressions (also see the work of Li et al. (1998) and Rungamornrat and
Mear (2008a))

_ 1 (é:p _Xp)(éga_xa)
Gn?] (é: - X) = m{(l— 2V)8mpj + r2 gajm:| (215)
Ch(g-x=—K {(1—v)5tk5mj 26,5, = 8,8, — X ME X)) @m} (2.16)
4z(1-Vv)r r

where x and v are elastic shear modulus and Poisson ratio, respectively, and 9,

denotes a standard Kronecker-delta symbol. The boundary integral relations (2.6)
and (2.7) can be employed to post-process for the displacement and stress at any
point within the body provided that the unknown data on the boundary and crack
surface are determined.

To form a set of boundary integral equations governing all unknown
information on the total boundary of the whole body, a procedure similar to that
proposed by Rungamornrat and Mear (2008a) is utilized. For instance, the
displacement boundary integral equation is established by first taking limit
X — y e S of (2.6) and then establishing the weak form via the standard weighted
residual technique. Similarly, the traction boundary integral equation is formed by
first using (2.7) to form a product o, (x)n,(y) and taking the limit x > ye S to
obtain the traction boundary integral equation, then casting the weak form via the
standard weighted residual technique, and finally performing the integration by parts
to regularize all integrals containing strongly singular kernels. A final pair of weak-
form displacement and traction boundary integral equations is given by
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% [E 07, (NdA(Y) = [£,()]UF (&= )7, (£)dAE)dA(Y)
~[E, (N[ HE (€= yIn(€)v; (£)dAE)dA(y) (2.17)
+[E,(0] B2 (&~ y)D,v, (£)dAENA(Y)

% [ 9. (07 (Y)AA(Y) ==[ DI, (¥) [ Cos (£ = ¥) D,V (£)dAE)IA(Y)
~ [ D (0] GL (&~ y)7;(£)dAE)IAY) (2.18)
~ [0 ([ HEE = yIn ()7, (E)dAEIA(Y)

where fp and Vv, are sufficiently smooth test functions rendering the integrability of

all involved integrals and v, and 7, are data on the boundary and crack surface

defined by
vi(y) = o — (2.19)
PV s () =0 () ruy (), yes |

t;(y), yes,

7,(y) = . . . (2.20)
Atj(y)Etj(y)_tj(y)’ yeSe

It is important to remark that both the displacement and traction integral equations

(2.17) and (2.18) contain only weakly singular kernels of ¢(r™) and all involved

integrals are integrable in the sense of Riemann. In addition, the displacement
integral equation (2.17) contains the displacement u; and traction t; on the ordinary
boundary S,, the sum of the crack-face displacement Zu,, relative crack-face
displacement Au;, and the sum of the crack-face traction Xt; whereas the traction
integral equation (2.18) contains the displacement u; and traction t; on the ordinary

boundary S, the sum of the crack-face traction Xt;, the jump in the crack-face

traction At;, and the relative crack-face displacement Au;. .
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2.4 SYMMETRIC FORMULATION FOR CRACKS IN BI-MATERIAL
DOMAIN

A pair of weak-form displacement and traction boundary integral equations obtained
in the previous section is utilized along with the domain decomposition technique
and continuity along the material interface to form the governing integral equations
for a bi-material domain containing cracks as shown in Figure 2.1. The procedure
utilized here follows directly those proposed by Rungamornrat (2006)

First, the body Q is partitioned along the material interface S, into two sub-
regions Q'and Q* as shown in Figure 2.3. The total boundary of each sub-region

Q7 (y=12) consists of the crack surfaces S.*,S{” and the ordinary boundary
including the surface S; on which the traction is fully prescribed, the surface

S =S{ —S{ on which the displacement is fully prescribed, and the interface S/
on which both the displacement and traction are unknown a priori. Remark in

particular that the interfaces S; and S; resulting from the partition have the same
geometry as that of the material interface S, but possess the opposite outward unit

normal vector (i.e., ni =-n?).

Figure 2.3: Schematic of two sub-regions resulting from partitioning of bi-material

domain containing cracks shown in Figure 2.1
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To establish the governing integral equations for each sub-regionQ” (y =1,2),
the weak-form displacement boundary integral equation (2.17) is utilized along the
interface S; and the boundary on which the displacement is fully prescribed whereas
the weak-form traction boundary integral equation (2.18) is employed along the
interface S; and the boundary and crack surface on which the traction is known.
More specifically, following procedures are employed: (i) apply (2.17) to S/, with
t,=0o0n S/ US LS, (i) apply (2.18) to S} with V, =0 on S LS/ U SL™, (iii)
apply (2.18) to SZ* with V, =0 on S; US/ US/, (iv) apply (2.17) to S/ with
f,=0 on S;US] LS, and (v) apply (2.18) to S; with V, =0 on Sj US/ US."
. A final set of weak-form boundary integral equations is given by
@i, (V) + B (U, u7) + B (U, A07) + &5 (T, 1)) + B (T, u)) = &) ()
By (U V) + G (V,u7) + G (W, AUT) + B (V) + G (V7 u)) = &7 (V)
B (V) + G (V,u7) + EL (V7 A7) + B (1, V) + & (W, u)) = &7 (V)

@ (&, 0) + B (E )+ BLE AW + @ 1)+ B (F 0 = R (F) + B (E )
BV, 0))+ € (0, W7) + € (07, AW) + B (7, G7) + € (0] u7) = B (&)~ 2 (&,1])

(2.21)

where all involved bilinear and linear integral operators, with p,qe{T,U,C, 1} and

y e{l, 2}, are defined by

4, (6Y) = [ X (D], U/ (€ - Y (§)dAEG)IA) (2.22)

BL6Y) = [ X W[ Gy (€~ y)D,Y; (§)dAE)dA(y) .
” ” 2.23
= [ Xe,, M @HR €= )Y, ()IAG)TA()

€, (X.Y)= [ DX, ], C (= Y)D,Y, (£)IAE)IA(Y) (2.24)
2(X.Y) =5 [, X (¥ (IAW) (2.25)
B ()=2) (O 0) -, (0.0 - (' 2) B, (F0) (2.26)
R (T) =~ (7 ) = B (7 07) — B (2 97) — 61, (7, ) (2.27)

RIT) = -2 (7, M) - BL( V)~ B (S, 77) — €L, (¥, u) (2.28)
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R () =~ (V) - @L(E 2) - By (F ) (2.29)

R (0)) =B (', 0]) - B (2, 0]) - €}, (G, ") (2.30)

