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Hair cells are specialized receptors that detect mechanical forces in the auditory 

and vestibular systems of vertebrates. In vivo hair-cell bundles are typically anchored to an 

overlying structure which provides mechanical coupling between neighboring hair cells. 

Cooperativity between hair bundles has been previously proposed to have strong effects on 

signal detection.  While the coupling of hair cells with the same polarity as those in the 

auditory organs has been extensively studied, the dynamics of hair cells with opposite 

polarity in the vestibular system and the inner ear of lizards remain unexplored. In this 

study, we aim to investigate the dynamics of two hair cells arranged with opposite polarity 

under a coupling spring using a mathematical model previously proposed to describe hair 

bundle motility. We focused on three scenarios: spontaneous dynamics, responses to 

sinusoidal force stimulation, and responses to step force stimulation. Through our analyses, 

we showed that the coupling force applied to each hair cell by the coupling element served 

as an additional force that modulated the individual cell's dynamics. Notably, when coupled 

with opposite polarity, the coupling force counteracted the applied constant force, which 

affected the hair cell's operating point. Under sinusoidal force stimulation, the coupling 

force oscillated at twice the frequency of the driving force. This oscillatory force could 

affect the response of the coupled hair bundle at the driving frequency, leading to reduced 

responses at high force amplitudes and frequencies below the resonance frequency. This 

phenomenon could improve the hair cell's compressive nonlinearity and frequency 

selectivity. Furthermore, we observed that the coupling force increased the responses to 

positive step forces while decreasing responses to negative forces. Our study contributes to 

the understanding of coupled hair-bundle dynamics which could play important roles in the 

signal detections by the vestibular systems and inner ear of lizards. 
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Chapter 1 

Introduction 

1.1 Background and motivations 

Auditory and vestibular systems of vertebrates are able to detect external forces 

with high sensitivity and frequency selectivity. These systems utilize hair cells whose 

sub-cellular structures comprise of packed villi arranged in graded height, called the 

hair bundle, to perceive the incoming forces (Figure 1.1). This structure gives rise to 

an asymmetry in the activation of the hair bundle: a deflection in the direction toward 

the taller villi results in the opening of mechanically gated ion channels on the hair 

bundle, whereas the deflection toward the shorter villi closes the channels [1]. This 

directional activation of a hair bundle is referred to as hair bundle polarity. The gating 

of ion-channels generates nerve signals sent to the brain resulting in a perception of 

the external forces. 

 

Figure  1.1 Schematic diagram of hair bundles.  Adapted from [1].  
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Hair cells in vestibular system and auditory system perceive different kinds of 

forces. The vestibular system is responsible for the detection of body movement and 

orientation while the auditory system is responsible for detecting sounds. There are 

several suggestions that the hair cell’s ability to sense distinct types of stimuli is 

governed by the in vivo auxiliary structures that imposed different mechanical loads 

on hair bundles [2-4]. Theoretical predictions suggest that the stiffness of the 

mechanical load and the constant force imposed on hair bundles can tune hair bundles 

to different operating points within a state diagram suitable for the detection of a 

specific type of forces [2]. 

However, in vivo hair bundles are also mechanically connected via an overlying 

membrane, and thus potentially operate in groups. Investigations of the anatomy of 

the vertebrate inner ears reveal that in vivo hair bundles of the auditory organs, such 

as the mammalian cochlea, are often arranged with identical polarities [5, 6]. On the 

other hand, hair bundles in the vestibular organs, such as the semicircular canal, the 

saccule, and the fish lateral line, are arranged primarily with opposing polarities. An 

exception includes the auditory organs of several lizard species that incorporate hair 

bundles with opposite polarities (Figure 1.2) [6]. 

 

Figure  1.2 Schematic diagram of the cross section of the inner ear of tokay 

geckos.Hair bundles are covered by sallet or tectorial curtain. In each group, hair 

bundles are coupled together with opposite polarities adapted from [6]. 

 Hair bundles are anchored to an overlying tissue in vivo, a structure which 

provides mechanical coupling between neighboring hair bundles. Previous theoretical 
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investigations suggest that a group of coupled hair bundles, arranged with identical 

polarities, can display an enhanced mechanical sensitivity and a lower detection 

threshold, consistent with experimental findings in two or three coupled hair bundles  

[7-11]. However, it remains unknown whether coupling of hair bundles with opposite 

polarities, an organization ubiquitously found in the vertebrate vestibular system and 

lizard auditory organs, benefits the detection of mechanical signals. In the mammalian 

cochleae, the low detection threshold, i.e., 0 decibel, and high frequency selectivity of 

hair cells are facilitated by electromotility. This process is mediated by prestin protein 

that causes the hair cell body to contract or elongated upon changes in its membrane 

electric potential [6]. Although hair cells within the lizard inner ears do not display 

electromotility, their hearing thresholds are comparable to those of mammals. This 

raises the question whether the polarities of hair cells in the inner ear of lizards could 

serve as an amplification process as the electromotility process in mammals.  

This thesis aims to study the effects of opposite polarity on the mechanical 

response of coupled hair cells. We performed numerical simulations of the 

mathematical model previously proposed to describe the dynamics of single hair 

bundles [2] to study the mechanical responses of coupled hair bundles with opposite 

polarity to external sinusoidal forces and step forces.  

1.2 Objectives 

1.1.1 To investigate the spontaneous dynamics of hair bundles coupled with 

opposite polarities. 

1.1.2 To investigate the effects of hair bundle’s polarity on the responses to 

sinusoidal forces and step forces. 

1.3 Scope of thesis 

Numerical simulations of the model from [2] will be performed. The parameters 

will be based on [2]. We only consider the effects of coupling two hair bundles with 

identical parameters. 

1.4 Research procedures 

1.4.1 Literature review 
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We will review the mathematical models of hair bundle motility, which are 

based on the physiology of transduction channels and other mechanisms 

within the hair bundle. Additionally, we will explore theoretical models 

that describe a hair bundle as a nonlinear oscillator near a Hopf 

bifurcation. Subsequently, we will investigate the functions of hair bundles 

and analyze their response when poised at different operating points. 

Finally, we will examine the effects of mechanical coupling between hair 

bundles on their dynamics, including factors such as the signal-to-noise 

ratio, quality factor, sensitivity, and frequency selectivity in response to 

sinusoidal forces. 

1.4.2 Investigation of the dynamics of single hair bundles in response to external 

forces and comparison to literature. 

We perform the numerical simulation of the mathematical model based on 

[2] by implementing the model on MATLAB. We will compare the 

spontaneous dynamics of a single hair bundle and its responses to external 

forces to literatures.  

1.4.3 Develop a model of two coupled hair bundles based on [2]. 

A mathematical model of two coupled hair bundles will be developed. 

Coupling will be mediated by a mechanical spring. The equations of motion 

for individual hair bundles are based on (1.1) as follows 

 

𝑚𝑥�̈� = −𝛾𝑥�̇� − 𝑘𝑥𝑖 + 𝑎(𝑥𝑖 − 𝑓𝑖) − (𝑥𝑖 − 𝑓𝑖)
3 + 𝐹𝑖 − 𝐾𝑐(𝑥𝑖 − 𝑃𝑥𝑗) (1.1) 

𝜏𝑓�̇� = 𝑏𝑥𝑖 − 𝑓𝑖 

where 𝑥 represents the displacement of the hair bundle, and an internal 

parameter, 𝑓, representing the force from a myosin motor complex, 𝑚 

denotes the mass of the hair bundle, and 𝛾 denotes a damping coefficient. 

The stiffnesses of the system are denoted by 𝑘, and 𝑎, the latter corresponds 

to the gating of ion channels. Each oscillator is under external forces, 𝐹. 𝑖 
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and 𝑗 = 1,2 with 𝑖 ≠ 𝑗. 𝑃 indicates the polarity of the two bundles, with 𝑃= 

1 if they have the same polarity and 𝑃 = -1 if they have opposite polarities.  

1.4.4 Investigation of the spontaneous dynamics of coupled hair bundles. 

By fixing the stiffness and constant force on each bundle, we will vary the 

coupling stiffness and investigate the spontaneous dynamic of the coupled 

hair bundles. 

1.4.5 Investigation of the responses of coupled hair bundles to external forces. 

1) We will include the external force term in equation (1.1), with a 

sinusoidal force or a step force. Investigate the responses of coupled hair 

bundle at fixed operating point of each hair bundle near the Hopf 

bifurcation in quiescence regime. 

2) Calculate the sensitivity of coupled hair bundles subjected to sinusoidal 

force and analyzed the effects of coupling force to responses of hair 

bundles. The responses to step force will be studied by observing the 

trajectory of hair bundle in phase plane and analyzed the effects of coupling 

force. 

1.4.7 Conclusion and writing the thesis. 

1.5 Expected benefits 

Investigation of the effects of polarity on the dynamics of coupled hair bundles 

will provide further insight knowledge on signal detections by the vertebrate 

vestibular system, as well as the lizards’ auditory system. 

1.6 Overall 

The following chapter is a background theory about the structure and properties 

of hair cells and orientations in vivo and the mathematical model of hair cells. In 

chapter 3, we introduce the mathematical model of coupled hair cells and methods to 

analyze the results from simulations. In chapter 4, we present the results of numerical 

simulation of coupled hair cells in three cases, no external force, subject to sinusoidal 
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force, and subject to step force. Finally, chapter 5 will discuss the results then deliver 

a summary and suggestions from the thesis. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter 2 

Background Theory 

2.1 Hair bundle’s structure and mechanical Properties  

Hair cells are mechanical force receptors found in the vestibular system and 

auditory system of vertebrates. The primary function of hair cells is to transform the 

external mechanical force into electrical signals that are subsequently sent to the 

brain. The structure of a hair cell can be divided into 2 main parts, the cell body, and 

the hair bundle (Figure 2.1). The cell body is embedded in the epithelium of the 

sensory organ and connected to the auditory nerves. This part of the cell transforms 

the mechanical force into a nerve signal. The hair bundle is a group of villi called 

stereocilium packed together with graded height, situated on top of the hair cell’s 

body (Figure 2.1). Each villus is connected to its nearest neighbor through a tip link. 

The lower end of the tip link is connected to one or two mechanically gated ion-

channels, situated at the top of the shorter villus, and the upper end of the tip link is 

connected to the insertional plague which comprises of myosin motors on the side of 

the taller villus. 

 
Figure  2.1 Schematic diagram of hair cell. A) shows schematic diagram of a hair 

cell, consisting of the cell body innervated by nerve fibers and the hair bundle 

situated on top of cell body which functions as force detector. B) a close-up image of a 

top of stereocilia shows the connection between ion channel, Tip link, and insertional 

plaque. Adapted from[1] 

Force detection performed by the hair bundle relies on the gating of the ion-

channels on top of the stereocilia. A force that deflects the bundle in the direction 
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toward the taller villi stretches the tip links owing to the graded height structure of the 

hair bundle. This raises the tension of the tip link which pulls the mechanical gating 

ion-channel open allowing the cation outside to flow inside the bundle (Figure 2.2). 