By combining the boundary integral equations (2.21) for each sub-region
Q" (y=12) and then enforcing the continuity conditions of the displacement,

traction, and test functions along the interface, i.e.,

|1=U|25Uw []Il:GIZEGI (231)

tll = —t|2 = tl , tll = —flz Efl (232)

it yields a final system of boundary integral equations governing the unknown data
on the boundary, the material interface, and the crack surface of cracked bi-material

domains

a0+ B (W) + B (T a)+ 0+ 0+ 0 g (1) + &, (T, u) = B ()
R (V) +ECE (VU + CL (T AU+ 0 + 0 + 0 +Br (L, 9+ G (T u,) = BT
B () + G (VW) +E (T A0)+ 0+ 0+ 0 +Be (4, V) + & (T, u,) = B (7)
o + 0 + 0 +4 (.8 + B (0%, 0°) + B (2, A0°) - & (T, 1) + B3 (2, u,) = B/ (T7)
o + 0 + 0 +&% (V) + G (V2,u")+ G2 (V2 AU®) - B2 (L, V2) + G (V2 u, ) = B2 (V°)
o + 0 4 0 +Re (V) +GE(V*,U°) + GL (V2 AU%) — BE(L, V7)) + &5 (V2 u)) = B (V)
@ (6,1 + B (6, u) + B (6, A) =& (£,1°) - B (,u*) = BE(E AU + 4, (£, 1)+ B (£, u) = %) (£)
B (1,0)+6 (0, UM + & (0, Au') + Z; (82, u,) + G (G, UP) + C2 (0, Au?) + By (1, 0,) + & (0, u,) = &' (G,)

(2.33)

where additional bilinear and linear operators appearing in (2.33) are defined by

@ (.t)=64, 1)+ 4.1, (2.34)
By (€,u) =B, u)-B'(,u) (2.35)
G (G,,u) =6 (0,,u)+& (0, u,) (2.36)
R (£)=R"E)-R&*({) (2.37)
R (0,)=&"(0,)+ R () (2.38)

It should be evident from (2.33) that the boundary integral equations are in a
symmetric form. It is worth noting that while the formulation presented above is

developed specifically for a bi-material domain, the extension to multi-material
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domain can be readily established and results for that general case is not included
here for brevity.

2.5 INTEGRAL EQUATION FOR SUM OF CRACK-FACE
DISPLACEMENTS

The weak-form boundary integral equation for the sum of crack-face displacement
in each sub-region can be readily established from the weak-form displacement

integral equation (2.17) via the proper choice of test functions. Specifically, by

choosing fp =0 on S7 US] US/ in the weak-form equation (2.17), it gives rise to

2, 50) = @, (V) + @5 (0 V) + L (0, 50) + & ()

i \ X ! (2.39)
+ B () + B 0+ B AU + B (1)

It should be remarked that integrals appearing on the right hand side of (2.39)
involve the prescribed displacement and traction on the boundary, the known sum
of the crack-face traction, the unknown relative crack-face displacement, and
unknown displacement and traction along the material interface. Clearly, once the
system of boundary integral equations (2.33) is solved, all unknowns on the right
hand sided of (2.39) are determined and (2.39) can be then used to post-process for

the sum of the crack-face displacement in each sub-region.
2.6 NEAR-FRONT STRESS FIELD

In linear elastic fracture analysis, two essential fracture parameters, commonly
termed the stress intensity factors and the T-stresses, are of primary interest in
addition to the elastic field induced within the domain. The former is known to
sufficiently describing the singular part of the near-front stress field whereas the
latter represents the non-zero nonsingular part of stress along the crack front. By

following the primitive work of admits the Williams, 1957, the near-front stress

field in a region surrounding a point X, representation (see also the work of

Rungamornrat and Pinitpanich, 2016)

&;(X;F,0) =

3K, (x, )aK(”)(0)+T“(x)+ZF""2 ™ (x,;0) (2.40)

\/_
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where all quantities appearing in (2.40) are referred to the local Cartesian coordinate

system {x.;X,X,,%} with origin at point x, and a set of orthonormal basis vectors

{€,,€,,8} shown in Figure 2.4 (in particular, € is normal to the crack front and

contained in the tangent plane of the crack surface at x., € =-n"(x.), and

g, = x&,); (T,0) are polar coordinates associated with the local two-dimensional
Cartesian coordinate system {X.;X.%}; K(x.), K,(X.), K;(x,) are mode-I,

mode-11, and mode-I11 stress intensity factors at point x ; T;(x.) are components of

K

the T-stress tensor; and &, " and &, are angular-dependent functions that can be

completely obtained from the near-front eigen-analysis. It is apparent from the

—1/2)

expansion (2.40) that the first term is singular at x, of O(r—°), the second term is

independent of the coordinates ¥ and @ , and all remaining terms identically vanish

along the crack front.

Figure 2.4: Local coordinate system utilized in determination of stress intensity

factors and T-stress components
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Based on the representation (2.40) and the known information of the angular

dependent functions &; ™, the stress intensity factors K, (x.), K,(x,) and K,(x,)

can be related to the stress field in the neighborhood of x, by

K(x)_llm\/27r rG,,(X.:T,0 =0) (2.41)
Ky (%) =lim~27T G, (X, 0 =0) (2.42)
K (x)_Ilm\/ T5,,(X,;T,0 =0) (2.43)

While the relations (2.41)-(2.43) can be used to post-process for the stress intensity
factors, the requirement of the complete stress field within the cracked body renders
them not suitable to be employed in the present study. This is due mainly to that the
primary unknowns chosen in the formulation of boundary value problems
correspond directly to quantities on the boundary, the crack surface and the material
interface, and that the post-process for stress at any interior point using the stress
integral relation along with the limiting process is non-trivial and can be
computationally inefficient. To circumvent this issue, an alternative formula for the
stress intensity factors, proposed by Barnett and Asaro, 1972 and Xu, 2000, is

employed. Such expression allows K, (X.), K,(x.) and K,(x;) to be calculated

directly in terms of the relative crack-face displacements in the vicinity of the crack

front as follows

()= 3255, lim (M—(”] (.42

%07, X=X, X

—X

where k;(X.) =K, (X.), k(X)) =K (X.), k(X)) =K,(X.), Al; are components of
the relative crack-face displacements referring to the local coordinate system

{xc;Yl, X,, YS} ;and B; are material-dependent constants defined by

By = [, [@,2), ~(@) (0.0);1(0,3), 10/ (2.45)
T
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in which a and b are orthonormal vectors contained in the plane X, =0; S is the
angle between a and €, as indicated in Figure 2.4; and (a,b); =a,E;,b, .

From the continuity of the finite part of stress at any point x_ along the crack
front, it can be readily verified that the three components T,,, T, and T,, of the T-

stress tensor can be obtained in terms of the prescribed crack-face traction at the

limiting point X, on the crack surface, i.e.,

T (X) == lim §7(x) (2.46)
T, (%)= _JLnQ EJr(X) (2.47)
Toa(%) == lim £7(x) (2.48)

where t " are components of the prescribed crack-face traction referring to the local
coordinate system {X;;X,X,,X;}. From the symmetry of the T-stress tensor, the

remaining three components T,, T, and T, must be determined to obtain the

complete description of the second term in the expansion (2.40) and such three
components are referred to the T-stress components. From the structure of the near-
front stress field (2.40) along with standard differentiation and limiting process, the

T-stress components can be obtained from

Tu(x)=2 Iim{\/F 2 REACHAE 0)]} (2.49)
r—0 or

T,(x.)=2 Iim{\/F 9 [\/raﬁ(xc;r, 0= 0)]} (2.50)
r—0 or

T,o(x.) =2lim {\/r 2 (VG (x:T.0 = 0)]} (2.51)
r—0 or

If the expressions (2.49)-(2.51) are utilized to post-process for the T-stress
components, the computational cost associated with the calculation of stresses at
interior points and the numerical differentiations and limits must be paid. To avoid
such difficulty, an alternative scheme based upon the boundedness of the T-stress
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tensor is introduced. It can be seen from the representation (2.40) that T;(x,)
represents, in fact, the local components of a finite part of the stress at a point X,
along the crack front. As a direct consequence, T; (X,) can be related to a finite part

of the strain at a point x_ via the following constitutive relation
T;(%.) = EijkIEL:;(Xc) (2.52)

where Eijk, are elastic moduli referring to the local coordinate system and &, (X.)
denote local components of the finite part of the strain at x.. From the closure
condition at the point x_ (i.e., Au,(x,)=0), the local in-plane components &,(X,),
£,(x.), and &,(x_) can be related to the sum of the crack-face displacements in the

neighborhood of the point x, by

0x0,(X) _ 1030

1 1
511( )_EXI % 0K 5')(1( c) (2.53)
oy L ((R) asn(R)) 1o, o3,
a(x) = lim ( L j— 4[% )+ 5 (xc)) (25)
Fax) = fim P = ) (255)

From the prescribed conditions (2.46)-(2.48) along with the relations (2.53)-(2.55),
a system of linear algebraic equations (2.52) is sufficient for determining the T-stress
components T,(X.), T,(x,) and T,(x.) in terms of the sum of the crack-face

displacements. This methodology for determining the T-stress along the crack front
can also be found in the work of Pham et al. (2015a).
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CHAPTER 3
SOLUTION PROCEDURE

This chapter presents the numerical procedure for constructing approximate
solutions of the system of boundary integral equations (2.33) and the weak-form
integral equation for the sum of the crack-face displacement (2.39). The
discretization of both geometry and solution and other essential components such as
the quadrature and evaluation of kernels are briefly discussed. Finally, the post

process for the stress intensity factors and the T-stress components are addressed.
3.1 DETERMINATION OF JUMP IN CRACK-FACE DISPLACEMENTS

A system of boundary integral equations (2.33) involves three sets of unknown
functions including the displacement and traction on the ordinary boundary, the
displacement and traction on the material interface, and the jump in the crack-face
displacement, and two sets of prescribed data including the known displacement and
traction on the ordinary boundary and the sum of and jump in the crack-face
tractions.

A well-known, weakly singular, symmetric Galerkin boundary element method
(SGBEM) is utilized to construct approximate solutions of (2.33). Standard Galerkin
approximation together with the finite element procedure is utilized in the

discretization of the unknown data, test functions, and geometries of the ordinary

boundary S,, the material interface S, and the crack surfaces S and SZ*. In

particular, all unknown data and test functions for each sub-region QQ” and on the
material interface are approximated by

u = (@) U" ¥ = (@) V" on S/ (3.1)
t" =(@)' T, {7 =(®)' T on S/ (3.2)
AU = (@) AU ¥ = (®7)'V* on SI* (3.3)
u =(®)'U,,q =(®)U, ons, (3.4)

t, :((D| )TTI’fI :((D| )Tfl on SI (3-5)



28

where @/, @/, &/, and ®, are vectors of nodal basis functions defined on the
surfaces S;, S/, S{,and S, , respectively; U”,T”,AU”, U, ,and T, are vectors of
unknown nodal quantities associated with the displacement on S/, the traction on
S; , the relative crack-face displacement on SZ*, the displacement on S, , and the
traction on S, , respectively; V¥ ,T7, V¥, U, and T, are vectors of arbitrary nodal
quantities; and (-)" denotes the transpose operator. Due to the weakly singular nature

of all involved integrals, all nodal basis functions are constructed locally on each C°
-element in a finite element mesh using standard finite element procedure. In
addition, to enhance the near-front approximation, special local C°-interpolation
functions defined over special crack-tip elements (see details in the work of Xiao,
1998 and Rungamornrat and Mear (2008b)) are employed to discretize the relative
crack-face displacement in all elements adjacent to the crack front.

Substituting the approximations (3.1)-(3.5) into the system of governing
equations (2.33) and then exploiting the arbitrariness of V¥, T7, V¥, U, and T,

lead to the following system of linear algebraic equations

Al Bl B 0 0 o A, BL[[T ][R

B,) C. Ci 0 0 o B, c, | u| R

(Bie)' (Cre)'  Cec 0 0 0 (B Cq| AU | |Re
0 0 0o A}, BS, B A, By T | [R? (3.6)
0 0 0 (B&) Ch Ci (BL) Cn| V| R
0 0 0 (Bi) (Ci)' Ce (BL)' Cg | AU*| |Re

(Abl )T B}T B}c (ALZJI )T BlzT Blzc ATI BTI T RtlJ

(BL)T (G ()T BL) (€)' (€A B Chllu ] R

where the sub-matrices A’ , BZ , C’_, A, B, and C,, for p,qe{T,U,C,1} are

pq ? pq? pq?

obtained from the discretization of the bilinear integral operators &, , B, , &,
&, , B, and €, respectively and the sub-vectors R’ and R, for pe{T,U,C,I}
are obtained from the discretization of the linear integral operators %, and ji’,,' ,

respectively. To construct the involved coefficient matrix and know vector, two

computational issues, one associated with the numerical integration of weakly



29

singular and nearly singular double surface integrals and the other corresponding to
the numerical evaluation of kernels for general anisotropy, must be properly treated.
In the present study, the former is achieved by adopting the special quadrature
combining a series of variable transformations and Gaussian quadrature proposed
by Xiao, 1998 whereas the latter is handled by utilizing the interpolation technique
based on a finite element interpolant proposed by Rungamornrat and Mear (2008b)
to mainly avoid the direct integration of the closed contour integral. The system of
linear equations (3.6) is essentially symmetric resulting from the symmetry of the
formulation and is solved numerically using selected indirect linear solvers such as

a conjugate gradient method. The relative crack-face displacement for cracks in each

sub-region is then obtained once AU’ is determined.
3.2 DETERMINATION OF SUM OF CRACK-FACE DISPLACEMENTS

After the solution of the system of boundary integral equations (2.33) is obtained,
the weak-form integral equation (2.39) contains only one unknown associated with
the sum of the crack-face displacement and is then solved by using standard finite
element procedure.