This increases hair-cell membrane’s electrical potential and evokes neurotransmitter 

release at the synapse resulting in a nerve signal transmitted to the brain. For the force 

in the opposite direction, the hair bundle movement causes the ion channels to close 

and decreases the cation influx. 

 
Figure  2.2 The gating of hair bundle when receiving a force in direction of taller villi. 

Due to the graded-height structure of hair bundle, the deflection causes tension Tip 

link and gating spring promote the open of ion-channels.  

Hair bundles possess unique mechanical properties that attract the attentions of 

many researchers. Hair cells are able to detect weak external forces whose amplitudes 

are within the order of thermal noise and discriminate the forcing frequency with high 

resolutions. A hair cell operates a broad range of stimulus amplitude as it can detect a 

forcing amplitude over six orders of magnitude. These properties rely on the 

mechanical properties of the force receptor part of the hair cell, the hair bundle. 
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The underlying mechanisms of hair bundles’ mechanical properties have been 

studied extensively. The ion channels on the stereocilia are mechanically gated [1, 5] 

which respond to applied mechanical force. Ion channels can be in an open or a close 

state with the probabilities described by a Boltzmann distribution [5] (Figure 2.3A). 

The ion channel is connected to a tip link which serves as a mechanical spring, called 

a gating spring [5]. Upon an application of a force in the direction toward the taller 

rows of the stereocilia, the gating spring extends causing the gate of the ion channel to 

swing open. This swing is associated with a decrease in the extension, as well as the 

tension, in the gating spring, causing the hair bundle to move further in the direction 

of the external force. This phenomenon is referred to as the gating compliance which 

effectively reduces the hair bundle’s stiffness and causes the nonlinearity in force-

displacement relation of single hair bundles [12] (Figure 2.3B). Under suitable 

chemical conditions, the force from the gating swing is greater and further reduces the 

bundle’s stiffness until it eventually becomes negative (Figure 2.3C). This process 

gives rise to two equilibrium positions of a hair bundle, associated with an open and a 

closed state of the ion channels, instead of one stable position at the origin. For a 

displacement further away from the origin, the influence from gating swing is 

minimized. The stiffness of hair bundle is thus governed by the sum of the stiffnesses 

from the gating springs and the innate elastic elements of the hair bundle. 

 
Figure  2.3 Nonlinearity of hair bundle. A) the open probability of ion channels which 

display a Boltzmann distribution. B) shows the nonlinearity of the force-displacement 

relation of hair bundle around 𝑥0. C) the stiffness acquired from B) shows the 

reduction of stiffness at the nonlinear regime. When force from gating swing is high 

(dash line), it increases the nonlinearity in force-displacement relation, resulting in a 

greater drop in stiffness and eventually become negative. 

Another crucial part of the hair bundle’s internal mechanisms lies in the upper 

end of each tip link, called the insertional plague. For hair bundles to remain sensitive 
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to external force, the hair bundle has a mechanism that tries to adjust the open 

probability at an optimal value [5]. The insertional plaque is connected to a cluster of 

myosin motors which are attached to actin filaments inside the stereocilia. When ion 

channels open due to a positive force, calcium ions flow into the bundle and bind to 

myosin motors causing the reduction in the binding probability of the myosin motors 

to the actin filaments. The insertional plague consequently slides down along the side 

of stereocilia due to the downward force exerted by the gating spring. This action 

decreases the tension in the gating spring which promotes the closure of ion channels. 

On the other hand, when subjected to a negative force, the ion channels are closed 

which reduces the influx of calcium ions. The binding probability of myosin motors to 

the active filaments then increases the rate of myosin motors climbing upward along 

the acting filaments. This raises the tension in the gating spring and promotes the 

opening of ion channels. This movement also plays an important role in the 

spontaneous oscillations of hair bundle [13]. 

2.2 Hair cell orientation 

Hair cells in the inner ear are often accompanied by nearby hair cells and 

accessory structures which provide coupling force and impose a stiffness load to the 

hair cells [5, 6]. In various sensory organs, hair cells are arranged with certain 

orientations. For the inner ears of mammals and avians, hair cells in their cochleae are 

often arranged with identical polarity, i.e., an external force can activate the ion 

channels in all hair bundles. These hair cells are coupled together through an 

overlying tectorial membrane (Figure 2.4A). The inner ears of some lizard species, 

however, incorporate hair cells that are divided into two groups with different 

overlying structures, one is a small membrane, called sallet, each coupling a row of 

hair cells, and the others is a tectorial curtain composed of a continuous membrane 

that couples all hair cells throughout the cochlea (Figure 2.4B). Hair cells under each 

sallet or tectorial membrane are arranged with opposite polarities, suggesting that an 

external force can activate only half of the hair bundles in the cochlea, while the ion 

channels of the other half will be suppressed.  

In the vestibular system, hair cells are often arranged with opposite polarities. 

Hair cells in the literal line system of fishes and semicircular canals in mammals are 
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arranged in opposite directions and embedded in an overlying gel-like matrix termed 

cupula (Figure 2.4C). Hair cells in the utricles and saccules are coupled through an 

otolithic membrane [5]. 

 

Figure  2.4 Orientation and overlying structure of hair cells in various organs. A) the 

cochlea in chicken and rat. B) the basilar papilla in lizard. Adapted from [6]. C) the 

hair bundle in semicircular canal. Adapted from [5]. 

2.3 Effects of overlying structures 

The effects of mechanical coupling between hair bundles have been studied 

both theoretically and experimentally [7-11, 14, 15]. Theoretical models of hair 

bundle motility suggest several benefits of coupling hair bundles via a mechanical 

spring. First, hair bundles gain enhanced sensitivity to external sinusoidal force. 

Increasing the numbers of hair bundles in the system further improves the effects. 

Second, coupling improves the coherence of spontaneous oscillations of hair bundles. 

This is also associated with the enhanced frequency selectivity in response to 

sinusoidal forces. Finally, coupling can facilitate synchronization of hair bundles’ 

spontaneous oscillations and reduced the impact of external noise [14, 15]. When the 

natural frequencies of the two coupled hair bundles diverge, spontaneous oscillation 

can be suppressed, and the detection thresholds and the signal-to-noise ratio can be 

improved [10].  
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There are multiple experimental studies on the effects of coupling on hair 

bundles in vitro. To study hair bundles in vitro, the overlying membrane is removed, 

and the hair cells are bathed in an appropriate solution. To imitate the coupling 

between hair bundles, there is an experiment that couple a hair bundle from the 

bullfrog sacculus to a mechanical actuator whose movement is governed by a 

mathematical model of hair bundle motility [13]. The results indicate that coupling to 

a virtual hair bundle can readily improve the coherence of spontaneous oscillations 

and the responses to external sinusoidal forces and reduce the noise level. Later 

experiments on two hair bundles coupled through an elastic fiber or a glass bead 

suggest similar results [11]. 

The effects of coupling hair bundles with opposite polarities have not been 

previously studied. However, it has been proposed based on the hearing threshold of 

lizards that this could enhance the sensitivity of the bundles in response to sinusoidal 

forces [16]. An additional study also reveals that coupled hair bundles with opposite 

polarity potentially display spontaneous oscillations in vivo [17]. 

The overlying structures do not only provide coupling between hair cells but 

also impose a stiffness load and constant forces onto hair bundles. It has been 

proposed that these mechanical loadings may adjust the stability of a hair bundle 

which has a central role in tuning the bundle to detect different types of forces [2-4]. 

Theoretical predictions suggest that without an external force, a hair bundle can 

appear in 3 states, spontaneously oscillating, quiescent, and bi-stable states. Each state 

is divided by a line of bifurcation shown in Figure 2.5. The stiffness and constant 

force loaded on a hair bundle can control the behavior of a hair bundle [2, 5]. For the 

auditory system, it has been suggested that hair bundles should have higher stiffnesses 

and be placed near a supercritical Hopf bifurcation. The hair bundle in this state 

displays an enhanced response to sinusoidal forces and frequency tuning. Hair 

bundles of the vestibular system should possess lower stiffnesses and operate near a 

subcritical Hopf bifurcation. The hair bundle’s response to an external step force can 

display a large initial swing that goes beyond a stable displacement before swinging 

back to a stable point, suggesting its sensitivity to the onset of a step force. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 13 

 

Figure  2.5 Operating points suitable on detecting different kind of force of hair 

bundle. For hair bundle near supercritical Hopf bifurcation (right side of state 

diagram), hair bundle responses to sinusoidal force with resonance behavior with 

higher quality factor near the line of Hopf bifurcation. On the other hand, the hair 

bundle near subcritical Hopf bifurcation responses with a twitch-like movement which 

suitable for onset detection for step force. Adapted from [5] 

2.4 Mathematical model of hair-bundle motility 

The dynamics of single hair bundles has been described by two types of 

mathematical models. First, the models that account for all the physiological 

processes of a hair bundle such as ion-channel gating mechanism and the dynamics of 

myosin motor [13]. The other type of models considers individual hair bundles as a 

nonlinear oscillator [2, 14, 15, 18]. 
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The model of coupled hair bundles used in this thesis is based on a previously 

proposed model of a hair bundle [2]. The model can be derived from the equation of 

motion that governs the dynamics of a hair bundle under a mechanical loading, which 

imposes additional stiffness and a constant force on the hair bundle. The dynamics of 

the hair bundle are described by two coupled differential equations as follows. 

𝑀�̈� = −(Γ + Γℎ𝑏)�̇� − (𝐾𝑒 + 𝐾𝑠𝑝)𝑋 + 𝐴(𝑋 − 𝛼𝐹𝑎) − 𝐶(𝑋 − 𝛼𝐹𝑎)3 + 𝐹       (2.1) 

𝐷�̇�𝑎 = 𝐵𝑋 − 𝐸𝐹𝑎 

where 𝑋 is displacement of hair bundle, Γ is damping coefficient of the mechanical 

loading, Γℎ𝑏 is damping coefficient of hair bundle, 𝐾𝑒 is stiffness imposed by the 

mechanical loading, 𝐾𝑠𝑝 is stiffness of pivot of villi, and 𝐹 is external force. The 

terms 𝐴(𝑋 − 𝛼𝐹𝑎) − 𝐶(𝑋 − 𝛼𝐹𝑎)3 approximate the gating force mediated by the 

gating spring which incorporates the negative stiffness due to gating of the ion 

channels (Figure 2.3). The term 𝑋 − 𝛼𝐹𝑎 represents the extension of the gating spring 

determined by the bundle’s position, 𝑋, and the position of the upper end of the tip 

link, which is written as 𝛼𝐹𝑎. The variable 𝐹𝑎 is the force exerted on the tip link by 

myosin motors, and 𝛼 is a compliance corresponding to the reciprocal of the tip link 

stiffness. The parameters 𝐴 has a unit of a stiffness, and 𝐶 represents the strength of 

nonlinearity. 

[2] approximates the force from myosin motor by a first-order differential 

equation, in which 𝐷 is a constant that controls the relaxation time of myosin motor, 𝐵 

is the coupling coefficient between hair bundle displacement and myosin motor, and 

𝐸 determines the effect of myosin motor’s own relaxation. The parameters in equation 

(2.1) are rescaled as follows. 