First, the additional approximation of the sum of the crack-face displacements

Tu” and the test function t” on the crack surface SZ* is introduced
U= (@) U7, = (@) T (3.7)

where @/ denotes a vector of nodal basis functions constructed locally on standard

two-dimensional elements by the finite element procedure; XU”is a vector of

unknown nodal quantities associated with the sum of the crack-face displacements;

and T is a vector of arbitrary nodal quantities. By applying (3.7) along with results
from solving the system (2.39), the weak-from equation (2.39) for each sub-region

can be discretized into

DIZU” =R, + AL, T+ AL T, + BLU” + B, AU” + BL,U, (3.8)
where the matrices Dl, Al,, A, B, Bé: and B{, result directly from the

discretization of the bilinear integral operators 2!, &, , &, , B , B and &
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, respectively, and the vector R{ is obtained from the discretization of the combined

linear operator & + & + B, . Again, the same procedure of numerical integration
and evaluation of kernels is applied to construct all involved matrices and vectors.
From the symmetry of the bilinear integral operator 2, the coefficient matrix D{
is clearly symmetric and the system of linear algebraic equations (3.8) can be solved

for ZU” for each sub-region.

3.3 POST PROCESS FOR STRESS INTENSITY FACTORS AND T-
STRESSES

To post process for the stress intensity factors and T-stress components along the
crack front, the relative crack-face displacement and the sum of the crack-face
displacements obtained in Section 3.1 and Section 3.2 are employed, respectively.
By employing the formula (2.44) along with the near-front approximation of the
relative crack-face displacement on special 9-node crack-tip elements (see Li and
Mear, 1998 and Rungamornrat and Mear (2008b)) and Taylor series expansion, the

explicit expression for the stress intensity factors takes the form

ki(Xc):\/%Bij[a(Xc)'éj:l (3.9)

where all involved parameters are defined by

y=-8 -%(éc,—l) (3.10)
]

r,= Zgl xOy O (&,m) - X, (3.11)

0(x.) =D aup (&, -1 (3.12)

in which (&,7) e[-1,1]x[-1,1] are natural coordinates used to define the master

element; x® denotes the i nodal point of the crack-tip element; " (&,n) are
shape functions associated with the i" node of a standard 9-node quadratic element;
Au® denotes the extra degree of freedom associated with the i node of the crack-
tip element located along the crack front; and the summation appearing in (3.12) is

taken only for nodes along the crack front. It is apparent from (3.9) that once AU’
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for each sub-region is obtained, the information Au® can be readily obtained and
used to directly post-process the stress intensity factor without carrying out the
limiting process.

For the T-stress components, once the unknown U’ for each sub-region is
solved from (3.8), the sum of the crack-face displacements u” on elements

adjacent to the crack front is first computed. Then, its components referring to the

local coordinate system defined in Figure 2.4 (i.e., XU/ ) are obtained and
substituted into (2.53)-(2.55) to calculate the finite part of the strain £ (Xx.),

g7 (x.), &7 (x,) atany point x_. Finally, the T-stress components at any point X_

are obtained by solving a system of six linear algebraic equations (2.52) along with
the prescribed conditions (2.46)-(2.48) and the computed finite part of the strain.
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CHAPTER 4
NUMERICAL RESULTS AND DISCUSSION

The convergence and accuracy of numerical results obtained from the implemented
numerical procedure are first verified by a set of reference solutions for problems
associated with cracked multi-material bodies. Both isotropic and anisotropic
materials are considered in the numerical experiments. A series of meshes with
different levels of refinement is adopted and used in the numerical study to ensure
the convergence of numerical solutions. The solution on ordinary boundary (e.g.,
unknown displacements and tractions), on the material interface (e.g., unknown
displacements and tractions), and on the majority of the crack surface (e.g., jump in
and sum of the crack-face displacements) are discretized using standard, two-
dimensional, isoparametric, quadratic elements. For the solution along the crack
front, the jump in the crack-face displacements is approximated by special 9-node
crack-tip elements whereas the sum of the crack-face displacements is approximated
by standard 9-node quadratic elements. After the implemented technique is fully
tested, a preliminary parametric study is conducted to investigate the influence of
the material stiffness and the distance between the crack and the material interface
on the stress intensity factors and the T-stress. In such investigation, a sufficiently

fine mesh is employed to ensure the convergence of numerical results.
4.1 VERIFICATION

In this section, results for two particular problems associated with a three-layer
cylinder containing an elliptical crack parallel to the material interface and a three-
layer cube containing a penny-shape crack parallel to the material interface are
obtained and then compared with existing reference solutions for both stress
intensity factors and T-stress.

4.1.1 Elliptical Crack in Three-layer Cylinder

Consider a three-layer cylinder of radius R and length 6d as shown schematically
in Figure 4.1. Each layer has the same length 2d and they are fully bonded with the
material interface perpendicular to the axis of the cylinder. All three layers are made

of transversely isotropic, linear elastic materials with the axis of material symmetry
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directing along the axis of the cylinder. An elliptical crack with the major semi-axis
a and the minor semi-axis b is embedded in the center of the middle layer and
oriented parallel to the material interface as shown in Figure 4.1. For convenience,
a reference Cartesian coordinate system is chosen such that its origin coincides with

the center of the crack, the x,-axis directs along the axis of the cylinder, and the x,
-axis and x,-axis direct along the major and minor axes of the crack, respectively.

With this choice of the coordinate system, the crack front can be parameterized by

PHALEIREE 1AL 4

A3

A Material —1 |

2d

-~~~
—

%

2 E Mterial —2

2d
-------------- 2d
E Material =3 ™

22222222222 0%

Figure 4.1 Schematic of three-layer cylinder containing elliptical crack in the middle

layer with its orientation parallel to material interface
X, =acosé, x, =bcosd, x,=0 (4.1)

where @ [0, 2] denotes the angular position of point along the crack front. In the

analysis, three meshes of the ordinary boundary, the material interfaces, and the
crack surface are adopted as shown in Figure 4.2. To allow the comparison with the
reference solution generated by a single domain boundary integral equation method
proposed by Rungamornrat and Mear (2008b), the material constants of all layers
are chosen to be identical to those of transversely isotropic-1 shown in Table 4.1.
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The discretization of the ordinary boundary and the crack surface obtained from the

Mesh-3 is used to generate the reference solution. In addition, the ratios

d/a=2,a/b=2,R/d =1h/d =1 are employed in the numerical study.

B

Mesh-1

e

f//

NEANAN

N

Mesh-2

t\ L+
\\\—//j
\\\ — 1 | )
N —T—— [
\\\—’///

Figure 4.2 Three meshes adopted in the analysis of three-layer cylinder containing

elliptical crack; mesh of the crack surface is shown below that of the boundary and

mesh for the material interface is taken to be identical to that of the top surface.

Table 4.1 Elastic moduli for two transversely isotropic, linear elastic materials sued

in numerical study.

Material type E. E, 1 Eiis Eis B
x10°Pa | x10°Pa | x10°Pa | x10°Pa | x10°Pa

Transversely Isotropic 1 126.00 | 55.00 53.00 | 117.00 | 35.30
Transversely Isotropic 2 139.00 | 77.80 74.30 | 113.00 | 25.60
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The normalized mode-I stress intensity factor K, and the non-zero T-stress
components T,,,T,, obtained from proposed technique for all three meshes are

reported as a function of angular position & along the crack front in Figures 4.3, 4.4
and 4.5, respectively. The reference solutions generated by the technique proposed
by Rungamornrat and Mear (2008b) with the Mesh-3 are also reported in those
figures. It is seen from this set of results that the implemented technique yields the
converged numerical solution which is generally in good agreement with the
reference solution. In particular, meshes required to achieve such accurate stress
intensity factors are relatively coarse; only few elements employed to discretize the
solution along the crack front can accurately capture the fracture data. This is due
mainly to the use of special crack-tip element to approximate the near-front relative
crack face displacement and the explicit formula used to post-process for the stress
intensity factors and the T-stress.

0.8
E —— Benhmark solution
i A Mesh1
[ O Mesh2
0.7F ¢ Mesh3
K, 06 |
IO\;‘ Ta [
05

0.4 g b b b b a1

0.0 0.2 0.4 0.6 0.8 1.0
0/2x

Figure 4.3 Normalized stress intensity factor of elliptical crack contained in three-

layer cylinder under uniformly distributed normal traction t, at the top and bottom

surfaces
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Figure 4.4 Normalized T-stress T,, of elliptical crack in three-layer cylinder under

uniformly distributed normal traction t, at the top and bottom surfaces
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Figure 4.5 Normalized T-stress T, of elliptical crack in three-layer cylinder under

uniformly distributed normal traction t, at the top and bottom surfaces
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4.1.2 Penny-shaped Crack in Three-layer Cube

Consider a three-layer prism with dimensions 2l x2sx6d as shown schematically
in Figure 4.6. Each layer has the same thickness 2d and they are fully bonded at the
material interface perpendicular to the cross section of the cube. Each layer is made
of either an isotropic material with given Young modulus and Poisson ratio or a
transversely isotropic material with the axis of material symmetry perpendicular to
the material interface. The crack contained in the center of the middle layer assumes
an elliptical shape with the major semi-axis a and the minor semi-axis b and is
oriented parallel to the material interface with the major and minor semi-axes normal
to the side face of the prism as shown in Figure 4.6. Again, a reference Cartesian
coordinate system is chosen such that its origin coincides with the center of the

crack, the x,-axis directs normal to the material interface, and the x, -axis and X, -

axis direct along the major and minor axes of the crack, respectively. With this
choice of the coordinate system, the crack front can be parameterized by (4.1). The

prism is subjected to uniformly distributed normal tractions t, on the top and bottom

surfaces and uniformly distributed normal tractions t,,, t,,, t,; on the two side faces

of each layer. Three meshes for the outer boundary, the material interfaces and the
crack surface shown in Figure 4.7 and the following geometric data

d/a=3,h/d =1 are employed in the simulations.
4.1.2.1 Three identical material layers under t, =t, =t;,

First, consider the case that each layer is made of the same isotropic material with
Young modulus E =1 GPa and Poisson ratio v = 0.3, the prism is subjected to the

uniform normal traction t, =t, =t, =t,, t, =0, and the crack is of a penny shape

(i.e., a/b=1). For this particular case, the jump in the crack-face displacements
identically vanishes and, as the result, all the stress intensity factors vanish for the
entire crack front whereas the closed-form solution of the T-stress components can
be readily obtained and used, here, as the benchmark solutions. Numerical results
for the stress intensity factors obtained from all three meshes agree very well with
the reference solution; in particular, results are nearly zero up to several digits. For

the T-stress components, the computed solutions from the three meshes after
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normalized by the applied load, are reported along with the exact solution in Figures

4.8, 4.9 and 4.10 for T,,,T,,, T,;, respectively.
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Figure 4.6 Schematic of three-layer cube containing elliptical crack parallel to

material interface under uniformly distributed normal tractions t,, and t,,.
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Figure 4.7 Three meshes adopted in the analysis of three-layer prism containing

elliptical crack; mesh of the crack surface is shown below that of the side faces and

mesh for the top and bottom faces and the material interface is shown at the top.
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Figure 4.8 Normalized T-stress T,, of penny-shaped crack in three-layer isotropic

prism under uniform normal traction t, at the two side faces
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Figure 4.9 Normalized T-stress T,, of penny-shaped crack in three-layer isotropic

prism under uniform normal traction t, at the two side faces
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Figure 4.10 Normalized T-stress T,, of penny-shaped crack in three-layer isotropic

prism under uniform normal traction t, at the two side faces

Next, consider the same prism as indicated above except that each layer is made of
the same transversely isotropic material (i.e., transversely isotropic 1 with material
constant shown in Table 4.1). Similar to the previous case, the jump in the crack-
face displacements identically vanishes and all the stress intensity factors are zero
for the entire crack front whereas the closed-form solution of the T-stress
components can be obtained in the same manner. Again, the computed stress
intensity factors from the proposed technique are nearly zero up to several digits and
results are not presented here for brevity. Figures 4.11, 4.12 and 4.13 report the T-
stress components for the three meshes along with the exact solutions.