𝑥 = 𝐶1/3𝑋 𝑚 =
𝑀𝐶1/3

Γℎ𝑏
2 𝛾 = 1 +

Γ

Γℎ𝑏

𝑓 = 𝛼𝐶1/3𝐹𝑎 𝑎 =
𝐴

𝐶1/3 𝑘 =
𝐾𝑒+𝐾𝑠𝑝

𝐶1/3

𝑡 =
𝐶1/3

Γℎ𝑏
𝑇 𝜏 =

𝐷𝐶1/3

Γℎ𝑏𝐸
𝑏 =

𝐵𝛼

𝐸

                                 (2.2) 

The equations then become. 
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𝑚�̈� = −𝛾�̇� − 𝑘𝑥 + 𝑎(𝑥 − 𝑓) − (𝑥 − 𝑓)3                          (2.3) 

𝜏𝑓̇ = 𝑏𝑥 − 𝑓 

Upon scaling the parameters, the 𝑥 and 𝑓 parameters of the model have units of 

N1/3. Therefore, 𝑥 in equation (2.3) is not the displacement of the hair bundle. 

However, under an assumption that C is a constant, 𝑥 could be interpreted as a 

parameter that represents the bundle displacement. Similarly, for constant 𝛼 and C, 

the 𝑓 parameter has been interpreted as force. Note that each term in the first equation 

of (2.3) has the unit of a force as in the original equation of motion, equation (2.1). 

The 𝑡 parameter has a unit of N−2/3 and has been interpreted as a scaled time.  

Several mathematical models of hair-bundle motility proposed by [13] and [19], 

including the model used in this work, argue that, for an unloaded hair bundle in the 

absence of an additional mass, the inertial force term of equation (2.1) plays less 

important roles over the range of low frequencies corresponding to the dynamic range 

of a hair bundle as it is approximately in an overdamped limit. This is due to the large 

drag force experienced by in vivo hair bundle bathed in an extracellular fluid of the 

inner ear [13]. These models thus assume that the inertial force term is negligible, and 

the dynamic of hair bundles can be described by two 1st order differential equations. 

γ�̇� = −𝑘𝑥 + 𝑎(𝑥 − 𝑓) − (𝑥 − 𝑓)3 + 𝐹                                (2.4) 

τf ̇ = bx − f 

2.5 Predictions from the model 

Results of equation (2.4) suggest that stiffness loading and a constant force, 

denoted by 𝐹𝑐,  imposed on the bundle govern the spontaneous dynamics of hair 

bundle and its response to external forces. The system can undergo spontaneous 

relaxation oscillation under appropriate ranges of parameters (Figure 2.6A). Raising 𝑘 

reduces the amplitude and increases the frequency of the oscillation and also makes 

the oscillation more sinusoidal. The oscillator becomes bi-stable when the value of 𝑘 

is sufficiently low. Figure 2.6B shows the state diagram of a hair bundle that 

illustrates the behavior of its spontaneous dynamics at each operating point, 

determined by 𝑘 and 𝐹𝑐. The lines that separate different states are associated with a 

bifurcation. The spontaneous oscillation regime is enveloped by a line of Hopf 
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bifurcation which consists of subcritical and super critical Hopf bifurcation. The bi-

stable regime, on the other hand, is enclosed by a line of saddle-node bifurcation. For 

the scope in this thesis, we are focusing on the region around Hopf bifurcation. 

 
Figure  2.6 Spontaneous oscillation and state diagram of hair bundle. A) spontaneous 

oscillation of the hair bundle at 𝐹𝑐 = 0 and 𝐾𝑐= 1.8 (blue), 2.5(red), 3.3(green). B) 

shows state diagram of hair bundle. The solid lines are bifurcations line separating 

the state of hair bundle into 3 regimes: spontaneous, quiescent, and bi-stable denoted 

by red, white, and blue square.   

The responses of the system to external forces depend on the system’s operating 

point relative to the bifurcation (Figure 2.7). The response to a sinusoidal force is 

quantified as the sensitivity defined as |χ| = |x̃|/|F̃| where …̃ denotes the Fourier 

component at the driving frequency. The sensitivity of a hair bundle poised near a 

Hopf bifurcation shows a peak across the forcing frequencies, with the highest 

sensitivity reduced and broadened when the system is displaced further from the 

bifurcation line into the quiescent regime (Figure 2.7B). For the response to step 

forces, the system near the line of Hopf bifurcation displays a damped oscillation 

during the transient response before moving to a steady state. When the system is 

poised further away from the bifurcation into the quiescent regime, the damped 

oscillation turns into an overdamped behavior (Figure 2.7C). 
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Figure  2.7 Responses of hair bundle to external force. A) A hair bundle’s state 

diagram showing different operating points: near Hopf bifurcation (green point) and 

far from Hopf bifurcation (orange point). B) The response to sinusoidal force shows a 

sharp tuning when the system is near the bifurcation (green line). C) Hair bundle’s 

displacement in response to step force (purple line) shows an underdamped 

oscillation when the oscillator is near the bifurcation (green line), and an overdamped 

motion when poised far from the bifurcation (orange line). 

2.6 Phase portrait of a nonlinear oscillator 

In this section, we describe the dynamics of a nonlinear oscillator as a trajectory 

on a phase plane consisting of 𝑥 and 𝑓. From equations (2.4), we can find the solution 

to each of the differential equations when the time derivatives are set to zero. Each 

solution can be plotted in the phase plane as a line, termed nullcline, consisting of 

points at which the velocity of the system becomes zero. Figure 2.8A shows the 

nullclines obtained from equations (2.4) with 𝑘 = 2 and 𝐹𝑐  = 0. The interceptions 

between the two nullcline are called fixed points, at which both the displacement, 𝑥, 

and the internal parameter, 𝑓, of the system will be stationary. The fixed point can be 

either stable or unstable depending on the surrounding velocity vector field.  The 

vector fields of the system are determined by the velocity �̇� and 𝑓̇ at any point of 𝑥 

and 𝑓 from equation (2.2). The fixed point is stable when vector fields around fixed 

point are pointing into the fixed point while it became unstable when there are 

pointing out of the fixed point. 

In our model, the fixed point is unstable when lies in the middle branch of the 𝑥-

nullcline, shown in Figure 2.8. The system that originates at any point on the phase 

plane follows the velocity vector field and converges to a self-sustained oscillation 

and will not terminate at the fixed point. On the other hand, when the fixed point is 

situated on the left or right branch of the 𝑥-nullcline, it becomes stable and the 

system’s trajectory drifts from its original state to the fixed point, resulting in a 

A) B) C)
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quiescent solution. This can be achieved by introducing a constant force into the first 

equation. 

On the other hand, when the stiffness parameter 𝑘 is raised, the slope of the 

middle branch of the 𝑥-nullcline decreases. At the stiffness value corresponding to a 

point of supercritical Hopf bifurcation, the fixed point becomes stable as the 

surrounding velocity vector field spirals toward the fixed point. 

 
Figure  2.8 Phase portrait of equation (2.2) at 3 different sets of parameters. A) When 

k=2 F=0, the system shows spontaneous oscillation around an unstable fixed point. 

B) When k=3.6 F=0, the fixed point becomes stable, and the system is quiescent. C) 

When k=2, F=1, the fixed point is moved toward +x and +f directions. The fixed point 

is stable, so the system is quiescent. 

A B C 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter 3 

Methodology 

In this chapter, we describe the details of the mathematical model of the motility 

of a single hair bundle and coupled hair bundles. The details of numerical simulations 

and parameter values utilized in the model are discussed. Finally, we present the 

calculation of the constant force experienced by each oscillator in the presence of 

coupling.  

3.1 Mathematical model of a single hair bundle 

The model employed in this work follows the work by D. Ó Maoiléidigh [2]. 

The dynamics of a single hair bundle are described by two dimensionless dynamical 

variables: 𝑥 representing the displacement of the hair bundle, and an internal 

parameter, 𝑓, representing the force from a myosin motor complex [13]. Note that, as 

described in section 2.4, 𝑥 could be interpreted as a scaled displacement that has a 

unit of N1/3. Moreover, we employed the limit proposed in [13] and [19] that the 

bundle moves at a sufficiently low frequency that the inertial force term became 

negligible.    

𝛾�̇� = −𝑘𝑥 + 𝑎(𝑥 − 𝑓) − (𝑥 − 𝑓)3 + 𝐹𝑐 + 𝐹                         (3.1a) 

 𝜏𝑓̇ = 𝑏𝑥 − 𝑓                                                   (3.1b) 

where 𝛾 denotes a damping coefficient. The stiffness of the system is governed by 𝑘, 

corresponding to the total stiffness of all passive components of the bundle, and 𝑎 

representing the stiffness of the gating spring which can be modulated by the gating of 

ion channels. The oscillator is under a constant force, Fc, such as those imposed by 

the overlying structure, and a driving force from an incoming signal, 𝐹. 

Equation (3.1b) describes the dynamics of the internal myosin-motor complex 

within the hair bundle as an overdamped oscillator. 𝑏 represents the coupling strength 

between the bundle’s displacement and the internal molecular motor, and 𝜏 represents 

a relaxation time of the internal motor.  
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3.2 Model of coupled hair bundles 

Coupled hair bundles were modeled as two nonlinear oscillators, with 

subscription 1 and 2 denoting the first and second bundle of the system, respectively 

(Figure 3.1). 

  𝛾𝑥1̇ = −𝑘𝑥1 + 𝑎(𝑥1 − 𝑓1) − (𝑥1 − 𝑓1)3 + 𝐹𝑐 + 𝐹 − 𝐾𝑐(𝑥1 − 𝑃𝑥2)         (3.2a) 

 𝜏𝑓1̇ = 𝑏𝑥1 − 𝑓1                                                   (3.2b) 

𝛾𝑥2̇ = −𝑘𝑥2 + 𝑎(𝑥2 − 𝑓2) − (𝑥2 − 𝑓2)3 + 𝐹𝑐 + 𝑃𝐹 − 𝐾𝑐(𝑥2 − 𝑃𝑥1)        (3.3a) 

𝜏𝑓2̇ = 𝑏𝑥2 − 𝑓2                                         (3.3b) 

The two oscillators are connected by a mechanical spring of stiffness Kc, whose 

extension is governed by Hooke’s law. P denotes the coupling polarity. When the two 

hair bundles have identical polarity, P = 1, the extension of the coupling spring is 

determined by the difference in the oscillators’ displacements (Figure 3.1A). On the 

other hand, for hair bundles with opposite polarities, whose coordinate systems are 

shown in Figure 3.1B, the extension of the coupling spring should be equal to the sum 

of the oscillators’ displacements, i.e., P = −1. 

 
Figure  3.1 Schematic diagram of coupled oscillator. The Figure shows arrangement 

for identical polarity (A) and opposite polarity (B). 