It can be seen for both cases of isotropic and transversely isotropic that results
obtained exhibit the good convergence behavior; in particular, the T-stress
components are slightly dependent on the level of refinement. In addition, the
convergence of the solution shows the excellent agreement with the exact solution.
The coarsest mesh with only few elements can also capture the solution with

sufficient accuracy.
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Figure 4.11 Normalized T-stress T,, of penny-shaped crack in three-layer

transversely isotropic prism under uniform normal traction t, at the two side faces
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Figure 4.12 Normalized T-stress T,, of penny-shaped crack in three-layer

transversely isotropic prism under uniform normal traction t, at the two side faces
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Figure 4.13 Normalized T-stress T,, of penny-shaped crack in three-layer

transversely isotropic prism under uniform normal traction t, at the two side faces

4.1.2.2 Different material layers under t, and t, =t ,

Next, consider the case that the top and bottom layers are made of the same materials,
either the isotropic material with Young modulus E =1 GPa and Poisson ratio
v = 0.3 or the transversely isotropic material with material constants identical to the
transversely isotropic 1 reported in Table 4.1, whereas the middle layer is made from
the different material. The prism is subjected to the uniform normal traction
t, =t, =2t,,t, =t,, and contained the penny-shaped crack (i.e., a/b=1). As the
purpose of verification, the material constituting the middle layer is chosen such that
the crack is completely closed under the applied traction and the T-stress
components can be readily obtained in a closed-form. For the isotropic case, Young
modulus E =2 GPa and Poisson ratio v =0.3 are chosen whereas for the

transversely isotropic case, the material constants are chosen such that E,;,, = 252
GPa, E,,, =110 GPa, E ,, =106 GPa, E,,, =234 GPa, E,,=353 GPa. As

expected, the computed stress intensity factors from all three meshes for both the

isotropic and transversely isotropic cases are nearly zero up to several digits. For the
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T-stress components, results for T,;, T,;,T,; along the crack front obtained from the

three meshes are normalized and then reported along with the analytical solution in
Figures 4.14-4.16 for the isotropic case and Figures 4.17-4.19 for the transversely
isotropic case. Again, this set of results confirms both the convergence and accuracy
of the numerical solutions obtained from the proposed boundary integral equation
method and the post-process for determining the T-stress components from the sum
of the crack-face displacement data. In particular, the obtained solutions are highly
accurate and almost indistinguishable from the reference solutions. The coarse mesh
containing only few elements can also capture the solution slightly different from
the exact solution. This finding confirms the advantage of using special crack-tip

elements to approximate the near-front jump in the crack-face displacement.
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Figure 4.14 Normalized T-stress T,, of penny-shaped crack in three-layer isotropic

prism under t, =t, = 2t,,t, =t, at the two side faces
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Figure 4.15 Normalized T-stress T,, of penny-shaped crack in three-layer isotropic

prism under t, =t, =2t,,t, =t, at the two side faces
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Figure 4.16 Normalized T-stress T,, of penny-shaped crack in three-layer isotropic

prism under t, =t, = 2t,,t, =t, at the two side faces
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Figure 4.17 Normalized T-stress T,, of penny-shaped crack in three-layer

transversely isotropic prism under t, =t , =2t,,t, =t, at the two side faces
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Figure 4.18 Normalized T-stress T,, of penny-shaped crack in three-layer

transversely isotropic prism under t, =t =2t;,t, =t, at the two side faces
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Figure 4.19 Normalized T-stress T,, of penny-shaped crack in three-layer

transversely isotropic prism under t, =t , =2t,,t, =t, at the two side faces

4.1.2.3 Three identical material layers under t,

Finally, consider the case that all three layers are made of the same materials, either
the isotropic material with Young modulus E =1 GPa and Poisson ratio v =0.3 or
the transversely isotropic material with material constants identical to the

transversely isotropic 1 reported in Table 4.1. The prism is subjected only to the

uniform normal traction t; =t, with t, =t, =t, =0 and contained the elliptical
crack with aspect ratio a/b=2. Due to the symmetry with respect to the crack
plane, only the mode-I stress intensity factor K, and the two T-stress components
T,,, T, are non-zero along the crack front. Results for K, and T,,,T,, obtained from

the three meshes shown in Figure 4.8 are reported in Figures 4.20-4.22 for the
isotropic case and Figures 4.23-4.25 for the transversely isotropic case. Computed
solutions are compared with the reference solutions generated by the technique

proposed by Rungamornrat and Mear (2008b) using the single domain formulation.
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Figure 4.20 Normalized stress intensity factor K, for elliptical crack in three-layer

isotropic prism under uniform normal traction t, =t, at top and bottom surfaces
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Figure 4.21 Normalized T-stress T,, for elliptical crack in three-layer isotropic

prism under uniform normal traction t, =t, at top and bottom surfaces
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Figure 4.22 Normalized T-stress T,, for elliptical crack in three-layer isotropic

prism under uniform normal traction t, =t, at top and bottom surfaces

0.8
—— Benhmark solution
A Mesh1
O Mesh?2
0.7 e  Mesh3
KI 0.6

0.5

0.4 p g b b by b a1

0.0 0.2 0.4 0.6 0.8 1.0
012x

Figure 4.23 Normalized K, for elliptical crack in transversely isotropic three-layer

prism under uniform normal traction t, =t, at top and bottom surfaces
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Figure 4.24 Normalized T-stress T,, for elliptical crack in three-layer prism under
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uniform normal traction t, =t, at top and bottom surfaces
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Figure 4.25 Normalized T-stress T,, for elliptical crack in three-layer prism under

uniform normal traction t, =t, at top and bottom surfaces
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Again, it can be concluded from the last set of results that implemented technique
yields the converged numerical solutions and they are in excellent agreement with
the benchmark solution for both stress intensity factors and T-stress components.
4.1.3 Elliptical Crack in Two-layer Cube

Consider a two-layer cube occupying the region [-2d,2d]x[-2d,2d]x[-2d,2d] as

shown in Figure 4.26. The two layers are of the same height 2d , made of
transversely isotropic, linear elastic materials with the axis of material symmetry
along the x,-axis, and fully bonded with the material interface perpendicular to the
x,-axis. An elliptical crack with the major semi-axis a and the minor semi-axis b
is embedded in the bottom layer and oriented perpendicular to the material interface

as shown in Figure 4.26. In particular, the crack front can be described by

x, =0, X, =acosé, x;,=—h—-bsing (4.2)
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Figure 4.26 Two-layer cube containing elliptical crack perpendicular to interface

under uniform traction on ordinary boundary in x, direction.

where h is the distance from the crack center to the material interface and

0 [0, 2x] denotes the angular position of point along the crack front. The body is
free of the body force and loaded by a uniformly distributed normal traction t, on
the two side faces normal to the x -axis. Meshes used in the analysis are indicated

in Figure 4.27, the material constants of all layers are chosen to be identical to those
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of transversely isotropic-1 shown in Table 4.1. The discretization of the ordinary
boundary and the crack surface obtained from the Mesh-3 is used along with the
technique proposed by Rungamornrat and Mear (2008b) to generate the reference.

In particular, the ratios d /a=1,a/b=2,h/d =1 are employed in the numerical

study.

SS=S

Mesh-1 Mesh-2 Mesh-3

Figure 4.27 Three meshes adopted in the analysis of two-layer cube containing
elliptical crack; mesh of the crack surface is shown below that of the side faces
whereas mesh for the top and bottom faces and the material interface is shown at the

top.

The normalized mode-I stress intensity factor K, and the non-zero normalized T-
stress components T,,, T,, obtained from proposed technique for all three meshes

are reported as a function of the angular position @ along the crack front in Figures
4.28-4.30, respectively. It is seen from these results that the computed solutions
show the good agreement with the reference solutions; in particular, the numerical
solutions generated by the Mesh-2 and the Mesh-3 are almost indistinguishable from
the reference solution whereas only slight difference is observed for those generated
from the Mesh-1.
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Figure 4.28 Normalized mode-1 stress intensity factor for elliptical-shaped crack in

two-layer cube under uniform normal traction t, at two side faces
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Figure 4.29 Normalized T-stress T,, of elliptical crack in two-layer cube under

uniformly distributed normal traction t, at two side faces
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Figure 4.30 Normalized T-stress T,, of elliptical crack in two-layer cube under

uniformly distributed normal traction t, at two side faces

4.2 PARAMETRIC STUDY

After the proposed technique is fully tested, it is then used to investigate the
influence of material stiffness and the distance between the crack and the material
interface on the stress intensity factors and the T-stress along the crack front.
Sufficiently fine meshes suggested from the verification process are employed to
ensure the convergence of numerical solutions.

4.2.1 Elliptical Crack in Three-layer Cylinder

To investigate the influence of the contrast between the material stiffness
constituting a region containing the crack and those containing no crack on the two
essential fracture data (i.e., the stress intensity factors and the T-stress components),
the three-layer cylinder containing an elliptical crack as shown schematically in
Figure 4.1 is considered as the representative problem. In the numerical study, the

top and bottom layers are made of the same material with Young modulus E; and

Poisson ratio v = 0.3 whereas the middle layer is made of the different isotropic

material with Young modulus E, and Poisson ratio v =0.3. The elliptical crack is
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located at the center of the middle layer (i.e., h/d =1) and the cylinder is subjected
to the uniformly distributed tractions at the top and bottom surfaces.
First, the stress intensity factors and the T-stress components are generated for

the case of a penny-shaped crack (a/b=21a/d =0.5) for various values of the
Young modulus ratio E,/ E,. Results of the mode-I stress intensity factor K, and
the non-zero T-stress T,,,T,, are reported as a function of E, / E, in Figures 4.31 and

4.32, respectively. It is seen that as the stiffness of the material for the top and bottom
layers decreases relative to that of the material for the layer containing crack, both
the stress intensity factor and the magnitude of the both T-stress components
decreases monotonically. Results are also established for the case of an elliptical

crack with a/b=1a/d =0.5 for various values of E,/E,. The stress intensity

factors and the non-zero T-stress components are reported along the crack front for

different values of the Young modulus ratio in Figures 4.33-4.35.
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0.70 |-
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0 1 2 3 4

E,JE,

Figure 4.31 Normalized mode-I stress intensity factor for penny-shaped crack in

three-layer cylinder under uniform normal traction t, as function of E,/E,
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Figure 4.32 Normalized T-stress components T,,,T,, for penny-shaped crack in

three-layer cylinder under uniform normal traction t, as function of E,/E,
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Figure 4.33 Normalized mode-I stress intensity factor for elliptical crack in three-

layer cylinder under uniform normal traction t, for various values of E,/E,
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Figure 4.34 Normalized T-stress T,; for elliptical crack in three-layer cylinder under

uniform normal traction t; for various values of E,/E,
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Figure 4.35 Normalized T-stress T,, for elliptical crack in three-layer cylinder under

uniform normal traction t, for various values of E,/E,
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It is seen that as the material of the layer containing crack becomes stiffer relative to
that of the top and bottom layers, the stress intensity factors and the T-stress
decreases. While the observed results have the same trend as that for case of the
penny-shaped crack, the behavior strongly depends on the location along the crack
front.

4.2.2 Penny-shaped Crack in Two-layer Prism

To further investigate the influence of the distance between the crack and the
material interface on the stress intensity factors and the T-stress along the crack
front, a two-layer prism containing a penny-shaped crack shown in Figure 4.36 is
considered. The whole body occupies the region [-2d,2d]x[-2d,2d]|x[-8d,2d]

where its upper part (occupying the region [-2d, 2d |x[-2d,2d |x[0,2d]) is made
of an isotropic material with Young’s modulus E, and Poisson’s ratio v =0.3 and
the remaining part occupying the region [-2d, 2d |x[-2d, 2d |x[-8d,0]) is made of
an isotropic material with Young’s modulus E, and Poisson’s ratio v=0.3. A

penny-shaped crack of radius a is embedded within the bottom layer and oriented
perpendicular to the material interface with the crack front parameterized by (4.2).

In the numerical study, a mesh shown in Figure 4.37 with d/a =2 is used.
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Figure 4.36 Two-layer prism containing penny shaped crack perpendicular to

material interface under uniform traction at two side faces
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Top face and material interface Side face Crack

Figure 4.37 Mesh of boundary and crack surface adopted in the analysis of penny-

shaped crack in two-layer prism

First, the influence of the distance h on the stress intensity factor and the T-

stress components is investigated for E,/E, =2 . Computed results for non-zero

stress intensity factors and T-stress are reported along the crack front in Figures 4.38-
4.40 for various values of h/2a (i.e., h/2a=0.6,0.8,1.0,1.2,1.4,3.0,4.0). Results

obtained indicate that when the distance from the crack center to the material
interface increases, the mode-I stress intensity factor increases whereas the T-stress
components are negative and increase in magnitude for the entire crack front. Both
the stress intensity factor and the T-stress components achieves the maximum and
minimum values at & =37/2 and 6 =x/2, respectively. Clearly, the influence of
the material contrast on the value and distribution of the two fracture parameters is
significant when crack is located relatively close to the material interface, and such
the influence decays as the normalized distance from the material interface h/2a
increases. Both the stress intensity factor and the T-stress components tend to
converge asymptotically to the solution of the same crack embedded in a sufficiently
long prism made of a single material with Young’s modulus E, and Poisson’s ratio
v . Quantitatively, when the distance from the material interface is greater than about

three times of the size of the crack, the influence of the material contrast can be

neglected in the modeling without loss of the accuracy.



59

1.0
—e— h/2a=0.6 —%— h/2a=3.0

0.9 —a— h/2a:0.8 —o— h/2a=4.0
—8— h/2a=1.0 ——- LongPrism with E,
—o— h/2a=1.2

0.8 —6— h/2a=14

0.0 0.2 0.4 0.6 0.8 1.0

012
Figure 4.38 Normalized mode-| stress intensity factor for penny-shaped crack in

two-layer isotropic prism under uniform normal traction t, for E,/E, =2 and

various values of h/2a
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Figure 4.39 Normalized T-stress component T, for penny-shaped crack in two-

layer isotropic prism under uniform normal traction t, for E,/E, =2 and various

values of h/2a
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Figure 4.40 Normalized T-stress components T,, for penny-shaped crack in two-
layer isotropic prism under uniform normal traction t, for E,/E, =2 and various

values of h/2a

The influence of the distance h on the stress intensity factor and the T-stress
components is also investigated for the different material contrast E,/E, =0.5.