3.3 Numerical simulation and frequency analysis 

Numerical integration of equations (3.2, 3.3) was performed in MATLAB using 

4th order Runge-Kutta method with a time step of ∆𝑡 = 0.005 for 𝑡 = 0 – 2100. Note 

that 𝑡 is a scaled time and thus does not have a unit of seconds. The oscillators’ 

displacements during 𝑡 = 0 – 100 were excluded from further analyses.  
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In this thesis, we investigated the responses of the coupled oscillators to 

sinusoidal forces and step forces. The sinusoidal force is defined as 𝐹𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐 =

A𝑠𝑖𝑛(2𝜋𝑓𝑑𝑡), where 𝑓𝑑 is the scaled frequency of driving force and A is driving force 

amplitude for 𝑡 ≥ 0. As 𝑡 represents a scaled time, the parameter 𝑓𝑑 also represents a 

scaled driving frequency.  

The step force is defined as  

 

𝐹𝑠𝑡𝑒𝑝(𝑡) = {
A, 𝑡 > 400
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                                      (3.4) 

 

where A corresponds to amplitude of force. The sign of A indicates the direction of 

the force relative to the first hair bundle (Figure 3.2). 

 

Figure  3.2 Step force to time. Figure shows the step force define in equation (3.4) in 

positive and negative direction with step size of A. 

For the case of sinusoidal forces, we determined the amplitude of the hair 

bundle’s oscillations by performing a discrete Fourier transform using Fast Fourier 

transform (FFT) of the bundle’s displacement. The responses of each hair bundle at 

the driving frequency f were determined by linear response function defined as 

|𝜒(𝑓𝑑)| = |�̃�(𝑓𝑑)|/|F̃(𝑓𝑑)|                                         (3.5)                                   

3.4 Parameters value 

For simplicity, all parameters of the two hair bundles are assumed to be 

identical. This is based on in vivo hair bundles whose physical properties vary 

gradually along the length of the sensory epithelium. As a result, the characteristics of 
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neighboring hair bundles, such as their natural frequencies and stiffnesses, could be 

assumed to be identical. The constant parameters used in the simulations of equation 

(3.2-3.3) were referenced from [2]. The constant parameters were listed in Table 3.1 

Table 3.1 shows the constant parameters. 

Parameter Value 

γ 1 

a 3.5 

τ 10 

b 0.5 

The model employed in this work approximated the nonlinear force provided by 

the gating spring attached to mechanosensitive ion channels by a 3rd degree 

polynomial. Figure 3.3 shows the relationship between an external constant force and 

the oscillator’s displacement, 𝑥. The oscillator displays a region of negative stiffness 

over a range of small 𝑥, due to gating compliance described in section 2.1.  However, 

further away from the origin, the cubic term dominates, and the stiffness of the hair 

bundle increases continually. This contrasts with the findings from physiological 

measurements performed on hair bundles which reveal that hair bundle’s stiffness 

saturates at a constant value when the bundle displacement exceeds ~10-20 nm [13]. 

The maximal stiffness observed experimentally corresponds to the sum of the passive 

stiffness of the bundle and the saturated stiffness of the gating spring. Therefore, our 

model is valid only for displacement not too far away from the origin, and we limit 

the amplitude of our driving forces to 0.1, a value that results in the response 

amplitude comparable to those of the spontaneous oscillations.  

The values of coupling strength, 𝐾𝑐, used in this work were based on the 

estimation of in vivo coupling elements between hair bundles and their overlying 

structure. Experimental observations revealed that the coupling constant should be 

comparable to the total saturated stiffness of the hair bundle [20]. In our work, this 

could be approximated by the parameter 𝑎 and 𝑘. Thus, we limited the range of the 

coupling strength within the orders of magnitude of 𝑎 and 𝑘, i.e., the value of 𝐾𝑐 

employed in this work did not exceed 2. In a weakly coupling limit, we investigated 
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the oscillators dynamics under a coupling strength of approximately 10% of the 

maximal value, i.e., 𝐾𝑐~0.1 − 0.2.   

 
Figure  3.3 Force-displacement relation from the model.. 

3.5 Calculation of the constant force experienced by coupled hair bundles 

The dynamics of a hair bundle are determined by its stiffness and the applied 

constant force (see Results section 4.1). Later in Chapter 4, we will show that 

coupling two oscillators with opposite polarities can drastically alter the constant 

force experienced by the individual oscillators. The reduced constant force results in 

the shift of the operating point of the oscillators closer to the line of Hopf bifurcation. 

Therefore, to faithfully compare the dynamics of driven coupled oscillators to those of 

a driven single oscillator, both systems must be at the same operating point by 

adjusting the constant force applied on the coupled oscillators. In this section, we 

present an analytical expression of the effective constant force exerted on a hair 

bundle in the presence of a coupling spring.  

We solved for a steady state solution of equation (3.2-3.3) with no external 

force, thus �̈� = �̇� = �̇� = 𝐹 = 0. By substituting 𝑓1 and 𝑓2 from equation (3.2b) and 

(3.3b) into equation (3.2a) and (3.3a), respectively, one obtains. 

0 = −𝑘𝑥1 + 𝑎(1 − 𝑏)𝑥1 − (1 − 𝑏)3𝑥1
3 + 𝐹𝑐 − 𝐾𝑐(𝑥1 − 𝑃𝑥2)            (3.6a) 

0 = −𝑘𝑥2 + 𝑎(1 − 𝑏)𝑥2 − (1 − 𝑏)3𝑥2
3 + 𝐹𝑐 − 𝐾𝑐(𝑥2 − 𝑃𝑥1)            (3.6b) 

Over the range of coupling constant, 𝐾𝑐, investigated in this work, the 

displacements of the two hair bundles remain nearly identical, i.e., 𝑥2 = 𝑥1 = 𝑥. For 
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coupling with identical polarities, 𝑃 = 1, the coupling term is equal to zero and there 

is no alteration in the constant force exerted on the oscillators. 

For opposite polarities, the sum of equations (3.6a-b) can be considered as a 

single 3rd degree polynomial equation. 

0 = −(1 − 𝑏3)𝑥3 + (−𝑘 + 𝑎(1 − 𝑏) − 2𝐾𝑐)𝑥 + 𝐹𝑐                    (3.7) 

Let 𝛼 = −𝑘 + 𝑎(1 − 𝑏) − 2𝐾𝑐 and 𝛽 = 1 − 𝑏3. The equation can be solved 

using Cardano’s formula, if there is cubic equation 𝑡3 + 𝑝𝑡 + 𝑞 = 0 and ∆=
𝑞2

4
+

𝑝3

27
> 0. There is one real solution √−

𝑞

2
+ √∆

3
+ √−

𝑞

2
+ √∆

3
. This condition holds 

true when the system remains non-oscillatory, i.e., the oscillators are in a quiescent 

regime. The solution of equation (3.6) gives a stationary position of both oscillators. 

𝑥 = √ 𝐹𝑐

2𝛽
+ √(

𝐹𝑐

2𝛽
)

2

+
𝛼3

27𝛽3

3

+ √ 𝐹𝑐

2𝛽
− √(

𝐹𝑐

2𝛽
)

2

+
𝛼3

27𝛽3

3

                          (3.8) 

The total force that applied on each oscillator is the sum of that of the constant 

force, 𝐹𝑐, and the force from coupling. Note that the coupling force is in the direction 

opposite to that of the constant force.  

𝐹𝑒𝑓𝑓 = 𝐹𝑐 − 2𝐾𝑐𝑥                                                         (3.9)                                   



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter 4 

Results 

In this chapter, we present the dynamics of coupled hair bundles in the absence 

of an external force and their response to sinusoidal and step driving forces. The 

choices of driving forces are inspired by those experienced by hair cells in vivo. Hair 

cells in the auditory organs, such as the cochlea, detect sounds that exert sinusoidal 

forces on their hair bundles. On the other hand, hair cells in the vestibular organs, 

such as the semicircular canals which detect linear accelerations. We represent this 

type of stimuli by step forces with an abrupt onset.  

Our investigation of the spontaneous behaviors of oscillators is based on several 

experiments conducted on hair cells in vitro. Typical experiments involve hair bundles 

that are separated from their surrounding structure and bathed in an appropriate 

solution. These free-standing hair bundles often exhibit spontaneous relaxation 

oscillations. [13]. 

4.1 Spontaneous dynamic 

First, we verified the results of numerical simulations of our mathematical 

model by comparing the spontaneous dynamics of a single hair bundle with those that 

exist in the literature [2]. We numerically solved equation (3.1) in the absence of a 

driving force, 𝐹 = 0. The spontaneous dynamics of the oscillator were investigated at 

different values of constant force, 𝐹𝑐, and the total stiffness of the bundle, 𝑘. Note that 

𝐹𝑐 represented the constant force imposed on in vivo hair bundles by their surrounding 

structure and was not regarded as a driving force as it was not imposed by the external 

stimuli. 

We identified the oscillator as spontaneously oscillating when its root-mean-

squared displacement exceeded an arbitrary threshold at 0.01. In agreement with 

previous studies, we found that the system can display a self-sustained oscillation 

(Figure 4.1A) over a range of appropriate values of 𝐹𝑐, and 𝑘. The range of parameters 

over which the system displayed spontaneous oscillations formed an enclosed area in 

the state diagram of 𝑘 and 𝐹𝑐, as shown in Figure 4.1B. The oscillation profiles 
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resembled those of a relaxation oscillation, characterized by a slow movement 

followed by a fast swing. 

Upon increasing 𝑘 at a fixed value of 𝐹𝑐, the oscillation amplitude decreased 

while the frequency increased, and the oscillation profile became more sinusoidal. 

When the stiffness or constant force reached a value corresponding to the boundary of 

the enclosed area, the system underwent a Hopf bifurcation, and the oscillation 

amplitude vanished. These results were consistent with those presented in [2]. 

 

Figure  4.1 State Diagram for coupled oscillators. A) shows spontaneous oscillations 

of a single oscillator. Increasing 𝐾𝑐 increases the oscillation frequency but decreases 

the amplitude of oscillation. B) shows the state diagram of single bundles (solid line) 

and coupled oscillators with identical polarity (dashed line). The lines separate the 

spontaneous oscillation regime (inside) from the quiescent regime (outside). C) 

presents the state diagram of coupled oscillators with opposite polarity. The data from 

coupled oscillators were obtained with 𝐾𝑐 = 0.2. 
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Next, we investigated the spontaneous dynamics of coupled oscillators by 

introducing the coupling element into the equation (3.2). The coupled oscillators 

followed two possible configurations. Firstly, when the oscillators had identical 

polarities, the polarity parameter 𝑃 was set to 1 as the extension of the coupling spring 

represented the difference in displacements between the two oscillators. For example, 

when both oscillators displayed equal displacements in their positive directions, the 

coupling spring remained at its equilibrium length and exerted no force on the 

oscillators. Conversely, coupled bundles with opposite polarities had the coordinate 

system of the second oscillator reversed compared to that of the first oscillator. Thus, 

when both oscillators displaced in their positive directions, the coupling spring was 

compressed by a distance equal to the sum of the oscillators' displacements, resulting 

in a coupling force towards the negative directions of both oscillators. 

The spontaneous motions of two coupled hair bundles with identical polarity 

were studied at different values of 𝑘 and 𝐹𝑐. It should be noted that the external 

constant force, 𝐹𝑐, was applied to both oscillators toward the same direction to 

simulate the force imposed by the overlying membrane on hair bundles. We found 

that coupling of hair bundles with identical polarity with 𝐾𝑐  =  0.1 did not 

significantly change the oscillators’ dynamics. The range of parameters over which 

the system displayed spontaneous oscillations remained virtually identical to that of a 

single oscillator. An increase in 𝑘 also led to a gradual decrease in the oscillation 

amplitude, consistent with a Hopf bifurcation. 

For coupling with opposite polarities, we applied an external constant force, 𝐹𝑐, 

in the same direction of both oscillators. Due to the reversed coordinate of the second 

oscillator, the forces appeared in opposite directions, as shown in Figure 3.1B. This 

force configuration was consistent with the electron micrographs of the membrane 

overlying in vivo hair bundles which pulled all bundles towards their channel-opening 

directions, corresponding to the positive direction of each oscillator in our model. We 

found that the range of parameters for spontaneous oscillations expanded in the 

direction of 𝐹𝑐 (Figure 4.1C). The expansion of the state diagram was consistent with 

the shift of the line of Hopf bifurcation toward higher magnitudes of 𝐹𝑐, i.e., the 

system required a greater 𝐹𝑐 to undergo a Hopf bifurcation. The extension was more 
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significant when the oscillators were more strongly coupled, with higher values of 𝐾𝑐. 

Notice that if 𝐹𝑐 = 0, coupling did not affect the spontaneous dynamics of the 

oscillators. 

We illustrated these effects by fixing 𝐾𝑐 at 0.1 and 𝑘 = 2, and plotted the peak-

to-peak amplitude of the spontaneous oscillation at different values of 𝐹𝑐.  Figure 4.2 

shows that, when the system’s 𝐹𝑐 was below -0.95, the system remained in a quiescent 

state in the absence of external force. Upon a slight increase in 𝐹𝑐, the oscillation 

amplitude increased abruptly as a system underwent a subcritical Hopf bifurcation. 

The oscillation amplitude remained constant as the 𝐹𝑐 magnitude increased. Until the 

𝐹𝑐 of system was above 0.95, system’s oscillation amplitude experienced a sudden 

drop to quiescence as system underwent a subcritical Hopf bifurcation again. When 

compared to the oscillation amplitude of a single bundle at the same value of 𝑘, the 

plot illustrated that coupling the oscillators with opposite polarity shifted the 

bifurcation point toward a higher magnitude of 𝐹𝑐 in both positive and negative 

directions while maintaining the same oscillation amplitude in the spontaneous 

oscillation regime, with respect to that of a single oscillator. This finding was 

consistent with the state diagram in Figure 4.1C.  

Next, we sought an explanation underlying the expansion of the spontaneous 

oscillation regime in the state diagram by focusing on the set of parameters 𝐹𝑐 and 𝑘 

at which the system became quiescent. This simplified our analyses as the oscillators 

were under a balance of two constant forces, i.e., the constant force 𝐹𝑐 and the force 

from the coupling spring (Figure 4.3A). 
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Figure  4.2 Peak-to-peak amplitude of coupled oscillators with opposite polarity (red) 

and a single bundle (blue) at 𝑘 = 2. An abrupt increase and decrease in peak-to-peak 

amplitude correspond to the oscillators crossing a Hopf bifurcation. 

The coupling force can be calculated from 𝐾𝑐(𝑥1 − 𝑃𝑥2) which in case of 

opposite polarity, 𝑃 = −1. In the absence of an additional force, the coupling force 

always acted in the direction opposing the applied constant force. This resulted in a 

reduction of the total constant force experienced by individual oscillators, given by 

𝐹𝑐−< 𝐾𝑐(𝑥1 + 𝑥2) >𝑡, where 〈… 〉𝑡 denotes a time average. Consequently, the system 

was effectively under a weaker constant force and should appear closer to the line of 

Hopf bifurcation. 

The reduction of the 𝐹𝑐 was illustrated in Figure 4.3B. We plotted the total force 

experienced by the first oscillator as a function of the applied 𝐹𝑐.  We found that, at 

the same value of 𝐹𝑐, the total force acting on coupled oscillators was lower than the 

force experienced by a single oscillator. As the value of 𝐹𝑐 was reduced, the total 

constant force decreased linearly with a slope of 1, regardless of the coupling 

strength. This suggested that the coupling force, despite its growth with the value of 

𝐾𝑐, remained at a constant value across 𝐹𝑐. We found that the quiescent regime of 

coupled oscillators always terminated at the total constant force of 0.66, a value 

corresponding to the bifurcation of a single oscillator.  In other words, the state 
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diagram, as shown in Figure 4.1C, would remain unaltered from that of a single 

oscillator if the total constant force were plotted instead of 𝐹𝑐. 

A further reduction of 𝐹𝑐 shifted the system into the spontaneous oscillation 

regime where the coupling force varied with time. Our results showed that the 

coupling force simply served as an additional constant force that shifted the 

bifurcation of coupled oscillators. The shift of the line of Hopf bifurcation could be 

attributed to the reduction of the total constant force because the coupling force 

counteracted the applied constant force. More importantly, our results implied that the 

dynamics of the coupled oscillators can be regarded as two uncoupled oscillators 

under the effective constant force, with no alterations in the 𝑘 of each oscillator. 

 

Figure  4.3 Force acting on individual oscillator. A) a diagram of coupled bundles 

with opposite polarity shows that under no external force the positive constant force 

𝐹𝑐 push both oscillators toward their respective positive displacement which 

contracted the coupling spring generated a coupling force in opposite direction to 

constant force for each oscillator. B) A plot of total constant force, 𝐹𝑐−<
𝐾𝑐(𝑥1 + 𝑥2) >, as a function of 𝐹𝑐 for a single oscillator and coupled oscillators with 

opposite polarity with 𝐾𝑐 = 0.05, 0.1, 0.13. The quiescence regime of coupled 

oscillators was observed at 𝐹𝑐 >= 0.8, 0.94, 1.02 for 𝐾𝑐 = 0.05, 0.1, 0.13, 

respectively. At the bifurcation, the total constant force was always 0.66 for all 𝐾𝑐 

(dashed line). This value of total constant force was the same as that of a single 

oscillator. 

4.2 Responses to sinusoidal force 

Previous experimental studies have suggested that hair bundles in the auditory 

system become more sensitive to sinusoidal forces when operating as nonlinear 

oscillators near the verge of instability, such as a system near a supercritical Hopf 

bifurcation [5]. Under in vivo conditions, spontaneous oscillations of hair bundles 
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have not been observed. From the perspective of our model, this suggests that an 

oscillator should be poised in the quiescent regime near the line of a supercritical 

Hopf bifurcation. All results from numerical simulations presented in this section 

were obtained at the operating point of the system with 𝑘 of 3.6 and 𝐹𝑐 of 0.6, unless 

otherwise stated. 

First, we illustrated the response of coupled oscillators with identical polarities. 

The response of the system to a driving sinusoidal force was quantified by a 

sensitivity (𝜒), defined as |𝜒(𝑓𝑑)| = |�̃�(𝑓𝑑)|/|F̃(𝑓𝑑)| . At a fixed driving force 

amplitude, A, of 0.1, the sensitivity of the coupled system displayed a resonance 

behavior with the peak’s center frequency of 𝑓𝑑 ~ 0.0675, and a quality factor of 

30.72. The sensitivity was indistinguishable from that of a single oscillator (Figure 

4.4A). 

Upon varying the driving force amplitude, at a fixed frequency of 0.0675, near 

the resonant frequency in Figure 4.4B, the sensitivity plot exhibited two types of 

behavior. First, in the linear regime, a plateau in the sensitivity was observed over a 

range of low driving force amplitude. Second, in the nonlinear regime at higher 

driving force amplitude, the sensitivity followed a power law, 𝜒~𝐴^(−0.22) . The 

negative exponent suggested a compressive nonlinearity of the oscillator [21]. As in 

Fig 4.4B, the sensitivity of coupled identical hair bundles was unaffected by the 𝐾𝑐 

and remained indistinguishable from that of a single bundle. These results indicated 

that there was no advantage of coupling hair bundles with identical polarity. 
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Figure  4.4 Sensitivity of coupled oscillators with identical polarity. A) a plot of 

sensitivity of coupled oscillators with identical polarity versus frequency of driving 

force, shows a resonance behavior with a peak frequency at 0.0675. The sensitivity is 

indistinguishable from a single oscillator. B) a plot of sensitivity vs driving force 

amplitude in logarithm scale shows two types of behavior, a linear response for lower 

driving force amplitude and nonlinear responses at higher driving force amplitude 

which portray the power law of -0.22. 

Next, we investigated the response of coupled bundles with opposite polarities 

by changing the polarity parameter 𝑃 in equation (3.2) to −1, with 𝐹𝑐 = 0.6 and 𝑘 =

3.6. At a fixed driving force amplitude at 0.1, the power spectrum of the first 

oscillator’s displacement displayed a resonance behavior. However, the magnitude of 

the response was greatly enhanced compared to that of a single bundle. The resonant 

frequency remained relatively unchanged. The amplification became more 

pronounced with an increase in the 𝐾𝑐 (Figure 4.5).  
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Figure  4.5 Sensitivity plot vs driving force frequency for coupled oscillator with 

opposite polarity for driving force amplitude of 0.1. The graph for every 𝐾𝑐 shows a 

resonance behavior, with the peak frequency for 𝐾𝑐=0.1 and 2 slightly increased from 

an uncoupled oscillator. Increasing 𝐾𝑐 also increases the overall sensitivity of coupled 

oscillators. The improved sensitivity could correspond to the shift in the line of Hopf 

bifurcation. 

We hypothesized that the drastic enhancement in response due to coupling could 

be attributed to the shift of the line of Hopf bifurcation. As shown in the previous 

section, coupling reduced the effective constant force applied to the bundles, thereby 

shifting the operating point of the system closer to the line of Hopf bifurcation. This, 

in turn, enhanced the phase-locked amplitude of the response. 

To reveal the roles of coupling, a faithful comparison between the responses of 

coupled, and uncoupled oscillators should be performed when the two systems were 

at the same operating point with respect to the bifurcation. To maintain the distance of 

the coupled system’s operating point from the bifurcation, we increased the 𝐹𝑐 applied 

to the oscillators in the presence of coupling. The magnitude of the 𝐹𝑐 was calculated 

from equation (3.7). For example, to compare the response of a single oscillator with 
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𝑘 = 3.6 and 𝐹𝑐 = 0.6 to a system of coupled oscillators with 𝐾𝑐 = 2, the coupled 

oscillators should be under a constant force of 𝐹𝑐 = 1.883. 

 
Figure  4.6 Sensitivity vs driving force frequency of coupled oscillators with opposite 

polarity at the same operating point at 𝑘 = 3.6, 𝐹𝑐 = 0.6. The driving force amplitude 

is fixed at 0.1. With 𝐾𝑐= 2, the sensitivity of coupled oscillators is lower than that of a 

single oscillator. This reduction is more pronounced at and below the resonance 

frequency. However, with 𝐾𝑐= 0.1, the sensitivity slightly increases around the 

resonance frequency. 