Results for the mode-I stress intensity factors and T-stress components are reported
along the crack front in Figures 4.41-4.43 for various values of h/2a (i.e.,
h/2a=0.6,0.8,1.0,1.2,1.4,3.0,4.0). It is seen that when the crack is contained in a

layer made of a stiffer material, both the stress intensity factor and the T-stress
components decrease in magnitude as the normalized distance h/2a increases. In
addition, the locations along the crack front where the stress intensity factor and the
T-stress components achieve their maximum and minimum values switch from the

case of E,/E, =2. Similar to the previous case, it is observed that the presence of

the material contrast shows the strong influence on both the variation and value of
the two fracture data along the crack front when cracks are close to the material
interface relative to the crack size and when the normalized distance h/2a > 3, such
influence seems insignificant and the obtained solutions are nearly identical to the
same crack embedded in a long prism without the material contrast.
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Figure 4.41 Normalized mode-I stress intensity factor for penny-shaped crack in

two-layer isotropic prism under uniform normal traction t, for E,/E, =0.5 and

various values of h/2a
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Figure 4.42 Normalized T-stress component T,, for penny-shaped crack in two-
layer isotropic prism under uniform normal traction t, for E,/E, =0.5 and various

values of h/2a
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Figure 4.43 Normalized T-stress component T,, for penny-shaped crack in two-
layer isotropic prism under uniform normal traction t, for E,/E, =0.5 and various

values of h/2a

Results for the stress intensity factors and the T-stress components at certain
points along the crack front (i.e., at & =0,7/2,37/2) are also reported as a function
of h/2a in Figure 4.44-452 for four values of the material contrast (i.e.,
E,/E, =0.1,0.5,2.0,10.0). It is seen that for small h/2a (i.e., h/2a<2), both the
mode-1 stress intensity factor and the T-stress components decrease in magnitude for
E,/E, <1 and increase in magnitude for E,/E, >1 as the normalized distance h/2a
increases. Results also indicate that the rate of change of K,,T,,,T,; with respect to

h/2a for the small value of h/2a depends strongly on the material contrast E,/E,

; for instance, the rate of decrease and increase in K,,T,,T,; increases as E,/E,

decreases and increases, respectively. This set of results also confirms that as the
normalized distance h/2a is larger than three the influence of the material contrast

is insignificant.
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Figure 4.44 Normalized mode-1 stress intensity factor at 8 =0 for penny-shaped

crack in two-layer isotropic prism under normal traction t,
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Figure 4.45 Normalized mode-I stress intensity factor at 8 = 7z / 2 for penny-shaped

crack in two-layer isotropic prism under normal traction t,
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Figure 4.46 Normalized mode-I stress intensity factor at 8 =3z/2 for penny-

shaped crack in two-layer isotropic prism under normal traction t,
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Figure 4.47 Normalized T-stress component T,, at & =0 for penny-shaped crack in

two-layer isotropic prism under normal traction t,
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Figure 4.48 Normalized T-stress component T, at @ =x/2 for penny-shaped

crack in two-layer isotropic prism under normal traction t,
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Figure 4.49 Normalized T-stress component T,, at 8 =z /2 for penny-shaped

crack in two-layer isotropic prism under normal traction t,
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Figure 4.50 Normalized T-stress component T,; =0 at &=0 for penny-shaped

crack in two-layer is

otropic prism under normal traction t,
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Figure 4.51 Normalized T-stress component T,, =0 at & =z /2 for penny-shaped

crack in two-layer is

otropic prism under normal traction t,
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CHAPTER 5
CONCLUSION AND REMARKS

An efficient and robust numerical technique, based upon the weakly singular
boundary integral equation method, has been successfully implemented for the
analysis of near interface or sub-interface cracks in multi-material finite bodies. The
formulation has been established within a general framework allowing general data
such as the body and crack geometries, general material anisotropy, general loading
and boundary conditions to be treated. Both of the weakly-singular weak-form
displacement and traction boundary integral equations is employed along with the
domain decomposition technique to obtain a system of equations governing the
unknown data on the ordinary boundary (i.e., the displacements and tractions), the
material interfaces (i.e., the displacements and tractions) and the crack surface (i.e.,
jump in and sum of the crack-face displacements) for cracks in multi-material
domains. The positive feature of the governing integral equations, in addition to its
symmetry and applicability to treat material anisotropy and general crack
configuration and loading conditions, is the weakly singular nature of all integral
involved.

Standard Galerkin scheme has been utilized to discretize the resulting system of
equations. The accuracy of the proposed technique has been further enhanced by
exploiting special interpolations along the crack front to capture the dominant near-
front field. In addition, all involved weakly singular and nearly singular integrals
over pairs of elements resulting from the discretization have been carefully treated
via the special numerical quadrature and the interpolation technique has been
adopted to evaluate kernels for general anisotropic materials. Results from the
present study have indicated that the integration of the special type of elements in
the solution discretization significantly reduces the requirement of exploiting very
fine mesh to accurately capture the near-front field. In addition, it also provides the
direct means to post-process for the stress intensity factors from the jump in the
crack-face displacement and for the T-stress components from the sum of crack-face
displacement in the vicinity of the crack front. It is remarked also that the

implemented technique yields highly accurate converged results as compared with
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the reliable benchmark solutions and, in particular, the weak dependence on the level
of mesh refinement has been observed for various scenarios.

Results from a parametric study have indicated that the contrast of the material
stiffness and the distance between the crack and the material interface has the strong
effect on both the magnitude and variation of the stress intensity factors and the T-
stress components along the crack front. For examples considered, when the material
containing no crack is stiffer than that containing crack, the stress intensity factors
and the magnitude of the T-stress increase as the crack moves away from the material
interface. In addition, as the material containing crack becomes stiffer than that
containing no crack, both the stress intensity factor and the magnitude of the T-stress
decreases monotonically. It can be concluded also that as the distance from the
material interface is about three times greater than the size of the crack, the presence
of the material contrast show the insignificant influence on the value and variation
of the two fracture data along the crack front. This implies that the treatment of the
material contrast in the modeling is essential only when cracks are relatively close
to the material interface in comparison with the characteristic size of the crack.

Finally, it is remarked that the ingredients presented in this study provide an
essential and sufficient basis for the extension of the technique to be capable of

treating more complex multi-material domains such as cracks in piezoelectric layers.
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