After adjusting the constant force applied on the coupled oscillators with 𝐾𝑐 

equal to 0.1, the system’s sensitivity across driving frequencies, with the driving force 

amplitude fixed at 0.1, was only marginally enhanced from that of a single oscillator, 

as shown in Figure 4.6. The amplification was more noticeable at a driving frequency 

slightly higher than the resonant frequency of the single oscillator. However, when the 

coupling constant 𝐾𝑐 was set to 2, the overall sensitivity was significantly attenuated, 

particularly at frequencies f slightly below the resonance. This led to a shift of the 

response of the coupled oscillators towards a higher resonant frequency. 
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We found that the sensitivity of coupled oscillators with opposite polarities 

could be either enhanced or attenuated compared to that of a single oscillator, 

depending on the 𝐾𝑐. We fixed the driving frequency at a value near the resonance, 

0.0675, and the forcing amplitude at 0.1, and varied the coupling constant 𝐾𝑐. Figure 

4.7 illustrates that a range of sufficiently low values of 𝐾𝑐 < 0.4 weakly enhanced the 

sensitivity. However, stronger coupling resulted in a monotonic decrease in 

sensitivity.  

 
Figure  4.7 Sensitivity of coupled oscillators at frequency of 0.0675 and driving force 

amplitude of 0.1. For 𝐾𝑐 below about 0.4, the sensitivity shows a small resonance 

behavior with a peak at 𝐾𝑐 about 0.14. The sensitivity continues to decrease for 𝐾𝑐 >
0.4. 

The effects of coupling were also strongly dependent on the driving force 

amplitude. We illustrated this by plotting the sensitivities at 𝐾𝑐 = 0.1 and 𝐾𝑐 = 2 as a 

function of forcing amplitude at a fixed driving frequency 𝑓𝑑 at 0.0675 (Figure 4.8A).  

The ratios between the sensitivities of coupled oscillators with opposite polarities to 

that of a single bundle in Figure 4.8B indicates that, for sufficiently strong driving 

force, A > 0.01, a high 𝐾𝑐 resulted in an attenuation of sensitivity, while weak 

coupling slightly amplified the response. Interestingly, the trend reversed for forcing 
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amplitudes A below 0.01, where strong coupling slightly amplified the sensitivity, and 

weak 𝐾𝑐 had no effect on the response. 

To comprehend the impact of coupling on the sensitivity of two oscillators with 

opposite polarities, we analyzed the forces acting on each oscillator individually. 

Based on our previous finding, a coupled system can be perceived as two distinct 

oscillators influenced by the external force and the force arising from coupling. 

Consequently, each oscillator encountered three forces: the driving sinusoidal force, 

𝐹𝑐, and the coupling force, represented by the coupling term in equation (3.2), 

𝐾𝑐(𝑥1 + 𝑥2). 

We illustrated that the dynamics of coupled oscillators with opposite polarities 

could be effectively described by a single oscillator influenced by the extracted 

coupling force and constant force. To compare the sensitivity of coupled oscillators 

with that of a single oscillator, we examined the response of coupled oscillators with 

opposite polarity under a constant force of 0.6 and a sinusoidal force of frequency 

0.0675. In contrast, the single oscillator experienced no constant force and was driven 

by forces extracted from the coupled oscillators, including the driving force, the 

constant force, and the coupling force (Figure 4.9). Plotting the sensitivity across 

driving amplitudes revealed no distinction between the response of coupled oscillators 

and that of a single bundle subjected to the extracted forces. This allowed us to 

compare the response of two single oscillators, with one driven by a combination of 

the constant force and the coupling force. 
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Figure  4.8 Plot of sensitivity versus driving force amplitude for coupled oscillators  

with opposite polarity at frequency of 0.0675. The sensitivity of coupled oscillators 

with 𝐾𝑐 = 2 shows a reduction in nonlinear regime while 𝐾𝑐 = 0.1 shows a marginal 

increase. B) shows a ratio between coupled oscillator and a single oscillator in A). 

Coupled oscillator with 𝐾𝑐 = 2 had higher degree of reduction than 𝐾𝑐 = 0.1 at 

higher force amplitude. However, as the force amplitude decreases, the degree of 

changes is reduced. For force amplitude below 0.01, the sensitivity of coupled 

oscillators with 𝐾𝑐 = 2 shows a slightly amplification that do more than 𝐾𝑐 = 0.1. 

Next, we calculated the coupling force when coupled oscillators were under the 

driving force. Unlike the coupling force in coupled oscillators in quiescent state, the 

coupling force now oscillated around a non-zero offset of 1.275. This oscillation arose 

from the difference between two oscillators and was not purely sinusoidal owing to 

asymmetry of displacement of two oscillators. The oscillating coupling force provided 

the oscillator with additional periodic force, in addition to a constant force. To 

determine the frequency component of the coupling force that governed the sensitivity 

of the coupled oscillators, we performed a frequency analysis on the time trace of the 

coupling force using Fourier transform. The power spectrum revealed two 

predominant peaks: one at a frequency corresponding to the second harmonic of the 

driving force, and the other at zero frequency corresponding to a constant offset 

(Figure 4.10). 

We postulated that the sinusoidal component of the coupling force was 

responsible for the alteration of sensitivity upon coupling. We investigated the 

dynamics of a single oscillator driven by a sinusoidal force at a frequency twice that 

of the driving frequency, in addition to the primary driving sinusoidal force. The 

amplitude of this 2nd harmonic force was set to match the oscillation amplitude of the 
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coupling force. Therefore, the total force exerted on a single oscillator was given by 

𝐹𝑡𝑜𝑡  =  0.1 sin(2𝜋 ∙ 0.0675 ∙ 𝑡) + 0.02 sin(2𝜋 ∙ 0.135 ∙ 𝑡), where the second term 

represented the sinusoidal component of the coupling force. 

 

Figure  4.9 Comparison between the displacements of a coupled oscillator and a 

single oscillator driven by the forces experienced by an oscillator in coupled 

oscillators. B-C) shows sensitivity plot to driving force amplitude at frequency equal 

to 0.0675 and ratio between 2 cases which show an indistinguishable difference. 

Figure 4.11 illustrated the power spectra of the response of three systems: 

coupled oscillators with opposite polarities, a single oscillator driven by one 

sinusoidal force, and a single oscillator driven by two sinusoidal forces, 𝐹𝑡𝑜𝑡. A 

striking difference was observed at the second harmonic of the driving frequency, 

which was significantly suppressed for coupled oscillators with respect to those of the 

single oscillator. We hypothesized that the coupling force experienced by coupled 

oscillators  
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Figure  4.10 Coupling force. A) the coupling force as a function of time oscillates 

around an offset of 1.275. The oscillation amplitude varies between cycles due to an 

asymmetry in the motion of the two oscillators. B) the power spectrum of the coupling 

force shown in A) (red) compared to that of driven force (blue). The spectrum shows 

two frequency components, one at zero frequency and the other one at 0.135, which is 

equal to twice the frequency of the driving force. The peak at zero frequency 

corresponds to the offset of coupling force. The coupling force is extracted from 

coupled oscillators with 𝐾𝑐 = 2, 𝑘 = 3.6, 𝐹𝑐 = 0.6 driven by force amplitude of 0.1.

 

Figure  4.11 Power spectrum of responses from 3 different cases. A) consists of 

coupled oscillators with opposite polarity, a single oscillator under a driving 

sinusoidal force at frequency 0.0675, and a single oscillator under two driving forces 

at frequencies 0.0675 and 0.135. B) The peak at the driven frequency shows a slight 

reduction for opposite polarity and a single oscillator with additional 2nd harmonic 

force. C) The peak at a frequency equal to twice the driven frequency shows 

differences between opposite polarity which is suppressed while a single oscillator 

with additional 2nd harmonic force was enhanced compared to single oscillator. 
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could appear at a phase that led to a partial cancellation with the second harmonic 

response of the individual oscillators. 

To illustrate the significance of the phase of the second harmonic force, we 

introduced a phase, 𝜑, to the second term of the total force imposed on a single 

oscillator: 

 𝐹𝑡𝑜𝑡  =  0.1 sin(2𝜋 ∙ 0.0675 ∙ 𝑡) + 𝐵 sin(2𝜋 ∙ 0.135 ∙ 𝑡 + 𝜑)             (4.1) 

Here, 𝐵 was the amplitude of the second harmonic force. We extracted the phase-

locked amplitude and calculated the sensitivity at the driving frequency as shown in 

Figure 4.12. The results in Figure 4.12 indicated that the phase of the second 

harmonic force could either amplify or attenuate the sensitivity at the driving 

frequency 𝑓𝑑. The phase of the second harmonic force that amplified the response was 

between 1.1 rads and 4.3 rads, and this range remained unaffected by the amplitude of 

the second harmonic force.  

Next, we verified that the phase of the coupling force of the coupled system 

could account for the alteration of the sensitivity. To relate the results from Figure 

4.12 to the phase of coupling force, we needed to determine the phase of the 

sinusoidal component of the coupling force, i.e., the phase value in equation (4.1). We 

note that the phase, 𝜑, in equation (4.1) represented the difference in the phases of the 

driving and coupling forces at time 𝑡 = 0.  

Firstly, we extracted both the driving force and the coupling force from an 

arbitrary time window, starting from 𝑡 = 𝜏 to 𝑡 = 𝜏 + ∆𝑡. Next, we performed the 

Fourier transform of both forces and calculated the angles from the arguments of the 

complex Fourier component, tan−1(𝐼𝑚(�̃�) 𝑅𝑒(�̃�)⁄ ), at the driving frequency for 

driving force and at twice the driving frequency for coupling force. The obtained 

phase difference was, however, determined at time 𝑡 = 𝜏. To retrieve the phase 

difference at 𝑡 = 0, we rotated the angle of the two forces by subtracting the phase of 

the driving force by 2𝜋 ∙ 0.0675 ∙ 𝜏, and subtracting the phase of the driving force by 

2𝜋 ∙ 0.135 ∙ 𝜏. The resulting phase difference was consistent with the definition in 

equation (4.1).  
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Figure  4.12 Sensitivity of a single oscillator vs phase of the second harmonic force 

for amplitude of the second harmonic force of 0.01, 0.03, and 0.05. With the presence 

of the second harmonic force, the sensitivity is amplified for phases between 1.1 and 

4.3 and attenuated otherwise. Increasing the amplitude of the second harmonic force 

enhances the amplification and attenuation effects of the second harmonic force. 

We found that the phase of the coupling force depended strongly on 𝐾𝑐 while 

the driving force amplitude A had little effects. An increase in 𝐾𝑐 from 0 to 2 led to a 

positive shift in the phase value from approximately 3.5 to 4.5 rads. On the other 

hand, increasing A only led to a slight enhancement in the phase of the coupling force. 

When compared to the range of phase values that led to an amplification of the 

sensitivity, as shown in Figure 4.13, we found that the phase values extracted from a 

coupled system at 𝐾𝑐 = 2 was within the attenuation regime across driving amplitude. 

In contrast, the phase values obtained from the coupling constant at 𝐾𝑐 = 0.1 was 

always within the amplification regime. Our results suggested that a strong coupling 

always attenuated the sensitivity while a weak coupling amplified the response across 

the entire range of A. This was consistent with the sensitivity ratio within the 

nonlinear regime shown in Figure 4.8. However, our findings could not explain the 
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sensitivity observed in the linear regime of Figure 4.8, in which a strong coupling 

slightly enhanced the response, whereas a weak coupling had no effects. 

 
Figure  4.13 Phase of extracted coupling force. A) the phase of extracted coupling 

force vs driving force amplitude for 𝐾𝑐 = 2, 0.1. The phase in both 𝐾𝑐 is slightly 

reduced at lower driven force amplitude. In all range of driving force amplitude, the 

phase of coupling force with 𝐾𝑐 = 2 is always fall in attenuation regime while for 

𝐾𝑐 = 0.1 the phase of coupling force is always in amplification regime. B) the plot 

between the phase of coupling force and 𝐾𝑐 shows a significant decreased in phase 

with 𝐾𝑐 which consistent across all considered range of driven force amplitude. 

However, there was another parameter of the second harmonic force that might 

affect the sensitivity of coupled oscillator, the oscillation amplitude of the second 

harmonic force. As shown Figure 4.12, The oscillation amplitude of the second 

harmonic force affected the degree of amplification and attenuation from the phase of 

the second harmonic force. To determine the oscillation amplitude of coupling force, 

we measured the amplitude of coupling force at the frequency twice of that of driving 

force. Figure 4.14 shows the ratio between the amplitude of driving force and the 

amplitude of the second harmonic force from coupling force. The results showed that 

the amplitude of the second harmonic force decreased significantly with lower driving 

force amplitudes A and 𝐾𝑐. For example, the ratio reduced from 0.19 at A equal to 0.1 

to ratio of 0.03 at A equal to 0.01. This trend also held true for different values of 𝐾𝑐. 

This result explained the varying degree of amplification and attenuation observed in 

nonlinear regime for 𝐾𝑐 values of 0.1 and 2, as well as the diminishing effects at 

lower driving force amplitudes. Additionally, these results indicated that in the linear 

regime, there was minimal influence from the second harmonic force, which could not 

explain the slight amplification observed for 𝐾𝑐 = 2 in the linear regime. 
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Figure  4.14 Ratio between the amplitude of the coupling force and the driving force. 

The ratio is lower with 𝐾𝑐 and the driving force amplitude, indicating that the 

influence of the coupling force is minimized when there is a weak external force and 

weak coupling. 

We also conducted a brief study on sensitivity at off-resonance frequencies. We 

choose the frequency of driving force 𝑓𝑑 at 0.05 and 0.08 to represent the sensitive at 

lower and higher frequency than the resonance frequency, respectively. At both 

frequencies, the sensitivity to driving force amplitude exhibited both linear and 

nonlinear regimes, similar to that observed at the resonance frequency (Figure 4.15). 

However, at lower frequency, both 𝐾𝑐 = 0.1 and 𝐾𝑐 = 2 resulted in an attenuation of 

sensitivity in the coupled oscillator, whereas at the higher frequency, the coupled 

oscillator had minimal impact on the sensitivity. 
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Figure  4.15 Sensitivity at off-resonance frequencies. For the driving frequency of 

0.05 (A), the sensitivity of the coupled oscillator is reduced, even at 𝐾𝑐=0.1, 

compared to a single oscillator. On the other hand, for the driving frequency of 0.08 

(B), the sensitivity of the coupled oscillator is unaffected. 

4.3 Responses to step force 

In this section, we investigated the dynamics of coupled hair bundles under a 

step force. The profile of this type of driving force represented a brief acceleration 

typically experienced by hair cells in the vestibular system. Previous theoretical 

studies of the nonlinear dynamics of hair bundles suggested that the vestibular hair 

bundles were suited for the detection of step force if poised near a subcritical 

bifurcation [5]. From the framework of our numerical model, this corresponded to an 

area near the upper or lower boundary of the enclosed area in the state diagram, as 

shown in Figure 4.1. Here, we choose the operating point of the oscillators to be in a 

quiescent regime near a subcritical Hopf bifurcation at 𝑘 = 2, and 𝐹𝑐 = 1.2, unless 

stated otherwise. 

A step force was applied to both oscillators towards the same direction. 

Therefore, for coupled oscillators with opposite polarities, a step force in the positive 

direction induced a positive displacement of the first oscillator and a negative 

displacement of the second oscillator. Note that the orientation of this driving step 

force was different from a constant force, 𝐹𝑐, used to determine the system’s operating 

point. The 𝐹𝑐 evoked displacements of both oscillators towards the same direction, as 

illustrated in Figure 4.16. 
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Figure  4.16 Schematic diagram of coupled oscillator with opposite polarity receiving 

a positive step force with respect to the first oscillator. The second oscillator, with its 

coordinate reversed, experiences a negative force. 

Similar to the response to sinusoidal driving forces, the dynamics of coupled 

oscillators with identical polarity under a step force were indistinguishable from those 

of a single bundle as shown in Figure 4.17. The force in the positive direction caused 

an abrupt positive displacement, followed by a gradual drift in the negative direction 

toward an equilibrium point. The magnitude of this drift became less noticeable as the 

step size increased. On the other hand, a step force in the negative direction elicited a 

larger displacement, with respect to the motion evoked by a positive step force of the 

same magnitude. When the size of the step force exceeded a threshold value, 

approximately 0.3 in this case, the oscillators exhibited a large movement towards the 

negative direction and then abruptly swung back to a steady-state position, resulting 

in a ‘twitch-like’ movement. A larger step size could evoke a spontaneous oscillation, 

suggesting that the step force shifted the operating point of the system across the 

subcritical Hopf bifurcation. 

The motion of coupled oscillators with opposite polarities elicited by step forces 

of different magnitudes was displayed in Figure 4.18. Note that the direction of a step 

force was determined based on the coordinate system of the first oscillator. For 
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example, a positive step force led to a positive displacement of the first oscillator and 

a negative displacement of the second oscillator. 

 

Figure  4.17 Responses to step force of coupled oscillators with identical polarity 

overlaid by responses from a single oscillator with the same external force. For a 

positive step force, the coupled oscillators response with an initial transient in 

positive direction slightly above steady displacement before slowly moving toward 

steady state. On the other hand, oscillators response to small negative force with 

larger initial transient compared to positive force. When the step size was large 

enough the oscillators display an abrupt large movement toward negative direction 

and swing back toward steady-state position. With a much larger step size in negative 

direction, the oscillators undergo a subcritical bifurcation and display a spontaneous 

oscillation. 

The two oscillators displayed similar displacement profiles, but with different 

magnitudes. When a step force was applied towards the negative direction, the first 

oscillator displayed a significantly larger displacement compared to the second 

oscillator. A step size of 0.1 could induce a large twitch-like movement of the first 

oscillators, similar to what was observed in the case of a single oscillator or a coupled 

system with identical polarity. Meanwhile, the motion of the second oscillator 

underwent a more complex motion, with an additional step displacement superposed 

on the initial transient step.As the step size exceeded 0.3, the system displayed 
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spontaneous oscillation. While the oscillation profile of the first oscillator resembled a 

relaxation oscillation with a large amplitude, the second oscillator displayed a 

smaller-amplitude periodic motion at the same frequency. Note that this contrasted 

with the responses of a single oscillator and a coupled system with identical polarity 

which did not display a crossing of the bifurcation for step sizes below approximately 

0.6. However, the amplitudes of the twitch-like response and the spontaneous 

oscillation in the first oscillator were smaller than those of a single oscillator. The 

reduction in the displacement of the first oscillator could be attributed to the coupling 

force that pulled it toward its positive direction. 

 

Figure  4.18 Responses of oscillators with opposite polarity. It should be noted that 

the displacement of the second oscillator is reversed to illustrate its displacement 

related to the first oscillator. 

Next, we illustrated the motion of an individual oscillator as a phase portrait to 

understand its dynamics under a step force.  A phase portrait represents the motion of 

an oscillator as a trajectory in the phase plane, which in our case consists of the 

displacement 𝑥 and the internal parameter 𝑓. In general, a trajectory follows a vector 

field of velocity constructed from equation (3.1). The direction of the trajectory at any 

point in the phase plane is parallel to the velocity at that point. 

To further visualize the dynamics of the oscillator, we calculated nullclines of 

equation (3.1a) and (3.1b) by solving the equations with the time derivatives, �̇� and 𝑓̇, 

set to 0. Therefore, an 𝑥-nullcline was composed of points at which the position, 𝑥, of 

the system became stationary. The intersection of the 𝑥-nullcline and the 𝑓-nullcline 
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was a fixed point, at which the oscillator was at rest. A fixed point was stable when 

the surrounding velocity vector field pointed toward the fixed point. In our case, 

stable fixed points appeared when the nullcline intersections were found on the two 

outer branches of the 𝑥-nullcline, resulting in a quiescent oscillator. On the other 

hand, an unstable fixed point was found in the middle branch of the 𝑥-nullcline, and 

the oscillator instead underwent a spontaneous oscillation resulting in a limit-cycle 

trajectory around the middle branch. 

We first illustrated the trajectory of a single oscillator driven by a step force. 

Prior to the step force, the system was at rest at a stable fixed point, A, in Figure 4.19. 

An application of a negative step force of magnitude 0.3 suddenly changed the 𝐹𝑐 and 

shifted the 𝑥-nullcline such that the new stable fixed point was now at point B. The 

oscillator then drifted from point A towards point B with the velocity determined by 

the velocity vector field. For small step sizes, this resulted in a small excursion in the 

phase plane, which corresponded to a slight dip observed in the time trace of the 

oscillator’s displacement. 
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Figure  4.19 Trajectory of the oscillator receiving the step force of -0.3 from initial 

point A to final point B when the step force is applied. An oscillator moves toward 

point B with a velocity determined by vector field of point B. Note that the vector field 

only indicates the direction of velocity of system not the amplitude. 

For negative step forces with a larger magnitude, the system was displaced 

across the separatrix, and the velocity field guided the system toward the left branch 

of the 𝑥-nullcline. The trajectory then tracked the 𝑥-nullcline back to the fixed point 

resulting in a large excursion which corresponded to the twitch-like motion of the 

oscillator. Upon a further increase in the step size to -0.6, the oscillator crossed the 

bifurcation, and the new fixed point was in the middle branch of the 𝑥-nullcline, 

becoming unstable. The oscillator then displayed a spontaneous oscillation following 

the velocity vector field. On the other hand, positive step forces always led to a small 

excursion of the system’s trajectory as the system never crossed the separatrix (Figure 

4.20).We applied this perspective to describe the motion of coupled oscillators with 
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opposite polarities. In contrast to a single oscillator, the 𝑥1- and 𝑥2-nullclines of the 

coupled system were also influenced by the coupling force. Figure 4.21A shows the 

total force, 𝐹𝑐 − 𝐾𝑐(𝑥1 + 𝑥2), applied on each oscillator and coupling force. We found 

that the total force deviated from the applied step force as the coupling force exhibited 

a pronounced dip at the beginning of the step force. 

 

Figure  4.20 Trajectory of the oscillator shown in Figure 4.17 in phase plane. Before 

the force is applied, the oscillator is in steady state at position A. After the step force 

is applied, the oscillator drifts according to a velocity from vector field at new fixed 

point. For a step size of -0.6, the fixed point is in a middle branch of 𝑥-nullcline which 

is unstable. The oscillator then displays a spontaneous oscillation at point B. 

Before a step force was applied, both oscillators remained at their initial fixed 

points. The two oscillators were subject to a total constant force of 1, with the 

coupling force magnitude of 0.33. Immediately after the beginning of a positive step 

force, the first oscillator’s total constant force was changed to 1.31 and the 𝑥1-

nullcline shifted towards the positive 𝑥1 direction, Line A in Figure 4.21B. The 
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oscillator drifted in the positive 𝑥1 direction toward the new 𝑥1-nullcline. As it 

approached the 𝑥1-nullcline, however, the reduced coupling force raised the total 

constant force exerted on the first oscillator to 1.51. The 𝑥1-nullcline was then shifted 

towards a more positive constant force to Line B in Figure 4.21B. The trajectory then 

followed the 𝑥1-nullcline, corresponding to the complex motion exhibited by the first 

oscillator as shown in Figure 4.18A. 

The second oscillator’s total constant force was lowered to 0.70 upon the onset 

of the step force, leading to a shift of the 𝑥2-nullcline in the negative 𝑥2 direction 

(Line A in Figure 4.21C. As a result, the oscillator drifted to the new fixed points, 

exhibiting a higher velocity compared to the first oscillator and showing the onset of a 

twitch-like motion. The difference in velocities of the two oscillators caused their 

displacements to diverge and the coupling force decreased. This subsequently raised 

the total constant force exerted on the second oscillators to 0.91 shifting the 𝑥2-

nullcline to Line B. This made the amplitude of the twitch-like response lower than 

that of a single oscillator at the same 𝐹𝑐.  
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Figure  4.21 Trajectory and nullcline of each oscillator. A) shows coupling force and 

total forces acting on each oscillator over time. B-C) shows the trajectory of the first 

and the second oscillator and their 𝑥-nullcline at steady-state position and during the 

dip of coupling force, illustrating the shift of 𝑥-nullcline in relation to the dip of 

coupling force. 

After the twitch-like response of the second oscillator, the force on both 

oscillators becomes stable near the value before a sudden transient of coupling force. 

Subsequently, both oscillators then moved according to vector field of this stable 

point.Finally, we illustrated the effects of coupling strength on the response to step 

forces. Since coupling can shift the operating point of the coupled oscillators with 

opposite polarities with respect to the line of Hopf bifurcation, we maintained the 

operating points at the same distance from the bifurcation as that of a single oscillator 

operating at 𝑘 = 2 and 𝐹𝑐 = 1 across all values of 𝐾𝑐. This was achieved by adjusting 

the value of 𝐹𝑐 applied to coupled oscillators using equation (3.7). 
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Figure 4.22 shows the responses of both oscillators when subjected to positive 

step forces of magnitude 0.1 and 0.3 for which the system was expected to remain in 

the local vicinity of the fixed points, and to cross the separatrix, respectively. The 𝐾𝑐 

were varied at 0, 0.1, and 1. We found that a stronger coupling increased the 

amplitude of the transient response of the first oscillator while reduced the response 

amplitude of the second oscillator. At a step size of 0.3, a higher 𝐾𝑐 also shortened the 

twitch-like response.  

 

Figure  4.22 Responses of coupled oscillators to step force at higher 𝐾𝑐 for step size 

of 0.1 (A, B) and 0.3 (C, D) respected to the first oscillator. In both step size, 

increasing 𝐾𝑐 increases the amplitude of transient response for oscillator that 

received the force in positive direction while the amplitude is decreased in oscillator 

that received force in negative direction. 

To understand the shortened transient response and the alterations in the 

response amplitude, we plotted the total constant forces exerted on the two oscillators 

and the coupling force, shown in Figure 4.23. We found that, for 𝐾𝑐 = 1, the dip in the 

coupling force magnitude was sufficiently large that the total constant force exerted 

on the second oscillator could momentarily exceed its constant force in the absence of 

the driving force. Thus, it briefly experienced a positive step force, reducing its 

response in the negative direction. Moreover, we postulated that the positive shift of 
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𝑥2-nullcline during the reduced coupling force could make the second oscillator reach 

the left branch of the nullcline faster, resulting in the earlier recovery of the twitch-

like response. 

 
Figure  4.23 Coupling force and the total force acting on each oscillator for 𝐾𝑐= 1. 

The dip in the coupling force is higher compared to 𝐾𝑐=0.1, resulting in an increased 

total force on each oscillator. For the second oscillator, the increased force exceeds 

the value prior to the step force being applied. This indicates that the oscillator will 

reach the left branch of the x-nullcline faster, thereby reducing the swing distance and 

the time of the twitch-like response. 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter 5 

Discussion and Conclusion 

 

5.1 Discussion  

Hair cells in certain sensory organs, such as the inner ear in lizards, the lateral 

line in fish, and the vestibular system in mammals, are coupled together with opposite 

polarity. In this study, we investigated the effects of coupled hair bundles with 

opposite polarity using a mathematical model of simple hair bundle motility that 

coupling through a mechanical spring. We investigated the dynamics of coupled 

oscillators in three scenarios: spontaneous dynamics, responses to sinusoidal forces, 

and responses to step forces. 

By introducing the coupling spring into the system of two hair bundles with 

opposite polarity, the coupling spring imposed an additional force to individual hair 

bundle, influencing its dynamics. We showed that a single oscillator driven by the 

same forces experienced by each oscillator in coupled oscillators having the same 

responses to coupled oscillators. This suggested that a coupled system can be 

considered as a separated individual system driven by an additional coupling force. 

The spontaneous dynamics of a single hair bundle are affected by the stiffness 

and constant force imposed on the hair bundle. We found that the state diagram of 

coupled bundles with opposite polarity resemble that in a single bundle with an 

expansion of state diagram in constant force direction. The force from the coupling 

spring, applied to the hair bundle in the opposite direction of the constant force, 

reduces the overall constant force acting on the hair bundle. This indicated that the 

coupling spring serves as another element that helped adjust the operating point of 

hair bundle. 

The responses to sinusoidal force of coupled bundles with opposite polarity 

displayed a resonance behavior and a reduction of sensitivity following the power law 

at higher force amplitude similar to those of a single bundle but with a different 

degree of responses. By analyzing the coupling force while the coupled bundles were 

oscillating, we found that asymmetry of the oscillation of each bundles causing an 
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oscillation in coupling force at a frequency twice of that of a driving force. With high 

enough coupling strength, the second harmonic force attenuated the responses at the 

fundamental frequency. This effect was enhanced at higher driving force amplitude. 

This implied that the sensitivity of coupled hair bundle at nonlinear regime became 

more compressively nonlinear. This attenuation became more intense when the 

driving frequency was below the resonance frequency. For coupled bundles with weak 

coupling strength, the responses at resonance were slightly enhanced which may 

implied the benefit of coupling hair bundles when coupled with weak coupling. 

We investigated the responses to step force of a single hair bundle by analyzing 

the phase portrait and studied the effects of coupled bundles with opposite polarity. 

For a single bundle, we found that the step force changed the hair bundle’s constant 

force, causing the hair bundle to drift toward a new steady-state position through a 

velocity field determined by the vector field at new steady-state position. The hair 

bundle response to positive step force with initial transient with a small amplitude 

before moving toward steady-state position. For the responses to negative step, the 

hair bundle responded with higher amplitude than a positive force. When the step size 

crossed the separatrix, the hair bundle displays a twitch-like response with a larger 

amplitude than positive force. If the step size further increased, the hair bundle 

crossed the bifurcation and oscillate spontaneously. This implied that the 

characteristic properties of the responses, the responses amplitude, how fast the 

swing, was determined by the operating point of hair bundles. It also implied that the 

hair bundle that detecting the onset of step force prefer to have a lower stiffness which 

gave a larger swing at transient response. When coupling hair bundles with opposite 

polarity, the coupled bundles gain symmetry to direction of step force. In addition, we 

found that during initial transient response the coupling spring was extended which 

pull the hair bundle that received positive force forward while decrease the swing 

displacement for hair bundle that received negative force, which these effects were 

enhanced with coupling strength. This implied that the force from coupling force 

increased the transient responses to positive step force of hair bundle. 

The arrangement of hair bundles with opposite polarity can be found in 

vestibular system such as literal line in fish and semicircular canals or saccule and 
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utricle in mammals [5]. These organs detect changes in forces or force accelerations. 

This arrangement is also found in auditory systems such as the inner ear in lizard 

which detects sound [6]. 

Our results suggested the advantages of coupling hair bundles with opposite 

polarities in signal detection. For the advantages in detecting sine waves, the second 

harmonic component may enhance the sensitivity of coupled hair bundle that coupling 

with a weak coupling. The reduction in sensitivity in frequency lower than 

fundamental frequency suggests that the coupled hair bundle may improve the 

frequency selectivity of hair bundles. Furthermore, the more compressive nonlinearity 

could increase the range of force amplitude hair bundles can detect and protect hair 

bundles from damage by reduction the responses to high-amplitude stimuli. By 

coupling hair bundle with opposite polarity also yield advantages in detecting step 

force. The symmetry of the coupled hair bundle helps the hair bundles to detect step 

the step force in both directions. The force from coupling force increased the transient 

responses to positive force, which promotes the opening of ion-channels, may 

enhance an onset detection of coupled bundled. 

However, our model suggested that coupling hair bundles with identical polarity 

did not alter the dynamics of the bundles and gained no advantages over a single hair 

bundle in signals detections. This contrasts with the results from previous literature 

which suggested the benefit of coupled hair bundles [7, 8]. Our model also did not 

consider the effects of noise which affects the dynamics of hair bundle [19]. 

Additionally, we only studied a couple between two identical hair bundle.  

In this work, we showed that the coupled hair bundle can be analyzed as a 

single hair bundle driven additionally by a coupling force which affected the dynamic 

and responses of the hair bundle. The results also suggested the benefits of coupled 

hair bundles with opposite polarity to the signal detection of hair bundle. 

5.2 Suggestions and future work  

The hair bundle in some organs are coupled with multiple hair bundle. [7, 8] 

suggest that the more hair bundle coupled together can further enhance the sensitivity 
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of hair bundles. We could extend the system to a higher number of hair bundles in the 

system. We could perform more extensive bifurcation analysis on the coupled hair 

bundles with opposite polarity. In this thesis, we only observed the displacement of 

the hair bundle. We could use the mathematical model of hair bundle motility from 

[13] to identify the open probability of the ion channel. 
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